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Abstract

We initiate the study of computing envy-free allocations of
indivisible items in the extension setting, i.e., when some part
of the allocation is fixed and the task is to allocate the remain-
ing items. Given the known NP-hardness of the problem,
we investigate whether—and under which conditions—one
can obtain fixed-parameter algorithms for computing a solu-
tion in settings where most of the allocation is already fixed.
Our results provide a broad complexity-theoretic classifica-
tion of the problem which includes: (a) fixed-parameter algo-
rithms tailored to settings with few distinct types of agents or
items; (b) lower bounds which exclude the generalization of
these positive results to more general settings. We conclude
by showing that—unlike when computing allocations from
scratch—the non-algorithmic question of whether more re-
laxed EFX allocations exist can be completely resolved in the
extension setting.

Introduction

Finding a “fair” allocation of indivisible items or resources
to a provided set of agents, each with their own preferences,
is one of the central tasks arising in the area of computa-
tional social choice. The arguably most classical and es-
tablished notion of fairness used in these settings is envy-
freeness, where we ask for an allocation 7 : M — N from
the set M of items to the set N of agents such that for each
pair of agents i, j € N, i prefers 7~ 1(i) to 7~ 1(3); in other
words, no agent envies another agent. It is well known that
an envy-free allocation need not exist, and in fact, determin-
ing whether one exists is NP-complete (Bouveret and Lang
2008).

The aforementioned intractability has led to a flurry of
research to circumvent this issue. One approach that has
been proposed is to consider “less restrictive” versions of
envy-freeness instead, with the aim of not only ensuring
that the computation of an assignment is tractable but—
even more desirably—that one always exists. Notably, it is
known that one can always compute, in polynomial time, an
allocation which is envy-free up to one item (EFI) (Ama-
natidis, Markakis, and Ntokos 2020; Budish 2011; Igarashi
et al. 2024). However, such allocations may sometimes be
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considered very far from “fair”. A recently proposed inter-
mediate notion between envy-free and EF1 allocations is
envy-free up to any item (EFX) (Caragiannis et al. 2019;
Feldman, Mauras, and Ponitka 2024), but it is not known
whether EFX allocations always exist and their polynomial-
time computability remains open as well.

Another notable approach to tackling the problem of com-
puting envy-free allocations is to identify precise conditions
under which it can be solved efficiently. This is typically
done by investigating the problem through the lens of pa-
rameterized complexity (Downey and Fellows 2013; Cy-
gan et al. 2015)—a refinement of the classical complexity
paradigm where inputs are analyzed not only with respect
to their size n, but also to a numerical parameter £ which
measures some well-defined quantity. While we cannot hope
to obtain an n®) algorithm for computing envy-free al-
locations in general, in this setting one aims to design so-
called fixed-parameter tractable (or FPT) algorithms for the
problem, that is, algorithms running in time f(k) - n®®
for some computable function f. The simplest parameters
considered in past works on fair division include, for exam-
ple, the number of agents or items; however, such parame-
terizations place strong restrictions on the input instances,
and so more recent works have focused on developing algo-
rithms parameterized by the number of agent types (where
two agents have the same type if they have identical pref-
erences over the items), or the number of item types (where
two items have the same type if they are valued the same
by every agent) (Deligkas et al. 2021; Eiben et al. 2023a;
Nguyen and Rothe 2023), see also (Branzei, Lv, and Mehta
2016; Ganian, Ordyniak, and Rahul 2019).

While the aforementioned approaches have by now pro-
vided a fairly detailed understanding of computing an envy-
free allocation from scratch, in this article we turn to the
problem of extending a partial allocation—that is, comput-
ing an envy-free allocation when part (or even most) of the
allocation is already fixed. This envy-free allocation exten-
sion problem arises naturally whenever one needs to deal
with resources that have already been assigned or must be
assigned to certain agents—consider, e.g., the case where
a few new items are made available after an allocation has
been fixed and we are not allowed to take items from agents,
or the setting where most employees in a company already
have fixed tasks, but we need to distribute a set of new tasks



to recently hired employees. It is worth noting that while
the complexity of extending partial solutions has been ex-
tensively researched in settings as diverse as data comple-
tion (Ganian et al. 2018; Koana, Froese, and Niedermeier
2021; Eiben et al. 2023b; Koana, Froese, and Niedermeier
2023) and graph drawing (Angelini et al. 2015; Arroyo,
Derka, and Parada 2019; Eiben et al. 2020; Bhore et al.
2023), this has not yet been systematically studied in clas-
sical resource allocation in spite of the many situations in
which one may need to deal with some items being pre-
assigned'.

Our Contribution

We study the envy-free allocation extension problem in the
classical setting of additive utilities, as outlined below.

ENVY-FREE ALLOCATION EXTENSION

Input: A set M of indivisible items, a set N of n
agents with additive valuations, and a par-
tial allocation ~y : M’ — N of some subset
M' C M of items.

Does there exist an extension allocation 7 :
(M \ M'") — N of the remaining (“open”)
items such that v U 7 is envy-free?

Question:

Notice that ENVY-FREE ALLOCATION EXTENSION co-
incides with the usual problem of obtaining an envy-free
allocation from scratch in the special case where v = 0,
and hence is necessarily NP-hard. However, this intractabil-
ity does not properly reflect typical usage scenarios of the
problem: in many cases of interest, one may be dealing
with allocations v’ which are “almost complete”. Hence, we
turn to the aforementioned parameterized paradigm and ask
which parameterizations of the partial assignment - allow us
to achieve fixed-parameter tractability (i.e., obtain a fixed-
parameter algorithm).

We begin our investigation by considering the complexity
of the problem with the number k = |M \ M’| of yet-to-be-
allocated (or open) items as the parameter. It is worth noting
that ENVY-FREE ALLOCATION EXTENSION can be solved
via a trivial n©*) algorithm (a so-called XP algorithm), and
that computing an envy-free allocation from scratch is triv-
ially fixed-parameter tractable w.r.t. k—hence, one could
have expected ENVY-FREE ALLOCATION EXTENSION to
be fixed-parameter tractable w.r.t. k as well. However it turns
out that this is not the case: we will later show (in Theo-
rem 2) that the problem is W[1]-hard when parameterized by
k, which excludes fixed-parameter tractability under well-
established complexity assumptions.

Unsatisfied by this outcome, we ask whether one can at
least obtain a fixed-parameter algorithm under some mild re-
strictions on the input instance. For example instances with
a bounded number of item or agent types arise naturally in
large-scale models: one often aggregates similar items into
categories (depending on the setting, these may be, e.g.,

'In parallel to this article, a pre-print for a separate work inves-
tigating different aspects of fair allocation extension has very re-
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“cars” and “houses”, or “PhD students” and “Postdocs”),
and the inherent limitations of how preferences are collected
may result in many agents being represented as having the
same preferences. Inspired by related works on resource al-
location (Deligkas et al. 2021; Eiben et al. 2023a; Nguyen
and Rothe 2023), we consider additionally parameterizing
by the number n, of the agent types or the number m; of
item types. As our first positive result, we obtain an algo-
rithm when we bound the number of agent types.

Theorem 1. ENVY-FREE ALLOCATION EXTENSION is
fixed-parameter tractable when parameterized by the num-
ber k of open items plus the number n; of agent types.

Turning to the analogous question for item types, we show
that the situation is entirely different: allocating k£ open items
is intractable even when there are only a few item types.

Theorem 2. ENVY-FREE ALLOCATION EXTENSION is
WI[1]-hard when parameterized by the number k of open
items plus the number my of item types.

The proof of Theorem 1 relies on a combination of
branching techniques with insights into the structure of hy-
pothetical solutions; while it is not trivial, in this case it is
the lower bound—Theorem 2—which presents a much more
surprising result. Indeed, at first glance the problem seems
far from intractable: we only need to assign k items to a
set of agents, and for each open item ¢, we can easily test
whether assigning it to an agent ;7 would make any of the
other agents in N envy j w.r.t. their current items. The only
caveat is that we do not know which of the other agents will
receive the remaining open items—and in spite of there be-
ing only at most k£ open items in total, we show that the un-
certainty of how these will be allocated can be used to obtain
a highly non-trivial reduction from the classical W[1]-hard
MULTICOLORED CLIQUE problem (Downey and Fellows
2013).

In the second part of our article, we take aim at the setting
where many items may be open, but we are only allowed to
allocate these items to at most p-many agents. This is pre-
cisely the situation that arises when, e.g., allocating tasks to
a few new employees, or needing to distribute new items to
individuals while adhering to constraints on shipping costs
or how many of the individuals should be contacted. For-
mally, this is captured by asking for an allocation = which
assigns all open items to a set .S of at most p-many agents.
We will distinguish between whether the set S’ of potential
recipients is provided in the input (in which case we speak
of RESTRICTED ENVY-FREE ALLOCATION EXTENSION or
simply REFAE) or can be selected along with 7 (giving rise
to FREE ENVY-FREE ALLOCATION EXTENSION or simply
FEFAE). Distinguishing these two variants of our problem
is not only necessary to differentiate between distinct usage
scenarios, but will also turn out to have an impact on the
problem’s complexity.

We note that while both variants are in NP, attempting to
solve either of them when parameterized by p (the number
of agents that receive items) alone is entirely hopeless—and
this holds even in the strong setting, i.e., with unary-encoded
valuations.



Theorem 3. Both REFAE and FEFAE are strongly NP-hard
even when p < 2.

This once again raises the question of whether one can use
a bound on n; or m; to obtain efficient algorithms. Given
Theorem 1 and Theorem 2, one might expect that agent
types would once again allow us to obtain fixed-parameter
algorithms in this case. And yet, we show that when dealing
with p the situation is reversed: unexpectedly, here it is the
number m; of item types that provides the key to tractabil-
ity. Indeed, one can establish strong W[1]-hardness as well
as weak paraNP-hardness of REFAE and FEFAE when pa-
rameterized by the total number of agents in the instance
(which upper-bounds both n, and p) directly from existing
results in the literature (Bliem, Bredereck, and Niedermeier
2016). Before proceeding, we at least show that the former
lower bound is tight: the problems admit XP-algorithms in
the case where the utilities are not encoded in binary.

Theorem 4. If the valuations are encoded in unary, both
REFAE and FEFAE are in XP when parameterized by the
number p of recipients plus the number n; of agent types.

Turning to the setting with few item types, we provide a
fixed-parameter algorithm for the restricted case (i.e., when
the set S of recipients is already given) and an XP algo-
rithm for the free case (when the task is to also find S on its
own). Here, the latter result is the best one could hope for
at this point, as fixed-parameter tractability is immediately
excluded by Theorem 2. In contrast to Theorem 4, both of
these algorithms can be applied regardless of whether the
utilities are encoded in unary or binary.

Theorem 5. When parameterized by p plus the number
my of item types, REFAE and FEFAE are fixed-parameter
tractable and XP-tractable, respectively.

An overview of our complete complexity-theoretic clas-
sification of ENVY-FREE ALLOCATION EXTENSION under
the considered restrictions is provided in Table 1.

While not part of our main technical contributions, in the
final section of the article, we also make a few observations
about the behavior of relaxed variants of envy-freeness in the
extension setting that may be of general interest to the com-
munity. In particular, we prove that the known result guar-
anteeing the existence of an EF1 allocation can be strength-
ened to also hold when extending any provided partial allo-
cation. Moreover, this result is tight: there exist partial EFX
allocations which cannot be extended to a full EF1 alloca-
tion. Similarly, while the question of whether an EFX allo-
cation “from scratch” is guaranteed to exist remains one of
the main open questions in the field, we show that there exist
partial envy-free allocations which cannot be extended to a
full EFX allocation.

Preliminaries

For an integer ¢, we use [¢] as shorthand for the set
{1,...,£}. We also use the standard O* notation to suppress
polynomial factors of the input size in the running time.

Our instances include a set of indivisible items M
{a1,...,a,} and a set of n agents N = [n]. Every agent
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1 has an additive valuation function v; that assigns a non-
negative value v;(a) for every item a € M and for every
subset, or bundle, of items B C M we denote v;(B) :
> jen vilay). If vi(a) = vj(a) for every a € M, then we
say that agents ¢ and 7 are of the same type. We will use n; to
denote the number of different agent types in N. If for two
items a and @’ we have that v;(a) = v;(a’) for every agent 1,
then we say that a and o’ are of the same type. We will use
my to denote the number of different item types in M.

Partial and Extended Allocations. We will assume that
M 1is partitioned into a set of given items M’ and a set of
open items A. Formally, M = M’ U Aand M' N A = 0.
A partial allocation v = (y1,72,-..,7Vs) is a partition of
M’ into n (potentially empty) sets, where ~; is the bun-
dle of given items to agent i. An allocation of open items
7w = (m1,ma,...,T,) partitions A into n (again, potentially
empty) sets, where agent 7 gets bundle ;. Given a partial al-
location vy and an allocation 7, we get an extended allocation
v U 7, where agent ¢ gets allocated bundle v; U ;.

Fairness Concepts. We will consider three different fair-
ness notions. An extended allocation v U 7 is said to be:

* envy-free, denoted EF, if for any pair of agents ¢ and j it
holds that Ui(’yi U 71'1‘) > ’l)i<’7j @] 7Tj);

* envy-free up to any item, denoted EFX, if for any pair of
agents 7 and j and any item a € 7; U 7; it holds that
vi(vi Umi) = vi(y; Um; \ a);

* envy-free up to one item, denoted EF1, if for any pair of
agents ¢ and j there exists an item a € y; U m; such that
vi(vi Um) = vi(y; Ums\ a).

Observe that EF1 is a more relaxed fairness notion compared
to EFX, which in turn is more relaxed than EF.

Fair Allocation Extension Problems. We are interested
in the computation of an allocation 7 of open items, such
that the extended allocation is fair according to some of the
above-mentioned criteria; we define the problems for envy-
free solutions, but they could naturally be extended for EF1
and EFX. The input to each version of our problem is a
set of agents with their valuations and a partial allocation
~. In the first version, termed ENVY-FREE ALLOCATION
EXTENSION and already introduced in the Introduction, we
do not constrain the extension allocation in any way. In the
other two versions of the problem, the set of recipients is
restricted in some way. One option is to restrict the set of
agents that are allowed to receive an open item under T,
which for brevity we denote REFAE.

RESTRICTED ENVY-FREE ALLOCATION EXTENSION

Input: A set M of indivisible items, a set N of
n agents with additive valuations, a partial
allocation v : M’ — N of some subset
M' C M of items, and a set S C N.

Does there exist an allocation 7 of the open
items such that: (a) m; = () for every i ¢ S
(b) v U 7 is envy-free?

Question:




Few items k

Few Recipients p
REFAE FEFAE

W(1]-hard (Theorem 2)

NP-hard, p < 2 (Theorem 3)

Agent types n; FPT (Theorem 1)

XP, unary valuations (Theorem 4)

Item types m; WI[1]-hard (Theorem 2)

FPT (Theorem 5) \ XP (Theorem 5)

Table 1: An overview of our results. The W[1]-hardness results of Theorem 2 are complemented by the naive, brute force, XP
algorithms. The XP algorithms for REFAE and FEFAE when parameterized by n; are essentially tight, since matching strong
W[1]-hardness and weak paraNP-hardness lower bounds follow from the literature (Bliem, Bredereck, and Niedermeier 2016).

A different option is to restrict just the number of recipients.
We term this problem FEFAE.

FREE ENVY-FREE ALLOCATION EXTENSION

Input: A set M of indivisible items, a set N of
n agents with additive valuations, a partial
allocation v : M’ — N of some subset
M’ C M of items, and p € N.

Does there exist an allocation 7 of the open
items such that: (a) m; # () for at most p
agents; (b) v U 7 is envy-free?

Question:

While we formally study the decision variants of these
problems for complexity-theoretic reasons, every algorithm
obtained in this article is constructive and can also output a
suitable allocation if one exists.

Parameterizing by the Number of Open Items

We start our investigation by considering the complexity of
ENVY-FREE ALLOCATION EXTENSION when the number
k of open items is included in the parameterization—in other
words, we ask under which conditions one can efficiently
solve the extension problem for only a few open items.

As our baseline, we observe that the problem admits a
trivial XP algorithm: one can enumerate all possible assign-
ments of the open items to agents in n* time and check
whether any of these is envy-free. However, such algorithms
are considered highly inefficient in the community (Downey
and Fellows 2013; Cygan et al. 2015), and the central ques-
tion tackled by this section is whether (or under which con-
ditions) one can achieve fixed-parameter tractability.

Before settling the problem when parameterized by k
alone, we first provide a fixed-parameter algorithm for
ENVY-FREE ALLOCATION EXTENSION when the param-
eterization also includes the number of agent types. Intu-
itively, this provides a positive result for the case where there
are only a few open items and the agents can be partitioned
into a few groups with identical preferences. We remark that
this setting is not trivial, as agents which we consider to
have identical preferences (e.g., due to polling limitations)
can and will often have different pre-assigned items.

The following observation will be useful in the proof and
follows directly from the definition of agent types and envy-
free allocations.

Observation 1. Assume we are given an envy-free partial
allocation v such that no pair of agents in agent type X
envy each other. If a solution  assigns a set Q) of positively
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valued items to an agent j € X, then T must assign items of
the same value as v;(Q) to all other agents in X.

Theorem 1. ENVY-FREE ALLOCATION EXTENSION is
fixed-parameter tractable when parameterized by the num-
ber k of open items plus the number n; of agent types.

Proof Sketch. As the very first step, we observe that if there
is an agent ¢ envying agent 7, then 7 must assign some open
item to . Hence, we begin by exhaustively branching, i.e.,
guessing, for each such agent ¢, which of the at most k items
will be assigned to 7, and restart our considerations with the
instance updated accordingly. For the following, we hence
consider that no agent envies another.

We begin by partitioning the set of agent types into small
and large types. An agent type is classed as small when it
contains at most k£ agents. We define Z as the set of agents
in all of the small types, the size of Z is upper-bounded by
k - Tyg.

Next, we exhaustively branch to determine the following
information about the allocation of the k items to agents.
First of all, we branch over all partitions of the open items
into bundles, where we will assume that 7 assigns each of
the bundles to distinct agents. Next, for each of the at most &
bundles, we branch to either determine which of the agents
in Z will receive it, or that it will not be assigned to any
agent in Z. The overall branching factor up to this point is
upper-bounded by k* - (kn; + 1)*.

At this point, we check whether any agent from Z envies
another agent; if that is the case, then we can correctly re-
ject the current branch, as we may assume to have precisely
guessed the bundles assigned to all agents in Z. Similarly,
no pair of agents outside of Z may envy each other due to
the exhaustive procedure carried out in the first paragraph
of the proof. At this point, we recall that by Observation 1
and the definition of large agent types, each agent outside of
Z must receive a bundle that they value as 0. Hence, if an
agent outside of Z were to envy an agent in Z, we may also
correctly reject the current branch.

At this point, it remains to assign the remaining open
items to the agents outside of Z without creating envy. For
each of the bundles, we can determine whether assigning it
to an agent ¢ ¢ Z creates envy from any other agent in the
instance (where for agents in Z we assume them to receive
the bundles specified in our branching, while for agents out-
side of Z, we assume that nothing changed). To complete the
proof, we construct an auxiliary bipartite graph G where:



* one side contains the set of all remaining bundles (i.e.,
those not assigned to Z2),

* the other side contains the set of all agents outside of Z,
and,

* there is an edge between bundle b and agent i if and only
if b can be assigned to ¢ without creating envy from any
other agent (i.e., bundles of value 0).

To complete the proof, it suffices to check whether G admits
a matching that saturates the set of all bundles. The overall

running time can be upper-bounded by (k- n;)°®*) .n2. O

Turning back to ENVY-FREE ALLOCATION EXTENSION
parameterized by k alone, our next result shows that the
aforementioned trivial XP algorithm can be viewed as “op-
timal” in the sense of the problem not admitting any fixed-
parameter algorithm under the complexity assumption of
WI[1] € FPT. Naturally, one would then ask whether fixed-
parameter tractability can be achieved at least when the pa-
rameterization is enriched by the number m; of item types—
a setting that can be seen as complementary to the one set-
tled in Theorem 1. Surprisingly, we exclude fixed-parameter
algorithms for the problem, even in this significantly more
restrictive setting via a highly involved reduction.

Theorem 2. ENVY-FREE ALLOCATION EXTENSION is
W(1]-hard when parameterized by the number k of open
items plus the number my of item types.

Proof Sketch. We reduce from the classical W[1]-hard
MULTICOLORED CLIQUE problem: given a g-partite (where
each part is assigned a unique color) graph, decide whether
the graph contains a clique of size ¢. Let Z = ((V,E),q)
be an instance of MULTICOLORED CLIQUE, where ¢ is the
number of colors and without loss of generality assume that
FE contains only edges adjacent to vertices of different col-
ors. Let V = Ulgkgq V., where V. is the set that contains
all vertices of color k and E = (J,;;<, Eij, where E;;
is the set that contains all edges of E that are adjacent to
vertices that belong to sets V; and V; respectively. We will
construct an instance Z’' of ENVY-FREE ALLOCATION EX-
TENSION and prove that an envy-free extension for Z’ exists
if and only if Z contains a clique of size q.

Construction: For each vertex set V; we assume a vertex-
agent group V; {a%]j € Vi} and for each edge set

E;; an edge-agent group E;; = {e;|¢ € E;;}. For each
vertex-agent group V;, the construction will make use of
three pre-allocated item types {{J/, A% %?}. Each edge-
agent group will also make use of three pre-allocated item
types {{J¥, A% 3%}, The pre-allocation ~ will only pro-
vide agents in vertex-agent group V; with some combina-
tion of items from “their” types {{1¢, A?, %}, while agents
in edge-agent group E;; will receive items not only from
“their” types {{JY, A% %} but also items of the types
(07, A6 0V, AT},

Below, we provide the details of how the partial allocation
v is constructed. We assume that the agents in each group are
provided in an arbitrary order, i.e., the agents in the vertex
group V; have the form ay, ..., ay;| (and analogously for
agents in edge groups).

13749

Partial allocation v. Each agent a,, within a vertex-agent
group V; holds a bundle consisting of (1) one copy of %,
(2) = copies of (I, and (3) 2|V;|?> — 2% — z copies of Al
Each agent 7, within an edge-agent group E;; representing
the edge between o, € V; and «, € V; holds a bundle
consisting of (1) one copy of %/, (2) z copies of (0¥, (3)
2|V;|? — 22 — z copies of A%, and moreover (4) precisely
the same number of [1* ((09) and A’ (A\Y) items as o, (o).

The instance will furthermore contain precisely ¢ + (£)
pairwise-distinct open items: s1,...,s, (one for each ver-
tex agent group) and t12, 13, . .., t(4—1)q (one for each edge
agent group). This leaves the total number of item types at
4q + 4(3). Intuitively, while the initial allocation v is envy-
free, the constructed instance of ENVY-FREE ALLOCATION
EXTENSION will force us to allocate the open items in a way
where (1) each vertex and each edge agent group receives
precisely one open item, and (2) to prevent envy, the recipi-
ent in the edge agent group must represent an edge such that
both incident vertex-agents are recipients as well. However,
to achieve this, we require very careful calibration of v and
the specific valuations of the agents; in fact, each agent will
have an entirely unique valuation function.

The valuation function. Each agent o, within a vertex-
agent group V; values: (1) A% as 1, (2) 0% as 2z + 1, (3) %’
as 0. This describes the valuation for items allocated to o,
by . Next, for the item types that are not pre-assigned to v,
the agent uses the following valuation: (1) each A° and each
[0° for o # 4 has a value of 0, (2) each j # i, %"/ and/or
%% has a value of 0, and (3) each %° whose valuation is
not defined up to now has a value that is precisely equal to
the value of a;;’s bundle as assigned by ~.

We observe that the construction at this point ensures that
«, values its own bundle identically to that of any agent
from a different vertex agent group. It is less obvious—but
provable—that a, strictly prefers their own bundle to the
one of every other agent in their own vertex agent group.
Moreover, «, values its own bundle identically to that of
edge agents that are incident to o, in the graph, while for
the other agents in those edge agent groups it prefers its own
bundle.

For the open items, o values s; as 1, the items ¢;; and/or
t;; for all j # ¢ as 1, and all remaining open items as 0.
Each agent 7, within an edge-agent group F;; values: (1)
A% as 1, (2) 09 as 22 + 1, (3) %™ as well as all remain-
ing items included in its bundle by y as 0. Next, for the item
types that are not pre-assigned to 7., the agent uses the fol-
lowing valuation: (1) each A° and each [1° for o # ij has a
value of 0, and (2) each %° where o # 4j has a value that is
precisely equal to the value of 7,’s bundle as assigned by ~.

We observe that by construction, 1, will value its bundle
exactly the same as as that of every agent outside of its own
group. Moreover, similarly as before, it is possible to prove
that 7, strictly prefers their own bundle to the one of every
other agent in their own edge agent group. Finally, for the
open items, 7, values its “own” open item ¢;; as 1 and all
others as 0.

To complete the proof, two tasks remain. First, establish
that the numbers are indeed set up in a way to ensure that



each agent strictly prefers their own bundle to that of other
agents in their own group. The second is then to show that
every g-clique in the initial graph corresponds to an envy-
free allocation in the constructed instance following the in-
tuition provided at the end of the partial allocation ~. 0

In summary, our results at this point prove that when ex-
tending allocations with k open items, having a small num-
ber of agent types helps achieve tractability but having a
small number of item types does not.

Parameterizing by the Number of Recipients

In this section, we address the more complex situation of
needing to allocate (a possibly large number of) open items
to at most p recipients. As mentioned in the Introduction,
here it will be important to distinguish whether the set of
these recipients is fixed and provided on the input (REFAE),
or whether the task also includes the identification of this set
(FEFAE). Moreover—and unlike in the case studied in the
previous section—the existence of efficient algorithms will
sometimes depend on whether we may assume the valua-
tions to be encoded in unary, or whether they are encoded in
binary. It will be useful to recall that lower bounds achieved
in the former (latter) setting are called strong (weak).

As regards the complexity of these problems when param-
eterized by p alone, it is easy to observe that both problems
are weakly NP-hard already when p < 2 as this directly gen-
eralizes both the previously-studied setting of all items being
open (Bliem, Bredereck, and Niedermeier 2016) and SUB-
SET SUM, both of which are weakly NP-hard. On the other
hand, the problem is trivial for p = 1. Below, we show that
in the extension setting studied here, NP-hardness holds for
p = 2 even in the unary (i.e., strong) setting, contrasting the
known existence of an XP algorithm for that case when all
items are open (Bliem, Bredereck, and Niedermeier 2016).

Theorem 3. Both REFAE and FEFAE are strongly NP-hard
even when p < 2.

Proof Sketch. We reduce from INDEPENDENT SET: Given
an instance Z consisting of a graph (V, E) and an integer
£, decide whether the graph contains an independent set of
size precisely ¢. We construct an instance Z' of ENVY-FREE
ALLOCATION EXTENSION and prove that an envy-free al-
location extension for Z' with only two recipients exists if
and only if instance Z contains an independent set of size £.

Construction: We assumeaset N = {1,--- ,|E|+1, |E|+
2} of | E| 4 2 agents, consisting of a corresponding agent for
each edge in E and two additional agents labeled for sim-
plicity as |E| + 1 and |E| + 2. We assume a set of items
partitioned into the sets G = {g1, - - ,g|E|+1,g‘E|+2}, that
contains one item for each agent in /N and the set A =
{a1,- -+, ay|}, that contains one item for each vertex of 7.
Finally, we assume the partial allocation -y, where for each
item g; € G and for each agent i € N, v(g;) = 1, i.e, agent
1’s bundle in the partial allocation -y is item g;, while the
items in A are open and yet-to-be allocated.

The valuations for each agenti € N \ {|E| + 1, |E| + 2}
are defined as: (i.) vi(g;) = |V|; (ii.) vi(g|p1+1) = [V] —1
and v;(gg|+2) = 0; (iii.) vi(aj) = 1, if the vertex j that
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corresponds to item a; is adjacent to the edge represented
by agent ¢, else 0.

The valuation for agent |E| + 1, is defined as : (i)
Ve (9E11) = V] — 26 i) vp(g) = 0, Vg €
G\ A{91B|+1}: (D) vig41(a;) = 1,Va; € A;

Finally, the valuation for agent |F| + 2 is defined as:
(i) vig+2(91p1+2) = V| and vjp42(9/p+1) = 0 (i)
vigl42(9) = 2|V = £ forall g € G\ {g/5/+1,9)E|+2}
(iii.) 'U‘El_;,_Q(aj) =1, vaj € A,

To complete the proof, it suffices to show that (V, E') con-
tains an independent set () of size £ if and only if allocating
the open items corresponding to @) to agent |E| + 1 and all
remaining open items to agent |E| + 2 is a solution for Z.
To see that this holds, we note that if the items correspond-
ing to both endpoints of an edge are allocated to the agent
|E| + 1, then |E| + 1 would be envied by the correspond-
ing edge agent. Moreover, if the number of items assigned
to |E| + 2 is less than |V| — ¢, then the agent |E| + 2 would
envy all of the edge-agents (possibly except for | E'| + 1). Fi-
nally, if the number of items assigned to | E'| + 1 is less than
¢, then |E| 4+ 1 would envy |E| 4 2 in view of the previous
sentence. O

We remark that Theorem 3 is tight in the sense that both
problems are also in NP. Indeed, in both cases one can verify
whether a provided complete allocation is envy-free in poly-
nomial time. Having settled the intractability of REFAE and
FEFAE w.r.t. p alone, we now ask whether one can achieve
tractability at least in settings with a small number of agent
or item types.

We begin by considering the former parameterization,
which was the one that yielded fixed-parameter tractabil-
ity for the setting investigated in the previous section. Here,
we can immediately exclude fixed-parameter tractability for
all of the problem variants considered in this section due
to the aforementioned fact that finding an envy-free alloca-
tion of a set of open items to agents is known to be strongly
WI[1]-hard and weakly paraNP-hard when parameterized by
the number of agents (Bliem, Bredereck, and Niedermeier
2016). Below, we at least show that both problems admit
XP algorithms in the unary-valuation case, complementing
the former lower bound.

Theorem 4. If the valuations are encoded in unary, both
REFAE and FEFAE are in XP when parameterized by the
number p of recipients plus the number n; of agent types.

Proof Sketch. For FEFAE, we start by branching to deter-
mine which of the at most p agents will be the recipients,
requiring a branching factor of at most n”. For REFAE, we
skip this step.

At this point, we now perform a dynamic programming
subroutine for an input instance Z and then argue that this
subroutine, in fact, solves our problem. For the subroutine,
we construct a table which stores the following information:
for each recipient ¢ € [p] and each agent type Z, we store the
valuation of the bundle assigned to 7 from the perspective of
agents of type Z. We note that each table entry consists of
p - n¢ unary-encoded values. We assume that the items are
processed in an arbitrary but fixed order, and for each item



we update the table by exhaustively assigning it to each of
the possible recipients and updating the table accordingly.
At the end of this subroutine, we loop through each of the
at most |Z|®("+P) entries in the table, and notice that each
such entry provides us with complete information about how
each agent values each bundle in Z in all possible assign-
ments corresponding to that table entry; hence, it suffices to
check, in polynomial time, whether at least one such table
entry results in an envy-free assignment in Z. O

Surprisingly, when dealing with a small number of re-
cipients, we prove that it is the number m; of item types
which yields better tractability results for the considered
problems—a situation that is entirely opposite to that of
the previous section. In particular, when parameterizing by
p + n; we obtain a fixed-parameter algorithm for REFAE
and an XP algorithm for FEFAE. We remark that the latter
result is the best one could have at this point hoped for due
to Theorem 2 ruling out fixed-parameter algorithms even in
a strictly more restrictive setting.

Theorem 5. When parameterized by p plus the number
my of item types, REFAE and FEFAE are fixed-parameter
tractable and XP-tractable, respectively.

Proof Sketch. For FEFAE, we start again by branching to de-
termine which of the at most p agents will be the recipients,
requiring a branching factor of at most n”. At this point, we
can solve both problems via an encoding into an ILP using
a number of variables that depend purely on the parameters.
In particular, for each of the at most p recipients and each of
the m, item types, we construct a dedicated variable which
will determine precisely how many items of this type will be
assigned to the given recipient. The valuation of each agent
can then be easily captured as a linear expression of the vari-
ables, and the requirement that the final allocation is envy-
free can be captured via linear constraints. Since the number
of variables is upper-bounded by p - m;, we can solve the
resulting instance in time (p - m;)C®) . |Z|9() (Lenstra,
Jr. 1983; Dadush 2012). O

Extending Allocations Beyond Envy-Freeness

While it seems that the algorithmic upper and lower bounds
could be translated also to the analogous problems of
extending EF1 and EFX allocations, in this section we
turn towards a different, highly studied aspect of such
allocations—specifically, the question of whether such al-
locations are guaranteed to exist (Budish 2011; Caragian-
nis et al. 2019). We show that in the extension setting, this
question can be completely resolved based on the level of
fairness we assume in the partial allocation.

First of all, it is obvious that if no fairness guarantees are
provided for the partial allocation, then one cannot hope to
guarantee an extension to an EF1 or EFX allocation (since,
e.g., there might not be any open items left at all). On the
other hand, if we assume the partial allocation to be envy-
free, we obtain the following.

Proposition 1. Every envy-free partial allocation can be ex-
tended to an EF1 allocation. At the same time, there exists
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an envy-free partial allocation of items to 2 agents which
cannot be extended to an EFX allocation.

Proof Sketch. To extend an envy-free allocation to EF1, we
show that it is possible to compute an allocation 7 of open
items such that the final allocation consisting of 7 and the
partial allocation ~y is EF1. This is done by executing a stan-
dard algorithm for computing EF1 allocations (Envy Cycle
Elimination (Lipton et al. 2004)) on top of the partial alloca-
tion . For the second part of the claim, consider two agents
with identical valuations such that « assigns each an item
that each of them values 1. There are three open items to be
allocated that the agents value 3, 4, and 9 respectively. [

Interestingly, the latter non-existence result contrasts with
the known fact that EFX allocations from scratch always ex-
ist for 2 agents (Plaut and Roughgarden 2020). The final
remaining question is whether a partial EFX allocation ex-
tends to a complete EF1 allocation. We resolve this in the
negative below.

Proposition 2. There exists an EFX partial allocation to 2
agents which cannot be extended to an EF1 allocation.

Proof Sketch. Consider the following instance with two
agents and three items x, y, z. The valuations of the agents
are as follows: vy (x) = 10,v1(y) = 0,v1(2) = 1; ve(x) =
0,v2(y) = 10,v3(z) = 1. Consider now the partial alloca-
tion that gives x to agent 2 and y to agent 1. Trivially, this is
an EFX allocation since envy can be eliminated by remov-
ing the only item the other agent received. Now, no matter
which agent receives item z, the constructed solution will
not be EF1. O

Concluding Remarks

Our paper initiates the study of fairly extending partial al-
locations of indivisible items and the frontiers of tractabil-
ity for this problem. The presented results showcase that
the complexity of this task varies as it strongly depends on
the chosen parameters—with the number of agent types and
item types each leading to tractability in different settings.
This naturally gives rise to the question of what other pa-
rameterizations can yield fixed-parameter algorithms for this
natural but previously overlooked problem. For instance, can
one obtain such algorithms when simultaneously parameter-
izing by the number m, of item types and the number n;
of agent types? If this combination of parameters is not suf-
ficient for tractability, can the inclusion of the number of
recipients, p, in addition to n; and m; lead to tractability?

A different direction that has proven fruitful recently, is
to consider the problem when agents form a social net-
work (Bredereck, Kaczmarczyk, and Niedermeier 2022;
Eiben et al. 2023a). In this setting, each agent compares their
bundle against the bundles of their “friends”. What are the
graph structures on the social network that make the prob-
lem tractable?
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