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Abstract

In the k-committee election problem, we wish to aggregate
the preferences of n agents over a set of alternatives and select
a committee of k alternatives that minimizes the cost incurred
by the agents. While we typically assume that agent prefer-
ences are captured by a cardinal utility function, in many con-
texts we only have access to ordinal information, namely the
agents’ rankings over the outcomes. As preference rankings
are not as expressive as cardinal utilities, a loss of efficiency
is inevitable, and is quantified by the notion of distortion.
We study the problem of electing a k-committee that mini-
mizes the sum of the ¢-largest costs incurred by the agents,
when agents and candidates are embedded in a metric space.
This problem is called the /-centrum problem and captures
both the utilitarian and egalitarian objectives. When k > 2,
it is not possible to compute a bounded-distortion committee
using purely ordinal information. We develop the first algo-
rithms (that we call mechanisms) for the /-centrum problem
(when k£ > 2), which achieve O(1)-distortion while eliciting
only a very limited amount of cardinal information via value
queries. We obtain two types of query-complexity guarantees:
O(log klogn) queries per agent, and O(k? log® n) queries
in total (while achieving O(1)-distortion in both cases). En
route, we give a simple adaptive-sampling algorithm for the
£-centrum k-clustering problem.

1 Introduction

In many applications, we wish to aggregate the preferences
of agents in a given system and select an outcome that
maximizes social welfare (i.e. the total value gained by the
agents) or minimizes social cost (i.e. the total cost incurred
by the agents). While we typically assume that agent prefer-
ences are captured by a cardinal utility function that assigns
a numerical value to each outcome, in many contexts we
only have access to ordinal information, namely the agents’
rankings over the outcomes. There are many reasons why
such situations may arise; perhaps the most prominent is that
the agents themselves may find it difficult to place numeri-
cal values on the possible outcomes. As ordinal preference
rankings are not as expressive as cardinal utilities, a loss of
efficiency in terms of the quality of the outcome computed
is inevitable. Procaccia and Rosenschein (2006) introduced
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the notion of distortion to quantify the worst-case efficiency
loss for a given social choice function.

Much of the prior work has primarily considered the util-
itarian objective, which minimizes the sum of individual
costs incurred by the agents. However, this utilitarian objec-
tive may not always be the appropriate choice. For instance,
in some settings (e.g. where fairness is an important con-
sideration), we may instead wish to consider an egalitarian
objective and minimize the maximum cost incurred by any
agent. Both objectives are special cases of the Top, objec-
tive, which minimizes the sum of the ¢ largest costs incurred
by agents: clearly, when £ = 1 and ¢ = n, we recover the
egalitarian and utilitarian objectives respectively.

In this work, we study the k-committee election problem,
wherein each agent has a preference ordering over the set of
candidates and we wish to elect a committee of k£ candidates,
so as to minimize the Top,-cost. An instance of this problem
(C, A, o) consists of a set of n agents or voters C, a set of m
alternatives or candidates A, and a preference profile (a tuple
giving the preference ordering over A, for each agent), o. In
line with prior work, we consider the metric setting, wherein
agents and candidates correspond to points in a metric space
specified by a distance function d : C x A — R satisfy-
ing the “triangle” inequality: for any 4, j € C and a,b € A,
we have d(i,a) < d(i,b) + d(j,b) + d(j,a). We slightly
abuse notation and use d to also denote the resulting metric.
This assumption models many applications, including those
where agents prefer alternatives that are ideologically simi-
lar to them: here d(7, a) can be interpreted as the ideological
distance between agent ¢ and candidate a. As the preference
profile o arises from the distance function d, it must be that
d is consistent with o, denoted d < o that is, for any 7 € C
and a,b € A, if i prefers a over b, denoted a >=; b, then
d(i,a) < d(i,b).

A social choice function (SCF) f for k-committee elec-
tion maps a preference profile o to a setin A¥ := {S C A :
|S| < k}. The cost incurred by an agent ¢, when a set .S of
candidates is chosen, is given by d(i,.S) := mingegs d(i, a),
i.e., the distance to the closest alternative in S. Since f does
not know the cardinal information, one would not expect f
to output the best solution for the given metric d, and the
distortion (Procaccia and Rosenschein 2006) of f quanti-
fies the worst-case loss in solution quality that can occur
due to the fact that f does not have cardinal information.



More precisely, distortion(f) is the worst case ratio (over
all instances) of the cost of the solution output by f over the
optimal cost; formally

Top, (d(C, f(9)))
(d(C,5))’

where d(C,S) denotes the vector {d(i,S)}ics of agents’
costs for S € A¥, and Top,(d(C, S)) is the Top,-cost of this
vector. Throughout, we use “algorithm” to refer to a pro-
cedure whose input includes complete cardinal information,
i.e., the metric d, and use the term “mechanism” when the
input includes only ordinal information given by the prefer-
ence profile 0.

distortion(f) = sup sup
o dao Minge 4x Top,

1.1 Our Contributions

We initiate the study of low-distortion mechanisms for k-
committee election under the Top, objective. The underly-
ing problem can be equivalently viewed as a k-clustering
problem (clustering agents/points around k& alternatives/cen-
ters), and we sometimes use the clustering-terminology, ¢-
centrum problem, to refer to this problem. As noted earlier,
{-centrum is a very versatile model, which generalizes, and
interpolates between, the classical and extensively-studied
k-center ({ = 1) and k-median ({ = |C| = n) problems.
Even for k-median, for any k& > 1, it is impossible to obtain
low-distortion mechanisms using just ordinal information;
the distortion can be: (a) Q(n) when k = 2 (Anshelevich
and Zhu 2018), and (b) unbounded when k£ > 2 (Theorem
3.1). In light of this, a natural question that arises is: can
one achieve meaningful distortion bounds (for {-centrum)
by eliciting a small amount of cardinal information?

We answer this question affirmatively. One of the sim-
plest ways of obtaining cardinal information, which was
also considered in some recent work on k-committee elec-
tion (Burkhardt et al. 2024), is via a value query, wherein we
query d(i,j) for an agent-alternative pair (i, 5). Our chief
contribution is to develop constant-factor distortion mecha-
nisms for the ¢-centrum problem using a very limited num-
ber of value queries.

We consider two ways of measuring query-complexity:
(1) per-agent query complexity, which measures the maxi-
mum number of queries that any single agent is asked; and
(2) total (or average) query complexity, wherein we bound
the total number of queries elicited from the entire agent
population. We devise mechanisms that achieve O(1) distor-
tion and obtain strong bounds under both query-complexity
measures. We focus on the setting A = C, though some
of our results apply more generally (see Table 1). We ob-
tain per-agent query-complexity bounds of O(log klogn)
and O (k - log(min{¢,n/¢})) (Mechanisms 2 and 3 respec-

tively), where the O(.) notation suppresses O (log log k) fac-
tors. Observe that the latter bound is independent of n, for
any fixed ¢ as also for large ¢ (including the case ¢ = n);
in particular, for any fixed k and ¢, we only make a constant
number of queries per agent. The algorithmic idea leading to
the latter bound is fairly robust, and we show that it can be
implemented to also yield a total query-complexity bound
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O(log klogn)
5(k log(min{¥¢, %

Per-agent Mechanism 2

queries

Mechanism 3

)

Total queries O (k” log £log® n)

Table 1: Summary of our results, in the setting A = C.
All mechanisms achieve O(1) distortion. Mechanisms 2
and 3 can be generalized to the A # C setting to yield
the same guarantees. We describe this, and our total-query-
complexity mechanism in the full version.

of O(k?log ¢log® n); observe that this implies that the av-
erage query complexity goes down to 0 as n grows!

Our mechanisms are randomized and achieve O(1)-
distortion with constant success probability.! They can be
modified to achieve O(1)-distortion in expectation with the
same expected query-complexity bounds; this is discussed
in the full version of the paper.

To our knowledge, these are the first results establishing
distortion upper bounds for Top, k-committee election for
k > 1. Some of these results were obtained in a prelim-
inary form in Pulyassary (2021). Our results partially an-
swer an open question posed in (Burkhardt et al. 2024) of
obtaining small distortion for norm-based k-clustering ob-
jectives. While they consider a separate generalization of
k-median, it is worth noting that for k-median, we obtain
significantly improved guarantees compared to (Burkhardt
et al. 2024): we obtain a true approximation, as opposed
to bicriteria solutions, utilizing much fewer total number of
queries, O(k?log® n), as opposed to O (k*log® n).

Technical contributions and overview. We focus on the
A = C setting; in Section 4, we very briefly discuss exten-
sions to the case A # C. Table 1 summarizes our main re-
sults. Due to space limitations, we defer many of the details
to the full version of the paper.

Our mechanisms consist of two chief ingredients. First,
we compute a coarse estimate that approximates the op-
timal {-centrum value, OPT = OPT,, within poly(n)
factors. We actually estimate the optimal k-center or k-
median value, which suffices, since all OPT, values are
within a factor of n of each other: for r < ¢, we have
OPT, < OPT, < £ . OPT,. We utilize different meth-
ods for this, which differ in terms of their query-complexity
bounds and the approximation quality of the estimate re-
turned. We briefly discuss these methods below, and state
the guarantees obtained.

(a) Boruvka mechanism: We use Boruvka’s algorithm for
MSTs to find a minimum-cost k-forest, where a k-forest is
a graph with k components. This procedure, which we re-
fer to as the Boruvka mechanism, runs in O(logn) itera-
tions, where each iteration uses at most 1 query per agent
and merges every component with its “closest neighbor.”

"We cannot detect if failure occurs, i.e., the distortion bound
is not met, but we can boost the success probability by repetition,
since we can evaluate the cost of a solution using one query per
agent and at most k¢ queries in total.



Theorem 1.1. The Boruvka mechanism has O(logn) per-
agent query complexity and returns an estimate B such that
OPT < B <n?- OPT.

(b) k-center and k-median mechanisms: Here, we use cer-
tain approximation algorithms for k-center and k-median to
obtain our estimate. These have the benefit that their query
complexity is independent of n. For small , we use the well-
known 2-approximate k-center algorithm (Gonzalez 1985).
As observed by (Burkhardt et al. 2024), this can be imple-
mented using O(k) per-agent queries and O(k?) total num-
ber of queries. For large ¢, we use k-means++ (Arthur and
Vassilvitskii 2007), a randomized O(log k)-approximation
algorithm for k-median that utilizes an elegant adaptive-
sampling approach. Adaptive sampling is actually a core-
algorithmic idea underlying some of our mechanisms (see
below) that we adapt to directly handle the Top,-objective
and obtain good total-query complexity, but a vanilla imple-
mentation easily yields O(k) per-agent complexity.

Theorem 1.2. In polynomial time, we can compute:

(a) an estimate By such that OPT, < By < 2¢- OPT,
using O(k) per-agent queries and O(k?) queries in all;
(b) an estimate B,, such that OPT, < B, < (8lnk +
4) - % - OPTy holds with probability at least 1/2 using
O(k) queries per agent.

Second, and this is our chief technical contribution, we show
how to leverage these estimates of OPT in combination
with algorithmic ideas developed in the cardinal setting, to
obtain mechanisms with O(1) distortion and low query com-
plexity. We develop two core algorithmic ideas.

1. Black-box reduction (Section 3.1). We present a sim-
ple, yet quite versatile reduction that transforms the ordi-
nal problem to the cardinal {-centrum problem (i.e., where
we know the metric) using polylog(n) value queries while
incurring an O(1)-factor loss in solution quality. We can
then utilize any O(1)-approximation algorithm for cardinal
¢-centrum in a black-box fashion to obtain O(1) distortion.
The reduction proceeds by approximating the true metric
d* by a sufficiently-close metric d; see Mechanism 1 and
Remark 3.2. Given an estimate B € [OPT,a - OPT],
we consider each agent ¢. Roughly speaking, we partition
[££, B] into intervals ({, (1 + £)¢], where the ¢ values in-
crease by a (1 + ¢)-factor. For each value (, we can use
binary search on ¢’s preference relation to find all points a
for which d*(i,a) < (1 4 £)¢. This entire procedure uses
O(log2 n) value queries from i. Now we simply find any

metric d that is consistent with this information, i.e., satis-
fies d(i,a) € (¢, (14 ¢€)C] whenever d*(i,a) € (¢, (1+¢)(]
and d(i,a) < <8 whenever d*(i,a) < 2.1t is not hard
to argue that every solution has roughly the same cost under
the d and d* metrics; hence, we can work with the metric d!
To improve this to O(log k log n) per-agent query complex-
ity, we combine the above with a sparsification idea. We
move to an instance with O(k) distinct weighted points, los-
ing an O(1)-factor. Running the black-box reduction on this
weighted instance now only requires O(log k log n) queries
per agent, since for each ( value, we only need to use bi-
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nary search over k points. We obtain the sparse instance
by computing a bicriteria solution for ¢-centrum that opens
O(k) centers and achieves O(1)-approximation. We show
that “moving” each point to its nearest center in this solution
yields the desired sparse instance. We adapt the algorithm
of (Meyerson 2001) for facility location to the ¢-centrum
setting (Algorithm 1), and show that by suitably using our
estimate 3, we can obtain the desired bicriteria solution.
Mechanism 2 describes the combined mechanism.

2. Adaptive sampling for Top,-objective (Section 3.2).
We obtain per-agent query complexity that is independent
of n, and total query-complexity bounds, by exploiting an
elegant random-sampling approach called adaptive sam-
pling due to (Aggarwal, Deshpande, and Kannan 2009) (see
also (Arthur and Vassilvitskii 2007; Ostrovsky et al. 2012)),
which yields good bicriteria solutions for k-median. In adap-
tive sampling, we pick a random point to add to the cur-
rent center-set S choosing point ¢ with probability propor-
tional to d(i, S), and we do this for O(k) iterations. Observe
that one value query to each agent ¢ suffices to calculate
d(i, S), so this procedure uses O(k) per-agent queries. The
above approach does not directly work for /-centrum. But
we show that, by capitalizing on an insight of (Chakrabarty
and Swamy 2019) that enables us to (roughly speaking) cast
the Top,-objective as a k-median objective (see Claim 2.3),
we can suitably modify the way the next center is sam-
pled and adapt the approach to handle the ¢-centrum prob-
lem (Algorithm 2).> We need to run this modified adap-
tive sampling O (log(min{¢,n/¢})) times, using informa-
tion gleaned from the estimates of OPT returned by The-
orem 1.2, so this yields O (klog(min{¢,n/(})) per-agent
query complexity (Mechanism 3).

To obtain the total query bound stated in Table 1, we exe-
cute adaptive sampling slightly differently. Instead of query-
ing agents outside of S, we query agents in S, and we
compute the d(C,S) cost-vector approximately. As in the
black-box reduction, we consider geometrically-increasing
distance thresholds within a poly(n)-bounded range, and for
each threshold (, we compute the ring of points a € C for
which d(a, S) € (¢, (1 + €)¢]. As before, this can be com-
puted via binary search on j’s preference relation for each
j € S, so this takes O(|S|log® n) queries in total. Now, we
can treat all points within a ring as having roughly the same
d(a, S) value, so we can approximately implement adaptive
sampling by choosing a ring with the appropriate probabil-
ity and then a uniform point within the ring. This yields the
desired total query complexity.

1.2 Related Work

Distortion was first introduced and studied by Procaccia and
Rosenschein (2006). Subsequent works (Anshelevich et al.
2018; Munagala and Wang 2019) studied the distortion of
SCFs for single-winner elections in the metric setting and

?In fact, we can extend adaptive sampling to handle the general
minimum-norm k-clustering problem (Chakrabarty and Swamy
2019); see Pulyassary (2021). The query complexity blows up pro-
hibitively, but this is of interest in the cardinal setting.



conjectured that there exists a deterministic SCF with dis-
tortion of at most 3. This conjecture was ultimately resolved
by Gkatzelis, Halpern, and Shah (2020), who gave a deter-
ministic 3-distortion social choice function.

Furthermore, a series of work (Anshelevich and Postl
2017; Kempe 2020; Gkatzelis, Halpern, and Shah 2020)
culminating in the recent 2.74-distortion (randomized) SCF
by Charikar et al. (2024) showed that randomized SCFs
can achieve strictly better distortion bounds. Here, a long-
standing conjecture was that there exists a randomized SCF
that achieves a distortion of 2; this conjecture was refuted
independently by Charikar and Ramakrishnan (2022) and
Pulyassary and Swamy (2021). This latter work also gave
an LP to find an instance-wise optimal randomized SCF’; i.e.,
the LP computes, for a given instance, the randomized SCF
with smallest distortion.

We study k-committee election for £ > 1. Commit-
tee election problems have been well-studied by the so-
cial choice community (see, for instance, Faliszewski et al.
(2017) and references therein). Low-distortion algorithms
of variants of the committee-election problem have been
studied in the social-welfare-maximization setting (Borodin
et al. 2022) and social-cost-minimization setting (Goel,
Hulett, and Krishnaswamy 2018; Chen, Li, and Wang 2020;
Caragiannis, Shah, and Voudouris 2022), however, these
models are quite different from the one we consider.

In stark contrast to single-winner elections, Caragiannis,
Shah, and Voudouris (2022) showed that the distortion of
any k-committee election algorithm is unbounded in the
cost-minimization setting (for £ > 2). In light of this re-
sult, a natural question to ask is whether eliciting a small
amount of additional cardinal information from the agents
can yield better algorithms. This has been studied for single-
winner elections (Amanatidis et al. 2020; Abramowitz, An-
shelevich, and Zhu 2019), as well as other social choice
problems, including matchings (Amanatidis et al. 2022;
Anari, Charikar, and Ramakrishnan 2023). In the cost-
minimization setting, when A = C, Burkhardt et al. (2024)
present O(1)-distortion mechanisms for k-committee elec-
tion under the (k, z)-clustering objective, wherein one seeks
to minimize } ;.. (d(j,5))*. A special case of this prob-
lem, when z — o0, is the k-center problem, wherein one
minimizes the maximum induced assignment cost. For the
k-center problem, Burkhardt et al. (2024) give a 2-distortion
algorithm requiring a total of O(k?) value queries. They
also give O(1)-distortion mechanisms for the general (k, z)-
clustering problem; these are bicriteria mechanisms, and
consequently select a set of candidates of cardinality larger
than k. Finally, as noted earlier, a preliminary version of
these results was obtained in Pulyassary (2021).

2 Preliminaries

Recall that C is a set of n agents or voters, and A is a set of m
alternatives or candidates. For 7 € C, and a,b € A, we say
that a >=; b if agent ¢ prefers candidate a to b. Each agent
i’s preference relation >=; induces a total order on A. We
denote the top choice of i € C as top(i, =), or just top(i)
when >; is clear from the context. Similarly, we denote the
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top choice of i € C when restricted to S C A as top (i, =),
or just topg(i) when >, is clear from the context. Let = be
the collection of all total orders on A. A preference profile
isatuple 0 = (=1,...,>,) €=". As mentioned earlier,
we consider the metric setting, where agents and candidates
are located in a metric space specified by a distance function
d : C x A — R> that satisfies the triangle inequality and is
consistent with o, denoted d< o: forany i € C,and a,b € A,
ifa »; b, then d(i,a) < d(i,b).

The solution-space of the k-committee election problem
is the collection of subsets of A of size at most k, de-
noted A*. Any S € A induces a cost vector d(C,S) =
{d(4,5)}icc, where d(i,S) := mingeg d(i,a) is the cost
incurred by 4. The Top,-cost of a vector v € RY is the sum

of the ¢ largest entries of v: Top,(v) = S'_, v}, where vt
is the vector v with entries sorted in non-increasing order.

We consider k-committee election under the Top, objec-
tive, i.e., the cost of a solution S € A* is Top,(d(C, 9));
we often refer to this as the ¢-centrum problem. The spe-
cial cases where / = 1 and ¢/ = n correspond to the clas-
sical k-center and k-median problems respectively. While
{-centrum has been studied in the setting where the metric d
is given, our focus is on devising mechanisms given the or-
dinal information specified by o. In the absence of cardinal
information, it is inevitable that any social choice function
f =+ AF must incur some loss in solution quality. This
loss is quantified using the notion of distortion.

Definition 2.1. Let f :>— A" be a social choice function
for k-committee election. The distortion of f is defined as

Top, (d(C, f(9)))
(d(C, 5))

We seek mechanisms with low distortion, but as noted
earlier, this is impossible given only ordinal information,
and we must use some cardinal information to achieve any
bounded distortion. While different query models for elic-
iting cardinal information have enjoyed varying levels of
success for social-welfare maximization problems (Amana-
tidis et al. 2020; Ma, Menon, and Larson 2021), much less
is known for the cost-minimization setting. One simple and
very natural query is a value query (also used by Burkhardt
et al. (2024)), where we query agent ¢ for the distance d(i, a)
between itself and alternative a. We consider mechanisms
that utilize (a limited number of) value queries, and extend
the notion of distortion accordingly.

distortion( f) := sup sup —
o dao Mingegr Top,

Definition 2.2. A mechanism M for k-committee election
takes as input a preference profile o, can adaptively make
value queries, and outputs some solution S € A*. The out-
put of M can depend on d, but only via the answers of the
value queries made by it. We use M(o|d) to denote the out-
put of M on input o when the underlying metric is d.

The distortion of M is defined as:

Top, (d(C, M(c]d)))

distortion(M) := sup sup (d(c,s))

o dao Mingc 4 Top,

Handling the Top, objective. The Top, objective can be
difficult to work with due to its non-separable nature: the



contribution of an agent to the Top,-cost depends also on the
other agents’ costs. We overcome this issue by working with
the separable proxy function introduced by (Chakrabarty
and Swamy 2019). For z € R, define z* := max{z, 0}.

Claim 2.3. (Chakrabarty and Swamy 2019) Let v € RY
and p € R>q. Then, (a) Top,(v) < L-p+>_ " (v;—p)T; and
(b)ifvy < p < (1+e)}, wehave L-p+ 37" (v; —p)t <
(14 ¢€) - Top,(v).

By identifying a suitable value of p, we can work with the
separable expression Y, (v; — p)*, (where v is the cost vec-
tor). This translates /-centrum into a k-median problem, al-

beit in a non-metric setting, which allows us to exploit ideas
used for k-median, for tackling the /-centrum problem.

3 Constant-Factor Distortion Mechanisms

We focus on the setting A = C, that is, the set of candidates
and voters are the same. Theorem 3.1 first shows that, for
k > 3, no bounded distortion is possible given only ordi-
nal information. This strengthens the 2(n) distortion lower
bound of (Anshelevich and Zhu 2018) for £k = 2. We note
that this result also follows from (Caragiannis, Shah, and
Voudouris 2022) (who consider a different problem); we in-
clude a direct proof in the full version of the paper. Given
this, we focus on developing O(1)-distortion mechanisms
using a limited number of value queries.

Theorem 3.1. For k-median with k > 3, there exists an
instance (C, o) for which any social choice function has un-
bounded distortion.

3.1 Black-Box Reduction: O(log k log n)
Per-Agent Queries

When the metric is given as input, the {-centrum prob-
lem admits various O(1)-factor approximation algorithms.
It would be ideal if we could somehow leverage this under-
standing of the cardinal problem. For instance, if we could
somehow reduce the ordinal setting to the cardinal setting,
then we could utilize approximation algorithms developed
in the cardinal setting to obtain low-distortion mechanisms.
A trivial such reduction utilizes queries d(i,a) for every
(i,a) € C x A, but the question is: can we achieve this
end using substantially fewer queries. We show that this is
indeed possible. We give such a black-box reduction that
makes only O(log klogn) per-agent queries, while losing
only an O(1)-factor in the solution quality; using any O(1)-
approximation algorithm for cardinal ¢-centrum then yields
O(1) distortion.

We describe the idea for k-median, i.e., { = n, which
extends with a very minor change to the Top, setting. We
consider a slightly more general setting, where each i € C
has an integer weight w; > 0 denoting the number of agents
co-located with 7; so Zl ccWi;=n and the cost of a solution
Sis Y, w;d(i, S). (This will enable us to handle sparsifica-
tion seamlessly.) As discussed earlier, we approximate the
true underlying metric d* by a close-enough metric d; see
Mechanism 1. Let OPT = OPT,(d*) be the optimal value
for metric d*, and B € [OPT,aOPT)] be an estimate. For
each i € C with w; > 0, we consider distance thresholds,
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_Bio
(I+e)"
integer r > 0, where B, o is roughly g. ¢, we use binary
search on ¢’s preference profile to find all points with j € C
with d(i,j) < 7. This takes O(logn) queries per thresh-
old, and hence O(log” n) queries to do this for all ¢’s. Now,
replacing d*(i,7) € (¢, (1 4 €)¢] by any value d(i, j) in
this interval incurs only a (1 + ¢)-factor loss; similarly, if
d*(i,j) < aifn, then taking d(i, j) < af‘f” incurs an ad-
ditive error of at most w;d(i, j) < eOPT. So for any d that
is consistent with d* in this fashion, the cost of any solution
under d and d* is roughly the same. We can solve a linear
program (LP) to find such a consistent d, and solve k-median
with the metric d.

For the Top, objective, the only change to the above is
that we replace w; by w} = min{w;, £}; see Remark 3.2.

eB B

aw;n’ w;

roughly in the range | |, and of the form for

Mechanism 1: A blackbox reduction
Input: (C, 0); integer weights {w; > 0};cc adding up to n;
estimate B € [OPT, « - OPT]; p-approximation algorithm
A for k-median
1: for ¢ € C with w; > 0 do
aw;B; gn
2 LetBig=p(1+3¢)- 2, g = [logy ;. (“5%")]
3:  Foreach r = 0,...,q;, use binary search to com-
pute S, = {j € C: d*(4,j) < Bipo(1+¢)"}in
O(logn) queries
4: end for .
5: Solve an LP to find a metric d such that:
(1) d(i,j) > Bipforalli € C,j ¢ S 0.
(2) (1+&)~ 0B, 4 <d(i,7) < (1+¢)7"B;, forall
1 E C,’I’ S {0,...,q7; — 1},] c S¢7T\Si7r+1
3) d(i,j) < £ forall j € S;
6: return A(C,w,J)
Remark 3.2 (Top,-objective). The only change for the Top,
objective is that we replace w; by w; = min{w;, £} above.
We call the resulting mechanism Mechanism 1-Top,.

Theorem 3.3. Let d* be the true underlying metric.

(a) The center-set F' output by Mechanism 1 satisfies
Zjec w;d*(j,F) < (p(1 42 +¢)OPT,(d")

(b) Similarly, the output ' of Mechanism 1-Top, satisfies
Top,(d*(C, Flw)) < (p(1 4+ 2¢) + €)OPT(d*), where
d*(C, F|w) is the vector in R obtained by creating w;
coordinates of value d(i, F') for each i € C.

Furthermore, these mechanisms can be implemented us-
ing O(logn - log(ap - n)/e) value queries per agent.

Recall that OPT¢(d*) is the optimal value of ¢-centrum
for the metric d*. We obtain the estimate B required by these
mechanisms using the Boruvka mechanism, which yields
a = n? (see Theorem 1.1). So the combined mechanism,
with an O(1)-approximation algorithm for ¢-centrum, has
O(1) distortion and O(log® n) per-agent query complexity.



Improving query complexity. One of the log n-factors in
the O(log® n) per-agent query complexity above comes be-
cause we need to do binary search over n agents to compute
Sir. To improve this, we sparsify our instance before ap-
plying the black-box reduction. We do so by computing a
(8, ~y)-bicriteria solution for ¢-centrum (using few queries
per agent), where we open at most Sk centers and incur cost
at most ~ times the optimum, and “moving” each agent to
its nearest center in the bicriteria solution. Suppose we ob-
tain 3,y = O(1). Then, we obtain a weighted instance with
O(k) points, and we argue that the move to the weighted in-
stance incurs only an O(1)-factor loss. Combining this with
the earlier black-box reduction now yields O(log klogn)
per-agent query complexity.

We compute an (O(1),0(1))-bicriteria solution by ex-
tending the algorithm of (Meyerson 2001) for facility loca-
tion to the ¢-centrum setting. In facility location (FL), any
number of facilities may be opened, but every facility has
an opening cost f, and we seek to minimize the sum of
the assignment costs and the facility-opening costs. Mey-
erson’s algorithm for FL considers agents appearing online;
when the ith client arrives at location x;, it opens a facility
at x; with probability &,/ f, where d; is the distance from
x; to the closest currently open facility. Meyerson proves,
among other things, that when agents appear in a uniform
random sequence, for every cluster O* in an optimal solu-
tion with corresponding center ¢* € C, the random solu-
tion S returned satisfies E[|S N O*|f + > jeo- A4, 9)] <
5f+8>_,co- d(j,0). Furthermore, this algorithm yields an
(O(1), O(1))-bicriteria solution for k-median if f = B/k,
where B is a ©(1)-estimate of optimal k-median cost.

We adapt Meyerson’s algorithm and analysis to the Top,-
setting, using the separable proxy function ) ;. (d(j, S) —
t)* suggested by Claim 2.3; see Algorithm 1. Viewing
(d(j,S8) — t)* as the proxy-cost of agent j, k-clustering
to minimize the proxy function gives another type of k-
median problem. However, the proxy costs do not satisfy
the triangle inequality, and to circumvent complications aris-
ing from this, we actually work with the quantity ¢;
(d(4,S)—3t)™, and as in Meyerson’s algorithm, open a cen-
ter at j with probability ¢,/ f.

Algorithm 1: Extension of Meyerson’s for ¢-centrum
., Tn, estimate B > OPT

Input: Sequence of agents 1, . .
I: S(‘{l’l},f:%
cfori=2,...,ndo
Add z; to S with probability min(1, §;/f)
end for
return S

B\t

AN AN

Remark 3.4. We have assumed above that the metric d is
given. But if we are only given a preference profile, we can
compute J; using one value query to 4, so the resulting mech-
anism has unit per-agent query complexity.

Theorem 3.5. If the order of agents is random, the expected
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number of facilities opened by Algorithm 1 is at most 26k,
and the expected cost is at most 15B + 14OPT.

Thus, given an O(1)-estimate of OPT, Algorithm 1
yields an (O(1),O(1))-bicriteria solution. We do not have
such an estimate, but we do have B’ € [OPT,n? - OPT],
and if we try all powers of 2 in the range [B’/n?, B'], we
will find some value in the range [OPT,2 - OPT]. Also,
Algorithm 1 may fail with some probability, so we boost its
success probability by repetition. Assuming we find the de-
sired bicriteria solution, we move to the weighted instance
described earlier, and run the black-box reduction on this
weighted instance. Mechanism 2 puts together all of these
ingredients; Theorem 3.6 states its performance guarantee.

Mechanism 2: O(log k log n)- per-agent query complexity

Input: Preference profile o, p-approximation algorithm A
for ¢-centrum.

—_

: S < {So} where S is an arbitrary set of k centers
B’: Output of Boruvka’s mechanism
r1,...,%n: Randomly shuffled sequence of agents
fori =0,...,[log,n?] do
B; 2. B//’I’Lz, f — Bl/k
repeat log(1/4) times
S: output of Algorithm 1 with B = B;.
if |S| < 104k then
S « S U{S}; compute d*(C,S) using one
query per agent
end if
end
: end for B
: Let S arggnggTope(d*(C,S)). Fori € S, set w; =

[{j € C: topg(j) = i}|; forall i ¢ S, set w; = 0.
return Mechanism 1-Top, (S, 0, {w;};es, B', A)

R e A U

14:

Theorem 3.6. Mechanism 2 has O((log(1/6)+log k) logn)
per-agent query complexity, and achieves O(1)-distortion
for the {-centrum problem with probability at least 1 — 4.

3.2 Adaptive Sampling: Per-Agent Query Bounds
Independent of n, and Total
Query-Complexity

We now develop mechanisms with per-agent query com-

plexity independent of n; moreover, their total query com-

plexity depends on polylog(n), which is vastly better than

the linear dependence on n that follows from Mechanism 2.

The core algorithmic idea here is adaptive sampling (Ag-
garwal, Deshpande, and Kannan 2009; Arthur and Vassilvit-
skii 2007), which is the following natural idea: we succes-
sively choose centers, choosing the next center to add to the
current center-set .S by sampling a point ¢ € C with proba-
bility proportional to d(i, S). Aggarwal et al. showed that if

we choose O(k) centers this way, then we obtain an O(1)-

approximate k-median solution with high probability.

As described, this fails badly for ¢-centrum, indeed even
for k-center. Nevertheless, we show how to extend adap-
tive sampling in a novel fashion for the ¢-centrum prob-



lem. Again, the insight is that we can exploit the sepa-
rable proxy function suggested by Claim 2.3. Intuitively,
adaptive sampling works for k-median because, given the
current set of centers S, we sample the next point to be
added to S with probability proportional to its contribution
to the objective, thereby biasing the sampling process to-
wards points that currently incur large cost. The contribu-
tion of an agent ¢ to the proxy function given by Claim 2.3

is (d(i,5) — t)+, which suggests that we should sample a
point 7 with probability proportional to this. (Observe that
adaptive sampling for k-median corresponds to the special
case where ¢t = 0.) We show that this does work: for a suit-
able choice of ¢, if we choose O(k) centers this way, then we
obtain an O(1)-approximate ¢-centrum solution with high
probability, nicely generalizing the guarantee of (standard)
adaptive sampling for k-median. In the analysis, we need
various new ideas to deal with the fact that distances of the
form (d(i,j) — t)" do not form a metric.

Algorithm 2: Adaptive sampling for /-centrum

Input: instance (C, d), parameter t; > 0
1: So+ @
2 fori=1,..., {28(k+\/E)J do
3:

Sample s; with probability proportional to

(d(Si, Sq;_l) - 2tg)+
Update S; +— S;_1U {Sz}
end for
return SL28(k+\/E)J

Remark 3.7. We have assumed above that the metric d is
given. If we are only given a preference profile, then in each
iteration, we make one value query to each agent j ¢ S;_4
to compute d ( J, tops, , (j )), and thus implement the sam-
pling procedure. The resulting mechanism has O(k) per-
agent query complexity.

4:
5:
6:

Let S* be an optimal solution, and let ¢; be the ¢-th largest
distance between any voter and their preferred candidate in
S*. When the parameter ¢, is sufficiently close to ¢, we have
the following approximation guarantee for Algorithm 2.
Theorem 3.8. Let ¢, be such that t; < t; < max{(l +
e)ty, EoéDT }, for some € > 0. Algorithm 2 run with param-
eter ty opens at most 56k centers, and returns a solution of
Top,-cost at most 35(1+¢) - OPT with constant probability.

To compute a suitable ¢, (satisfying the conditions of The-
orem 3.8), we utilize the estimates By and B,, described in
Theorem 1.2 to compute a small set of guesses that contains
a suitable choice of ¢,. Fix € > 0 in the sequel.

Claim 3.9. Let By and B,, be estimates given by The-
orem 1.2. Define Ty {B1 -1+ ¢)" r

0,....log; (B and T, = {B,, - (1+¢e)™" : 7
0,... 7logHg(w». There are t, € T, t) € Tz
such that t§ < t),t] < max{(1+¢e)t},e- 2L}
Combining Algorithm 2 with the set of guesses for ¢} pre-
scribed by Claim 3.9 yields Mechanism 3, stated below.
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Mechanism 3: O(klog(min{¢,n/¢})) per-agent query
complexity mechanism
Input: Preference profile o, p-approximation algorithm A
for {-centrum
I T« argmin{|T1],| 72|}, S+ @
2: for each ¢, € T, repeat log(1/9) times do
3:  S:output of Algorithm 2 using parameter t,
4: S+ SU{S}; compute d*(C, S) using one query per
agent
5: end for -
6: Let S + arggleigTopz(d*(C,S)). Fori € S, setw; =

[{j € C: topg(j) = i}|; forall i ¢ S, set w; = 0.
: Query d* (i, j) foralli,j € S
return A(S,w,d")

e

Theorem 3.10. The per-agent query complexity of Mecha-
nism 3 is O(klog(1/6) log(min{¢,n/¢})), and it achieves
O(1) distortion for {-centrum with probability at least 1 — 0.

Total query complexity. To obtain total query complex-
ity depending on polylog(n), we change how the adaptive-
sampling is implemented in Algorithm 2. Instead of query-
ing agents outside of the current-center set S to obtain
d(C,S), we now construct this vector approximately by
querying agents in S. Similar to our black-box reduction, we
consider a distance threshold ¢, and find the ring of points
a € C for which d(a, S) € ({, (14¢)(]. This can be done via
binary search on j’s preference profile, for each j € S. We
consider geometrically increasing thresholds, using the esti-
mate B; obtained from the k-center mechanism to hone in
on a poly(n)-bounded range of distance thresholds. Thus,
we need to consider O(logn) ¢ values, and so the total
number of queries involved is O(|S|log?n). Since d(a, S)
is roughly the same for all points in a ring, we sample by
first choosing a ring, and then a uniform point in the ring.
With this ring-based implementation of adaptive sampling,
we proceed as in Mechanism 3, except that we utilize only
By to obtain the candidate set 7 of ¢, values. The resulting
mechanism has total-query-complexity O(k? log® nlog 0),
and is described in the full version of this paper.

4 Extension to the Setting A # C

Our mechanisms with per-agent query complexity bounds
can be extended to the more general setting where A # C.
While with cardinal information, it is easy enough to reduce
this to the earlier case (for instance, by moving agents to the
alternatives nearest to them), various challenges arise when
we seek to limit the number of value queries because, we
cannot query an alternative a € A for distances to agents.

The changes involved are of two forms. We need to mod-
ify how we compute the estimate on OPT using the Boru-
vka mechanism and the k-center mechanism. The other main
change is in adaptive sampling, where when we sample an
agent s € C, we add top(s) to our center-set. We discuss
these changes, and the resulting mechanisms in the full ver-
sion of the paper.
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