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Abstract

We study the problem of determining an envy-free allocation
of indivisible goods among multiple agents with additive val-
uations. EFX, which stands for envy-freeness up to any good,
is a well-studied relaxation of the envy-free allocation prob-
lem and has been shown to exist for specific scenarios. EFX is
known to exist for three agents, and for any number of agents
when there are only two types of valuations. EFX allocations
are also known to exist for four agents with at most one good
unallocated.

In this paper, we show that EFX exists with at most k — 2
goods unallocated for any number of agents having £ distinct
valuations. Additionally, we show that complete EFX alloca-
tions exist when all but two agents have identical valuations.

Introduction

Fair division of indivisible goods is a fundamental problem
in the study of multi-agent systems. The problem concerns
distributing indivisible resources fairly among agents. Sev-
eral real-life scenarios reflect the importance of this prob-
lem. Examples include inheritance division, allocation of
slots on computing machines to jobs etc. Maintaining fair-
ness is challenging, especially when agents have heteroge-
neous preferences over subsets of items. Formally, the prob-
lem is to allocate a set G = {g1,...gm} of m goods to a
set A = {ay,...a,} of n agents such that each good is al-
located to at most one agent and each agent thinks of the
overall allocation as being fair.

One of the most well-studied fairness notions is envy-
freeness. To formalize this notion, we model each agent
a;, i € [n], as having a valuation function v; : 29 —
R>o on subsets (bundles) of goods. An allocation X =
(X1, Xs,...X,), where the bundle X; is allocated to agent
a;, i € [n], is envy-free (EF) if each agent values their
own bundle at least as much as that of any other agent, i.e.,
Uz(Xi) Z Ul'(Xj) for all Z,j € [n]
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EF allocations may not exist in general, the simplest in-
stance being that of two agents and one valuable good. Var-
ious relaxations of envy-freeness have been proposed. The
concept of envy-freeness up to one good (EF1) was proposed
in (Budish 2011). An allocation X is said to be EF1, if for
each 4,j € [n] there exists some good g € X such that
v;(X;) > v;(X; \ {g}). EF1 allocations are known to exist
and can be found in polynomial time (Lipton et al. 2004).

In between the notions of EF and EF1 allocations, lies
envy-freeness up to any good (EFX), introduced by (Cara-
giannis et al. 2019). Given an allocation X, an agent a;
strongly envies agent a; if there exists g € X; such that
vi(X; \ {9}) > vi(X;), ie., a; envies the bundle X; of
a; even after removing the good g from X;. The alloca-
tion is EFX if no agent strongly envies another agent. In
other words, for each pair of agents a; and a;, we have
v;(X;) > vi(X; \ {g}) for any good g € X.

Unlike EF and EF1, the question of whether EFX alloca-
tions always exist is far from settled and is one of the im-
portant open questions in the field of discrete fair allocation.
EFX allocations exist when all agents have the same val-
uation function, or when there are only two agents (Plaut
and Roughgarden 2020). In (Mahara 2023a, 2021), the au-
thors improved on this result and showed the existence of
EFX for multiple agents when there are only two valuation
functions. In a breakthrough result, (Chaudhury, Garg, and
Mehlhorn 2024) showed that EFX always exists for 3 agents
when the valuation functions of agents are additive.'

All of the aforementioned results are for complete alloca-
tions that allocate each good to some agent. In (Chaudhury
et al. 2021), the authors considered incomplete allocations
that leave some goods unallocated and showed that an EFX
allocation exists for n agents when at most n — 1 goods can
remain unallocated, while guaranteeing that no agent envies
the bundle of unallocated goods. This result was improved
in (Berger et al. 2022) where the authors show existence of
EFX allocation for n agents with at most n — 2 unallocated
goods, and also an EFX allocation for the special case of 4
agents, with at most one unallocated good. In both cases, no

A valuation v : 29 — R>o is additive if, for each bundle S C
G of goods, v(S) = >° s v({g}). The result of (Akrami et al.
2023), which simplifies (Chaudhury, Garg, and Mehlhorn 2024),
holds for more general valuation functions, which they call MMS-
feasible valuations (see Definition 9).



agent envies the bundle of unallocated goods.

Our Contributions

In this work, we generalize the results of (Chaudhury, Garg,
and Mehlhorn 2024; Akrami et al. 2023; Mahara 2023a;
Berger et al. 2022) to the case where there are multiple
agents with the same valuation function. Our first result
shows that EFX allocations with at most £ — 2 unallocated
items always exist for n agents when the valuation func-
tion of each agent is chosen from a set of & distinct nice-
cancelable® valuation functions. In other words, among the
n agents, subsets of agents have identical valuation func-
tions, so that collectively, there are at most k distinct valua-
tion functions.

Theorem 1. When there are n agents such that the valua-
tion of each agent is chosen from a set of k distinct additive
valuations, an EFX allocation exists that leaves at most k—2
goods unallocated. Furthermore, no agent envies the bundle
of unallocated goods. Moreover, this holds even when all the
agents have nice-cancelable valuations, a generalization of
additive valuations.

Corollary 1. In an instance where each agent has one of
three distinct nice-cancelable valuations, an EFX allocation
with one unallocated good always exists.

Note that if we substitute k& = 2 in Theorem 1, we get a
complete EFX allocation for agents with two types of valu-
ations. Therefore, Theorem 1 generalizes the result of (Ma-
hara 2023b).

We also show a complete EFX allocation for a special
case of Corollary 1, where among n agents, n — 2 have iden-
tical valuations and the other two agents can have different
valuations. We refer to this as the problem of EFX allocation
when there are two outliers.

Theorem 2. Consider a set of n agents with additive valua-
tions where at least n — 2 agents have identical valuations.
Then, for any set of goods, a complete EFX allocation al-
ways exists. Moreover, this holds even when all the agents
have MMS-feasible valuations, a generalization of additive
valuations.

This generalizes (Akrami et al. 2023) and (Chaudhury,
Garg, and Mehlhorn 2024) as it implies EFX for n agents
when n = 3.

Overview of our Techniques

Here, we describe at a high level, the key ideas involved in
the proofs of our main theorems.

For proving Theorem 1, we consider £ groups of agents
such that all agents in a given group have identical valua-
tions. The agent with the least valuable bundle in a group
is called the leading agent of that group. We start with an
EFX allocation where each agent gets at most one good. We
then iteratively find a new EFX allocation in which Pareto
dominates the previous ones until we find our desired EFX

2y is said to be nice-cancelable if for any two bundles S, T C G,
andagoodge G\ (SUT),v(SUg) >v(TUg) = v(S) >
v(T).
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allocation. To achieve this, we focus on the set £ of leading
agents in each group. To improve a given EFX allocation X,
we consider the sub-allocation X (£) restricted to the lead-
ing agents and replace X (£) with a Pareto dominating EFX
allocation (restricted to the leading agents) Y (L£). However,
not all such Pareto dominating sub-allocations extend to an
allocation that is EFX for all the agents, as some of the non-
leading agents may strongly envy the new bundles of the
leading agents. To address this problem, in Lemma 2, we
show that if we replace X (£) with a special Pareto dominat-
ing EFX allocation Y (L), where every leading agent gets a
minimally envied subset with respect to their previous bun-
dle, then replacing X (£) with such a Y'(£) gives an alloca-
tion that is EFX for all the agents. We observe that when the
allocation X (L) is envy-free, a result in (Berger et al. 2022)
can be used to compute such a special allocation Y (£). On
the other hand, if the allocation X (£) is not envy free, we
observe that there can at most be k£ — 1 sources in the envy
graph (discussed in Proposition 2) and therefore, a result in
(Chaudhury et al. 2021) can be used to get a Pareto domi-
nating allocation in this situation.

Our proof of Theorem 2 begins by considering an almost
feasible EFX allocation (see Definition 10) consisting of
n bundles. An almost EFX feasible allocation ensures that
n — 1 bundles are all EFX feasible (see Definition 2) for
each of the n — 2 agents with identical valuations and that
the remaining bundle is EFX feasible for one of the two out-
lier agents. Our procedure modifies such an allocation care-
fully to either get to an EFX allocation, in which case we are
done, or to another almost EFX feasible allocation. The ter-
mination of our procedure is ensured by the fact that the re-
sulting almost EFX feasible allocation is strictly better than
the previous one in a concrete sense, i.e., in terms of a po-
tential function that cannot grow forever. The challenge lies
in maintaining the aforementioned invariant and proving the
increase in potential.

Related Work

The notion of envy-free allocations was introduced by
(Gamow and Stern 1958) and (Foley 1967). For indivisible
goods, (Lipton et al. 2004) and (Budish 2011) consider a
relaxed notion of envy-freeness known as envy-freeness up
to one good (EF1). The notion of envy-freeness up to any
good (EFX) was introduced by (Caragiannis et al. 2019).
The existence of EFX allocations has been shown in various
restricted settings like 2 agents with arbitrary valuations and
any number of agents with identical valuations (Plaut and
Roughgarden 2020), for additive valuations with 3 agents
(Chaudhury, Garg, and Mehlhorn 2024), at most two val-
uations for an arbitrary number of agents (Mahara 2023a,
2021), for the case when each value of each agent can take
one of the two possible values (Amanatidis et al. 2021), etc.
EFX allocations for the case when some goods can be left
unallocated have been considered in several works (Brams,
Kilgour, and Klamler 2022; Cole, Gkatzelis, and Goel 2013;
Caragiannis, Gravin, and Huang 2019) etc. (Caragiannis,
Gravin, and Huang 2019) show that discarding some items
can achieve at least half of the maximum Nash Welfare
whereas (Chaudhury et al. 2021) show that an EFX alloca-



tion always exists for n agents with arbitrary valuations with
at most n— 1 unallocated items, (Berger et al. 2022) improve
this to show the existence of EFX with at most n — 2 goods
unallocated, and for 4 agents with at most one unallocated
good. For further works related to to fair allocation, we refer
the reader to a recent survey by (Amanatidis et al. 2023).

Preliminaries

Let A = {ai1,a9, -+ ,a,} be a set of n agents and let
G = {91,92, " ,9m} be a set of m indivisible goods.
An instance of discrete fair division is specified by the tu-
ple (A4,G, V), where V = {v1(-),va("), - ,vn(-)} is such
that for i € [n], the function v; : 29 — Rsq denotes
the valuation of agent a; on subsets of goods. We use
the term bundle to denote a subset of goods. For bundles
X1,..., Xk, and an agent a, we use max,(Xi,...,Xy)
(resp. min, (X1, ..., Xk)) to denote the bundle that is most
(resp. least) valued as per the valuation function v,. An al-
location is a tuple X = (X3, Xo,...,X,,) of n mutually
disjoint bundles such that bundle X; is assigned to agent a;
for all ¢ € [n]. Given an allocation X = (X1, Xo, -+, X,,),
we say that agent a; envies another agent a; if v;(X;) >
v;(X;). We often also say that agent a; envies the bundle
X,.

J

Definition 1 (Strong envy). Given an allocation X =
(X1,Xo,- -+, X,), an agent a; strongly envies an agent a;
ifvi(X; \ {g}) > vi(X;) for some g € X;.

An allocation is EFX if there is no strong envy between
any pair of agents.

Definition 2 (EFX-feasibility). A bundle S C G is said to
be EFX-feasible w.r.t. a disjoint bundle T according to valu-
ation v, ifforallh € T, v(T \ {h}) < v(S). Given an allo-
cation X = (X1, Xo,---, X)), bundle X; is EFX-feasible
for an agent a; if X; is EFX-feasible w.r.t. all other bundles
in X according to valuation v;.

An allocation X = (X3, Xo, -+, X,,) is said to be EFX
if for all ¢ € [n], the bundle X; is EFX-feasible for agent
ai.Leta € A;g € G; S,T C Gandwv : 29 — Rsq. To
simplify notation, we write v(g) to denote v({g}) and use
S\ g, SUg todenote S\ {g}, SU{g}, respectively. We also
write S >, T to denote v,(S) > v, (T") and similarly for
<ay> a0, < ¢ and =,. We use min, (S, 7) and max, (S, T)
to denote argminy ¢ (g Vo (Y’) and argmaxy ¢ ;g 73 va(Y).

Definition 3 (Minimally envied subset (Chaudhury et al.
2021)). Given an allocation X, if an agent a; with bundle
X, envies a bundle S, we call T C S a minimally envied
subset of S for agent a; if both the following conditions hold.

2. Ui(Xi) > ’Ui(T \ h) VheT

We generalize the above definition to a minimally envied
subset with respect to a subset of agents.

Definition 4. Let N C A be a non-empty set of agents,
X(N) be an allocation restricted to the agents in N, and
S C G be a set of goods such that at least one agent in N
envies S.
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We call T C S as the minimally envied subset of S with
respect to N and X (N), denoted by MES (X (N), S), if at
least one agent in N envies T and no agent in N strongly
envies T. We call the set of agents in N who envy T as the
most envious agents of S among N. Further, S\T is refereed
to as a discard set.

Note that MESyN(X(N),S) need not be unique.
However, the size of the minimally envied subset
IMESN (X (), S)] is fixed for a given N, X (N) and S.
Definition 5. Given an allocation X and a subset S C G
of goods such that at least one agent envies S, we say that
agent a; champions S if a; envies MES 4(X, S).

Given an allocation X, the envy relation among the agents
is graphically represented as follows.

Definition 6 (Envy Graph). Given an allocation X, let
Ex = (A, E) be a directed graph where the set of agents
Alis the set of vertices and for every pair (a;, a;) of agents,
(ai,a;) € E iff agent a; envies agent a; under the allocation

Definition 7. An allocation X is said to Pareto dominate
another allocation Y ,denoted by X > Y, if for every agent
a; € A, vi(X;) > vi(Y;), and there exists at least one agent
a; such that v;(X;) > v;(Y;).

Given an allocation X and its envy graph Ex, an agent
a is said to be a source in E'x if no agent envies a. When
there are few source agents and sufficiently many unallo-
cated goods, we use the following result by (Chaudhury et al.
2021) to show Pareto improvement:

Lemma 1 ((Chaudhury et al. 2021)). Let X be a partial
EFX allocation with at least k unallocated goods. If the envy
graph Ex has at most k source vertices, then there exists
another EFX allocation Y such thatY ~ X.

Non-degenerate instances (Chaudhury, Garg, and
Mehlhorn 2024; Akrami et al. 2023) An instance
T = (A, G,V) is said to be non-degenerate if and only if no
agent values two different bundles equally. That is, Va; € A
we have v;(S) # v;(T) for all S # T, where S, T C G.
(Akrami et al. 2023) showed that it suffices to deal with
non-degenerate instances when there are m agents with
general valuation functions, i.e., if each non-degenerate
instance has an EFX allocation, each general instance has
an EFX allocation. In the rest of the paper, we only consider
non-degenerate instances. This implies that all goods are
positively valued by all agents as value of the empty bundle
is assumed to be zero. Non-degenerate instances have the
following property.

Proposition 1. Given any allocation X, for any two agents
a and a' with identical valuations, either a envies a’ or vice
versa.

Properties of valuation functions A valuation v is said to
be monotone if S C T implies v(S) < v(T) forall S,T C
G. Monotonicity is a natural restriction on valuation func-
tions and occurs frequently in real-world instances of fair
division. A valuation v is additive if v(S) = > csv({g})
for all S C G. Additive valuation functions are, by defini-
tion, also monotone. A generalization of additive valuations



are nice cancelable valuations, introduced by (Berger et al.
2022).

Definition 8. A valuation function v is said to be nice cance-
lable if v is non-degenerate and for any two bundles S, T C
G,anda good g€ G\ (SUT),

v(SUg) >v(TUg) = v(S) > v(T).

Nice cancelable valuations include budget additive
(v(S) = min(} ] cgv(9),c)), unit demand (v(S) =
maxges v(g)) and multiplicative (v(S) = [[,cqv(g)) val-
uations (Berger et al. 2022). (Akrami et al. 2023) introduced

a more general class of valuation functions called as the
MMS-feasible valuations.

Definition 9. A valuation v : 29 — R is MMS-feasible
if for every subset of goods S C G and every pair A =
(A1, A3), B = (By, B2) of partitions of S, we have

max(v(B1),v(B2)) > min(v(A7),v(Az2)).
Algorithm of Plaut and Roughgarden For monotone
valuation functions, (Plaut and Roughgarden 2020) gave an
algorithm to compute an EFX-allocation when all agents ad-
ditionally have the same valuation v(-) function. Throughout
this paper, we refer to this algorithm as the PR algorithm. Let
M C G be a subset of goods. Let X = {X;, Xo,---, Xj}
be a k-partition of M. In its most general form, the PR algo-
rithm takes (X, v, k) as input and outputs a (possibly differ-
ent) k-partition Y = {Y1,Y3,---, Y%} of M. We crucially
use the following properties (Plaut and Roughgarden 2020)
of the output of the PR algorithm.

1. Forall ¢ € [n], if Y; is allocated to agent « then agent a
does not strongly envy any other bundle in Y.

The value of the least valued bundle does not
decrease, i.e., min(v(Y1),v(Y2), - ,v(Y%)) >
min(v(X7),v(Xa), -+ ,v(Xg))

2.

Almost EFX for & Types of Agents

We prove Theorem 1 in this section. Recall that the input
instance consists of a set of agents .4 that can be partitioned

as A = Ule A;, such that all the agents of any given part
A; have an identical valuation, say v;. We refer to this setting
as the one with n agents and k types of valuations. Here
v1, Ve, ..., v represent the k different valuation functions.
Forall i € [k], let |A;] = n;. Let A; = {ai,d},...,a} }
be the set (or group) of agents with valuation function v,.
Given an allocation X, let X} represent the bundle allocated

to agent aj. In any given group A;, we can assume w.l.o.g.

that agent a’ gets the least valued bundle, followed by agent
a% and so on. In other words, the bundle X is the j-th small-
est bundle in group A; in the allocation X. For any given
group A;, we call the agent a} as the leading agent of that
group.

We now make a few essential observations about the envy
graph E'x of any given allocation X for an instance with
k-types of agents.

Proposition 2. Given an instance with k-types of agents,
and an allocation X, a non-leading agent can never be a
source vertex in the envy graph Ex. Hence Ex has at most
k sources.
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This is due to the fact that every non-leading agent is en-
vied by the leading agent of the same group. Similarly, we
have the following observation:

Proposition 3. If an agent a;} of group A; envigs (or
strongly envies) an agent a, then the leading agent aj also
envies (respectively strongly envies) agent a.

Let £ = {a},a?,...,a%} be the set of leading agents of
each group. Given an allocation X, let S C G be a bundle
of goods that some agent a € A envies. Then, we have the
following observations:

Proposition 4. If T' = MES;(X (L), S) is a minimally en-
vied subset of S with respect to L, X (L), then T is also

a minimally envied subset with respect to A, X. That is,
T = MES4(X,9).

Proof. For the sake of contradiction, assume that 7' #
MES 4(X, S). That is, some agent aé. strongly envies a strict
subset R C T'. Then, from Proposition 3, we know that the
leading agent a} also envies R. This contradicts our assump-
tion that 7' = MES(X (L), ). O

We now prove a lemma that will be used crucially to prove
Theorem 1. In the lemma below, we assume that there is an
existing (possibly partial) EFX allocation X. We show that
if we improve the bundles of the leading agents such that
the new bundle of each leading agent is a minimally envied
subset with respect to their respective bundles in X, then the
resulting allocation is EFX for all agents.

Lemma 2. Let X be an EFX allocation (not necessarily
complete), and X (L) be the allocation X restricted to the
set of leading agents L. Let Y (L) = (Y], Y2, ...,YF) bea
new allocation for the agents in L such that Y (L) = X (L)
and Y (L) is an EFX allocation within L. Moreover, Vi € k,
38 C G, such that Y{ = MES;(X(L),S). Then, X' =
X(A\ LUY (L)) is an EFX allocation for A and X' » X.

Proof. As no agent gets a worse bundle in X’ as compared
to X, and at least one agent (happens to be in £) is strictly
better off, X’ Pareto dominates X. It remains to be shown
that X’ is an EFX allocation.

First we show that the leading agents do not strongly envy
anyone in X'. Consider an arbitrary leading agent a]. Agent
aj does not strongly envy any other leading agent in X' as
Y (L) is an EFX allocation within £. Agent af does not
strongly envy any non-leading agent af since v;(Y7) >
v (X]) > v; (X2 \ h),Vh € X1.

Now we show that the non-leading agents do not strongly
envy anyone. Consider an arbitrary non-leading agent af.
Agent a does not strongly envy any other non-leading agent
as they both retain the same bundles as in X . We know that
in X', every leading agent holds a minimally envied subset
of the form MES (X (£), S). From Proposition 4, we know
that MES (X (£), S) = MES 4(X, S). Therefore, agent a;
does not strongly envy any leading agent either. This proves
that X’ is an EFX allocation. O



Proof outline for Theorem 1: The proof of Theorem 1
involves two cases. Let X be a (possibly partial) EFX allo-
cation. By Proposition 2, the envy graph Ex has at most k&
sources. When the number of unallocated goods is at least
as large as the number of sources in E'x, by Lemma 1, there
is another EFX allocation Y such that Y > X. Thus there
is an EFX allocation with at most k£ — 1 unallocated goods.
Now we adapt the technique from (Berger et al. 2022) to get
an EFX allocation with at most k£ — 2 unallocated goods.

Consider the case when there are only & agents with pos-
sibly distinct valuations. Let N be the set of these agents.
Then an EFX allocation with at most k—2 unallocated goods
is known to exist due to (Berger et al. 2022). If the envy
graph has k — 1 or fewer sources, an EFX allocation with at
most k — 2 unallocated goods can be obtained from (Chaud-
hury et al. 2021). It remains to obtain the same when the
envy graph has k sources. Thus there is no envy among the k
agents, and hence X is a (possibly partial) envy-free alloca-
tion. In Lemma 4.2 of (Berger et al. 2022) below, when given
an envy-free allocation for k agents, with exactly £ — 1 unal-
located goods, they find a new EFX allocation Y, such that
Y > X. We observe that Y has a special property: in Y, ev-
ery agent receives a bundle of the form Y; = MESy/ (X, S),
where S is either X; U g or X; U D, with D being some
discard set.

Lemma 3 ((Berger et al. 2022)). Let N consist of exactly k
agents each with possibly different valuation. Now, given a
(possibly partial) envy-free allocation X with exactly k — 1
goods unallocated, there exists an EFX allocation'Y (possi-
bly partial) such that' Y ~ X. Moreover, in Y, every agent
receives a bundle of the form'Y; = MESxr(X, S), where S
is either X ;U g or X;U D, for some bundle X ;, unallocated
good g, and D being some discard set.

We now prove the following two lemmas, which will be
used as subroutines to give a constructive proof of Theo-
rem 1.

Lemma 4. Consider an instance with k-types of agents. If
there exists an EFX allocation X with at least k — 1 unallo-
cated goods, then there exists a EFX allocation (not neces-
sarily complete) Y, such that Y > X.

Proof. Consider the envy graph Ex of of the allocation X.
From Proposition 2, we know that only the leading agents
can be the sources. Therefore, there can be at most & sources.
If the number of sources is less than or equal to k — 1, since
there are at least £ — 1 unallocated goods in X, by applying
Lemma 1 we get an EFX allocation Y, Y > X.

Now, consider the case when there are exactly &k sources
in Ex. From Proposition 2, we know that the set of lead-
ing agents, £ is exactly the set of sources in Ex. If we
consider the sub-allocation X (L) restricted to L, observe
that X (L) is envy free. We now apply Lemma 3 on X (£)
to get an EFX allocation Y (L) restricted to £, such that
Y (L) = X(L), and each agent in £ gets a bundle of the
form Y = MES.(X (L), S). Due to Lemma 2, the alloca-
tion X (A \ LUY (L)) Pareto dominates X. O

Lemma 5. Let X be a partial EFX allocation, and U # &
be the set of unallocated goods. If some agent a envies U,
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then there exists an EFX allocation (not necessarily com-
plete) Y, such that Y > X.

Proof. If some agent a envies U, then there exists a cham-
pion agent a’ who envies the minimally envied subset 7' =
MES (X, U). We replace the bundle of agent ¢’ with 7.
This gives a new allocation Y which Pareto dominates X .

O

Proof of Theorem 1. Consider an instance with k-types of
agents. If the number of goods, |G| < n, then any alloca-
tion with at most one good per agent is an EFX allocation.
So assume |G| > n. We begin with a partial, trivially EFX
allocation X where each agent has exactly one good. Let U
be the set of unallocated goods.

Aslong as |[U| > k — 1 or some agent envies U, we find
a new allocation Y that Pareto dominates X using Lemma 4
and Lemma 5. Since there are finitely many EFX allocations,
this procedure must end with an EFX allocation with at most
k — 2 unallocated goods and no agent envying U. O

EFX with Two Outlier Valuations

In this section, we show that EFX allocation always exists
for n agents when n — 2 of the agents have identical valua-
tions thus prove Theorem 2.

Consider a set of n agents A = {a1, a2, -+ ,an_2,b1,¢1},
a set of m goods G = {g1,92, - ,gm} and a set of three
valuation functions V = {v,, s, v.} such that the agents
ai,asz,--- ,a,_9 have valuation v, and outlier agents b; and
c1 have valuations v, and v, respectively. The valuations v,
and vy, are assumed to be monotone and v,. is assumed to be
MMS-feasible.

Definition 10. We say that an  allocation
X (X1,X9,--+,X,) is almost EFX-feasible if it
satisfies the following conditions:

1. The first n — 1 bundles Xi,Xo,---
EFX-feasible for agents a1, as,- -+ ,Gnp_o.
X, is EFX-feasible for at least one outlier (that is either
agent by or agent cy).

, Xn_1 are

2.

We define a potential function ¢ which assigns a real value
for each allocation X = (X7, X5,---, X,,) as follows:

¢(X) = min{ua(Xl),va(XQ), e a’Ua(anl)}

To prove Theorem 2, we first show that almost EFX-
feasible allocations always exist. Then we show that, if an
allocation X is almost EFX-feasible, then either X is an
EFX allocation or there exists another almost EFX-feasible
allocation X’ with a strictly higher potential value, i.e.,
d(X') > ¢(X). Since ¢(X) cannot grow arbitrarily as
d(X) < va(G), there must exist an almost EFX-feasible
allocation which is also an EFX allocation.

Proof of Theorem 2:. For any given instance with n
agents such that n — 2 agents have identical valuations,
an almost EFX-feasible allocation always exists. This
can be obtained by running the PR algorithm on G with
the valuation v, for all n agents. Lets call this initial
allocation X = (X;, X5, --,X,,). From Property 1 of



the PR algorithm, all the bundles are EFX-feasible for
agents ai,as, - - ,an—s. Let agent c; pick the most valued
bundle from X according their valuation v.. Without loss of
generality, we can assume that the bundle picked by agent
cy is X,. It is clear that X, is EFX-feasible for ¢;. Hence
X is almost EFX-feasible.

If either one among the agents b; or ¢; has at least one
EFX-feasible bundle other than X,,, say X}, then we are
done. We allocate (X,,, X}) to agent ¢; and by respectively,
and the remaining bundles to agents ai,as,- - ,Gn_2
arbitrarily. The resulting allocation is EFX.

In the remainder of the proof, we consider the case that
X, is the only EFX-feasible bundle for both b; and c;.

Let g, and g. be the least valuable good(s) in X,, ac-
cording to agents by and ¢y, respectively. Since X, is the
most valued bundle and also the only EFX-feasible bundle
in X for agent b; (or c;), even if we give the maximum
valued bundle from {X;, X2, -+, X,,_1} according to vy
(v., respectively) to agent by (¢, respectively), they would
strongly envy the bundle X,,. That is

Xﬂ\gb >b ml?’X(X17X27"' 7XTL—1) (1)
Xn\gc >C maX(X17X2)"' 7X’I’L—1) (2)
(&
Without loss of generality, assume
Xl <a X2 <a ' <ag Xn—l (3)

Now, we consider the cases which arise when we move the
least valued good from X,, (according to b; or ¢1) and add
it to the bundle X;.

Case 1: The bundle X, \ g, remains to be the most favorite
bundle for agent by or the bundle X, \ g. remains to be the
most favorite bundle for agent ¢;. That is,

Xn\gb>bX1Ugba or Xn\gc>cX1Ugc

Assume that X,, \ g, >» X1 U gp. The procedure is
analogous if we consider the case that X, \ g. >. X1 U ge.
The new allocation is X' = (X1 U gy, Xo, -+, X \ 9b)-
Combining X,, \ g» >, X1 U g, with Equation 1, we get
that the bundle X, \ g is the most valuable according to vy
and hence EFX-feasible for agent b; in the new allocation.

Case 1.1: X; U gy <, Xo.
Combining X; U g, >, X; and Equation 3, we can see that

A(X') = va (X1 U gp) > va(X1) = $(X).

Thus there is an increase in the potential. For agents
ai,as, - ,an,_2,the bundle X7 U g, remains EFX-feasible
as no other bundle has increased in value. Furthermore, for
agents aq,as,--- ,an—2, the bundles Xo, X3,--- , X,
are EFX-feasible when compared to X; U gp as they are
more valuable than X; U g, according to v,. They are
also EFX-feasible when compared to X, \ g, because they
were EFX-feasible against a higher valued bundle X,.
Thus, bundles X; U gp, X2, - - - , X,,—1 are EFX-feasible for
agents ai,as,--- ,an,—o. Therefore, the new allocation is
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almost EFX-feasible and has an increased potential.

Case 1.2°: X; U gy, >, Xo.
Let (X1 Ugp) \ Z be a minimally envied subset with respect
to X5 under valuation v,. That is,

(X1 Ugy)\ Z >4 Xz ,and

(X1Ug)\Z)\h<a X Vhe (XyUug)\Z P

Now, let the new allocation be
X/ = <X15Xé7 o 7XT/L>
= <(X1 Ugb)\Za Xo, -+ 7(X7L\{gb}) UZ>

Since (Xl @] gb) \ Z >4 Xo, ¢(X/) = ’Ua(XQ) >
v (X1) ¢(X), and thus the potential has strictly
increased. From Equation 1, we have X, \ g» >
maxy (X1, Xo, -+, X,_1). From the Case 1 assumption,
we also have X, \ g, >, X1 U gp. Therefore,

X! =(Xa\gp) UZ >y InbaX(Xi,Xé7 X))
Thus X, is EFX-feasible for agent b;.
Next, we show that the bundles X}, X}, .-, X, | are

EFX-feasible among themselves (i.e, not compared with
X)) to agents aj,as, -+, Gp_2.

The bundle X; was EFX-feasible w.r.t. Xo,---, X,,_1 in
X. Therefore, X; >, X; is also EFX-feasible w.rt.
Xé,“- ,Xr/hl.

Bundles X7, ---, X/ _, are EFX-feasible w.rt. each other
as they remain unchanged. From Equation 4 we know
that X\ h = (X1 Ug)\Z2)\ h <o X2 Vh €
((X1 Ugp) \ Z), and from Equation 3 we have Xy <,

- <q Xp—1. Therefore, both X4, , X, _, are EFX-
feasible w.r.r. X7 foragents a1, as, - - , a,—o. Therefore, the
bundles X7, X}, -, X/ _, are EFX-feasible among them-
selves to agents aj, as, - ,Ap—2.

All that remains is to check the EFX-feasibility of
bundles X7, X% --- X/ _; wrt X]. If the bundles
X{, X5, .-+, X, _, are EFX-feasible w.r.t. X/, then we
meet all the conditions of the invariant and hence X" is al-
most EFX-feasible. Since ¢(X’) > ¢(X), we have an al-
most EFX-feasible solution with increased potential and we
are done.

Now, consider the case that one of the bundles in
{X1{, X5, , X/ _,}is not EFX-feasible w.r.t. X/,. Thatis,

Jh € X, suchthat X,, \ h >, min(X7, X5, -, X,,_;)
)

7XT/L) = HllIl(XLXé, e 7X/

n—1

= XTI’L Za HEH(XLXéa e 7X':’L—1

= mln(XiaXé7 )
a

=X >, X3

Now, we apply the PR algorithm on X’ under the valua-
tion v, to get a new allocation X”'. We let by (resp. c¢1) pick

*Note that we do not have to consider the case that X1 U g5 =4
X since the instance is assumed to be non-degenerate.



the most valued bundle from X"’ according to their valuation
vy (resp. ve). If the bundles picked by by and ¢; are differ-
ent, then we have an EFX allocation. Otherwise, we rename
that bundle as X/. From the property 2 of the PR algorithm,
we also know that min, (X"') >, min,(X’) >, X;. There-
fore, #(X") > v,(X1) = ¢(X). Thus we obtain a new
almost EFX-feasible allocation with increased potential.

Case 2: The bundle X, \ g is not the most favorite bundle
of agent b, and bundle X, \ g is not the most favorite bundle
of agent ¢;. Since, X,, \ g» >p maxy(Xo, -, X,,_1) and
Xn \ ge >c max.(Xa, -+, X,,_1) we have

Xn\{gp} <o X1 U{gp},and X, \ {g} <c X1 U {gc}

In this case, we run the PR algorithm on (X; U g, X, \
g») under valuation vy to get bundles Y,,_1,Y,,. Now the
new allocation is X’ (X1, X5, X1, X))
<X27X37 e 7Yn—1; Y;L>

We first show that bundles Y,,_; and Y,, are EFX-feasible
for agent b;.

mbin(Yn_l, Yo) > mbin((X1 Ugs), (Xn \ gb))
= Xn \ {9}

(Case 2 assumption)

>y ml.;cmx(Xg, -+, X,,_1) (From Equation 1)

Therefore, the bundles Y,,_1 and Y,, are both EFX-feasible
for agent b;.

We let agent c¢; choose their favorite bundle among Y, _1
and Y,,, where w.lLo.g letY,, >. Y,_1. We now show that
Y, is EFX feasible for agent c;. From the maximin property
of v., we know the following:

Y, = max(Y,_1,Y,) (Y, > Y, 1)
>, min(X; U{gc.}, Xn \ {9¢}) (v.is MMS-feasible)

n \ {gc}

>e maX(XQa U 7Xn71)
c

(Case 2 assumption)

(From Equation 2)

Therefore, the bundle Y,, is EFX-feasible for agent c; .
Now, recall that the current allocation is X'
(Xo, X3, -+ ,Y,_1,Y,). Depending on the envy from agent
a1, we have the following three cases:

Case 2.1: Agent a; does not strongly envy Y,,_; and Y.
Since Xo <, -+ <, Xn—_1, agents ag,as, - ,ap—2 also
does not strongly envy Y,,_1 and Y,,. Thus, X’ is an EFX
allocation.

Case 2.2: Agent a; strongly envies both Y,,_; and Y,.
Then,

Y, >4 Xo, Y1 >4 Xo, & X3 >, X5 (From Equation 3)

Therefore, min,(X') = Xy >, X; = ¢(X). That is, the
minimum has strictly increased. Now we run the PR algo-
rithm on X’ with valuation v, to get an almost EFX-feasible
allocation X" with a potential value ¢(X") > ¢(X).
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Case 2.3: Agent a; strongly envies Y,,_; butnot Y,,. The
other case is similar.

Let Y/ ; C Y,_q be such that Y/ _; >, X5 but
Y!_ 1\ h<,X2VheY,_,. Now consider the new alloca-
tion X" = <X{/7 o ’X1/’L/—1’X’:7f> = <X27 o aY7;—17 Yn U
(Yo—1\Y,_,)). Previously, Y,, was EFX-feasible for agent
c1. Now, the value of this bundle has increased and values of
other bundles have not increased. Therefore, the new bundle
X! is EFX-feasible for agent c;.

The potential of the new allocation X" is ¢(X") =
ming, (X7, X5, -+, Y. _4) Xo >4, X1 = o(X).
That is, the potential value has increased. Now, if the
bundles X{, X%, --- X/ | are EFX-feasible for agents
ai,a2, -+ ,ay_2, Wwe are done.

We know that bundles X7, ---, X/, are EFX-feasible
among themselves for agents a;,as, - - - , a,—2. By the con-
struction of Y,/ _,, it is clear that X{, X/ --- X/ | =
Y, _, are EFX-feasible among themselves for agents
ag,ag,- - ,an—2. Now, if X{, X5, --- X/ | are EFX-
feasible with respect to X/, then all the invariant con-
straints are met and X" is a new almost EFX-feasible al-
location with a higher potential value. Otherwise, if one of
X{, X5, , X/_, is not EFX-feasible w.r.t. X/ according
to valuation v,, then we have:

X//

Jh e X)) s.t. X'\ h >, min(X}, X7, --- X/
>, min(Xq, Xo, -+, X,,)

1) =X

That is, the overall minimum has increased. Now, we run
the PR algorithm on X" with the valuation v, to get a new
allocation Z. Let agent c; pick their favorite bundle. From
the property of the PR algorithm, we know that ¢(Z) >
¢(X). Thus, we have a new almost EFX-feasible allocation
with higher potential. This concludes the proof. O

Conclusion

In this paper, we generalize the existing results in literature
on EFX allocations to the setting when the number of dis-
tinct valuations is k, but the number of agents can be arbi-
trary. We give an EFX allocation with at most k£ — 2 unal-
located goods such that no agent envies the bundle of un-
allocated goods. We also show the existence of a complete
EFX allocation under MMS-feasible valuations when all but
two agents have identical valuations. The limitation of the
technique used to prove Theorem 1 is clear from (Chaud-
hury, Garg, and Mehlhorn 2024). At each step, our alloca-
tion Pareto dominates the previous allocations. As shown
in (Chaudhury, Garg, and Mehlhorn 2024), even for three
agents, there could be a partial allocation that Pareto domi-
nates all complete allocations. So one cannot hope to reach a
complete allocation using this technique. Reducing the num-
ber of unallocated goods or the number of outliers are chal-
lenging open questions.

“If agent a; strongly envies Yy, then give Y;, to agent b; and
Y.—1 to agent c;. We know both Y;, and Y,,_; are EFX-feasible for
agent b1. Thus we meet the invariant by making X,/ EFX-feasible
for agent by instead of agent c;.
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