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Abstract

Participatory budgeting (PB) is an increasingly popular tool
for democratically allocating limited budgets to public-good
projects. In PB, constituents vote on their preferred projects
via ballots, and then an aggregation rule selects a set of
projects whose total cost fits within the budget. Recent work
studies how to design PB ballots and aggregation rules that
yield low distortion outcomes (informally, outcomes with
high social welfare). Existing distortion bounds, however,
rely on strong assumptions that restrict voters’ latent utilities.
We prove that low distortion PB outcomes can be achieved by
dropping these assumptions and instead leveraging the estab-
lished idea that voters can be public-spirited: they may con-
sider others’ interests alongside their own when voting.
Flanigan, Procaccia, and Wang (2023) prove that in public-
spirited single-winner voting (the special case of PB where
exactly one project can be funded) with ranking ballots, de-
terministic aggregation rules can achieve constant distortion.
Our first contribution is to extend this analysis to PB; there,
we prove that the best distortion permitted by deterministic
rules with ranking ballots grows linearly in the number of
projects. We find that this impossibility—a problem in prac-
tice, where m is often large—holds for other known ballots
as well. Our second contribution is the design of a new PB
ballot format that breaks this linear distortion barrier. This
ballot asks voters to rank a predetermined set of entire fea-
sible bundles of projects. We design multiple protocols for
implementing these ballots, each striking a different trade-
off between the number of bundles voters must rank and the
distortion: with m bundles, we get sublinear distortion; with
polynomial bundles, we get logarithmic distortion; and with
pseudopolynomial bundles, we get constant distortion.

1 Introduction
Governments at all scales regularly face the question: Which
public-good projects — e.g., building bike paths or installing
streetlamps — should they fund with their limited budget?
To make such decisions democratically, governments are
increasingly using participatory budgeting (PB), where a
group of constituents convenes to vote on which projects
their government should fund. In PB, the government sup-
plies a budget B and a list of m potential projects with cor-
responding costs. Voters submit their preferences via ballots,
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which are then aggregated via an aggregation rule. The out-
put of this rule is a set of projects to be funded whose total
cost is at most B. PB is now used all over the world to allo-
cate public funds1 (Participedia 2023; De Vries, Nemec, and
Špaček 2022; Wampler, McNulty, and Touchton 2021).

When designing the PB process, one goal that many con-
sider important is ensuring that the ultimate allocation of
funds has high societal benefit. As have many others (e.g.,
Benadè et al. (2021)), we formalize the “societal benefit” of
an allocation by its utilitarian social welfare: the total utility
it gives to all voters. As such, we adopt the standard model of
latent additive utilities: each voter i has utility ui(a) ∈ R⩾0

for each project a, and her total utility for a set of projects
S being funded is ui(S) =

∑
a∈S ui(a). Then, the social

welfare of S is equal to sw(S) =
∑

i∈N ui(S).
If voters’ utilities were known, choosing the maximum-

welfare allocation would amount to solving the knapsack
problem. However, in practice voters’ preferences can only
be elicited more coarsely through ballots. One popular PB
ballot format is rankings by value, where voters rank all in-
dividual projects. It is not hard to see that this ballot format
loses far too much information about voters’ utilities: sup-
pose there are two projects a and b, and they both cost B so
we can fund only one. If the utilities for (a, b) are (1, 0) for
half the population and (0, X) for the other half (so, the wel-
fare of b is X times that of a), the resulting ballots will be
symmetric. Any deterministic aggregation rule will choose a
without loss of generality, suffering unbounded welfare loss
as X grows large; the best a randomized aggregation rule
can do is to choose a project uniformly at random.

This example illustrates a prohibitive impossibility: in the
worst case, any deterministic rule over ranking ballots will
select an outcome with arbitrarily sub-optimal social welfare
(and while randomized rules can do better, they do so triv-
ially by ignoring voters’ preferences). In fact, this impossi-
bility holds for all widely-studied ballots in the PB literature
due to the same example. Formally, this sub-optimality is
captured with the distortion: the worst-case (over latent util-
ities) ratio between the best possible social welfare and that
of the outcome. Existing work sidesteps this impossibility by
assuming that each voter’s utilities sum to 1 (Benadè et al.

1See https://en.wikipedia.org/wiki/List of participatory
budgeting votes for a list of use cases.
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2021). Although this permits bounded distortion in theory, it
is unclear whether these bounds apply in practice: for exam-
ple, this assumption may not hold in the likely case that all
public-good projects on the ballot will more greatly benefit
lower-income constituents.

Fortunately, recent work by Flanigan, Procaccia, and
Wang (2023) offers a source of hope: under unrestricted util-
ities, they achieve low distortion in single-winner elections
by leveraging the idea that voters may be public-spirited:
when casting their ballots, voters consider others’ interests
in addition to their own. While it is not clear that such
public-spirited voting behavior would be reliably present in
the wild, as Flanigan et al. argue in-depth, research suggests
that public spirit can be cultivated via democratic delibera-
tion (Kinder and Kiewiet 1981; Wang, Fishkin, and Luskin
2020; Gastil, Bacci, and Dollinger 2010) — a practice that
is already commonplace in PB elections (Participedia 2023;
De Vries, Nemec, and Špaček 2022). The possibility of cul-
tivating public spirit among PB participants motivates our
main research question:

Question: If voters are public-spirited, can we design
PB elections that achieve low (perhaps even constant)
distortion with unrestricted voter utilities?

An affirmative answer to this question would support de-
liberation as a practicable approach to achieving higher-
welfare PB outcomes. While this question builds on Flani-
gan, Procaccia, and Wang (2023), answering it will require
fundamentally new methods because Flanigan et al’s results
apply only to single-winner voting, a substantially restricted
version of the PB setting in which all projects cost B.

1.1 Our Contributions
In the public-spirited voting model of Flanigan, Procaccia,
and Wang (2023), each voter i has some public spirit level
γi ∈ [0, 1]. She then evaluates each alternative (project)
a ∈ [m] according to her public-spirited (PS) value vi(a) :=
(1−γi)ui(a)+γisw(a), the convex combination of her own
utility and the social welfare. Note that this generalizes the
standard model in which γi is assumed to be 0 (that is, i eval-
uates a based on just her own utility). We extend Flanigan et
al.’s model to PB by assuming additive valuations, so i’s PS-
value for a set of projects S is simply vi(S) =

∑
a∈S vi(a).

Like Flanigan, Procaccia, and Wang (2023), our distortion
bounds are parameterized by γmin = mini γi, the minimum
public spirit level of any voter. For simplicity, we summarize
our main results below assuming γmin is a constant.

We first consider the canonical rankings ballot format also
studied by Flanigan, Procaccia, and Wang (2023), where
voters rank all individual projects by their value. For our first
main contribution, we show that the best distortion achiev-
able by any deterministic PB rule using ranking ballots is
Θ(m); for randomized rules, it is Θ(logm) (Section 3). Our
upper bounds are proven via general reductions from PB to
single-winner elections, which may be of independent inter-
est; proving and applying these reductions also leads to new
results for the single-winner setting. Our lower bounds im-
ply a fundamental separation between the single-winner vot-
ing and PB under public spirit: in single-winner voting with

ranking ballots, there are deterministic rules that achieve
constant distortion (Flanigan, Procaccia, and Wang 2023).

Our linear lower bound of Ω(m) for deterministic rules is
especially bad news: deterministic rules are typically used in
practice, and in many PB elections, m can be in the hundreds
or thousands (see Footnote 1). Focusing henceforth on de-
terministic rules, we pursue sublinear distortion by broaden-
ing our consideration to other ballot formats. Unfortunately,
in Section 4 we find that none of the main PB ballot for-
mats studied in past work (rankings by value-for-money, k-
approval, knapsack, and threshold approval (Benadè et al.
2021)) permit sublinear distortion (in m). Establishing this
linear distortion barrier faced by existing PB ballot formats
under public spirit constitutes our next main contribution.

Motivated by this impossibility, in Section 5 we introduce
rankings of predefined bundles, a novel PB ballot format that
asks voters to rank entire bundles of projects rather than in-
dividual projects. We show that with carefully-chosen bun-
dles, this ballots format does permit sublinear distortion in
PB. Further, with sufficient (but still fairly limited) informa-
tion about voters’ preferences elicited ahead of time, they
can even drop the distortion to constant. We study three pro-
tocols for using this ballot format, each eliciting more infor-
mation than the last in exchange for lower distortion:

1. Protocol 1 permits O(
√
m) distortion and asks voters to

rank at most m feasible bundles.
2. Protocol 2 permits O(logm) distortion and is a two-

round protocol: in round 1 voters rank individual
projects, then in round 2 they rank at most logm bun-
dles crafted based on their votes in round 1.

3. Protocol 3 permits O(1) distortion. It is similar to Proto-
col 2 except that in round 2, voters rank O(m1+log logm)
feasible bundles in the worst case.

While Protocol 3 may be impractical in the worst case,
we provide empirical evidence that in realistic PB elections,
even Protocol 3 would require voters to rank less than m
bundles (Section 6). From a theoretical standpoint, Proto-
col 3 demonstrates the possibility of constant distortion with
only pseudo-polynomial bits of information, raising the tan-
talizing open question of whether constant distortion can be
achieved with only polynomially many bits.

1.2 Related Work
Our work builds most directly on Flanigan, Procaccia, and
Wang (2023), who introduced the public-spirited model. We
generalize their work from single-winner elections to the
more general PB setting; and while they consider only de-
terministic aggregation rules, we additionally consider ran-
domized rules. In the process, we prove new insights for
the single-winner case. Our work also directly builds on the
works of Benadè et al. (2021), who analyzed distortion in
PB under the unit-sum utilities assumption. We contrast our
bounds to those achievable in their model in the full ver-
sion2.

Procaccia and Rosenschein (2006) introduce the distor-
tion framework in single-winner elections under the unit-

2https://www.cs.toronto.edu/∼nisarg/papers/ps-pb.pdf
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sum assumption. We now know that the best distortion
achievable by deterministic and randomized rules for this
special case are Θ(m2) (Caragiannis and Procaccia 2011;
Caragiannis et al. 2017) and Θ(

√
m) (Boutilier et al. 2015;

Ebadian et al. 2022), respectively. Optimal distortion bounds
have also been identified for k-committee selection (Cara-
giannis et al. 2017; Borodin et al. 2022), which is still a
special case of PB. Some have studied unit-range utilities
or metric costs in place of unit-sum utilities (Filos-Ratsikas
and Miltersen 2014; Anshelevich et al. 2018), but all these
models directly restrict voters’ cardinal preferences. For fur-
ther details, see the survey of Anshelevich et al. (2021).

Multiple approaches other than distortion have been stud-
ied for PB. The axiomatic approach has been used to iden-
tify aggregation rules satisfying desirable axioms such as
various monotonicity properties Talmon and Faliszewski
(2019); Baumeister, Boes, and Seeger (2020); Rey, Endriss,
and de Haan (2020). Another important consideration in PB
is whether the allocation of funds is fair with respect to
(groups of) voters (Fain, Munagala, and Shah 2018; Peters,
Pierczyński, and Skowron 2021; Brill et al. 2023). For fur-
ther details, we suggest the survey of Rey and Maly (2023)
and the book chapter of Aziz and Shah (2021).

2 Model and Preliminaries
We let [k] = {1, . . . , k} for any k ∈ N, and for a finite
set S, let ∆(S) denote the set of probability distributions
over S. We introduce the general framework of participatory
budgeting (PB) first, and later introduce single-winner and
multiwinner voting as its special cases.

Alternatives A, budget B, and costs c. In a PB instance,
there is a set of n voters N = [n] and a set of m alternatives
(projects) A. We denote voters by i, j and alternatives by
a, b. There is a total budget of B, which is normalized to 1
without loss of generality, and a cost function c : A → [0, 1],
where c(a) is the cost of a. Slightly abusing notation, denote
by c(S) =

∑
a∈S ca the total cost of alternatives in S.

Utilities U . Each voter i ∈ N has a utility for each alter-
native a ∈ A denoted by ui(a) ∈ R⩾0. Together, these util-
ities form a utility matrix U ∈ Rn×m

⩾0 . The social welfare of
a ∈ A w.r.t. utility matrix U is sw(a, U) =

∑
i∈N ui(a); for

any set of alternatives S ⊆ A, sw(S,U) =
∑

a∈S sw(a, U).
We use sw(a) or sw(S) when U is clear from context.

PS-levels γ⃗ and PS-values V . Following Flanigan, Pro-
caccia, and Wang (2023), we assume that each voter i ∈ N
has a public spirit (PS) level γi ∈ [0, 1], and, together, these
PS-levels form the PS-vector γ⃗ ∈ [0, 1]n. For a given γ⃗, we
let γmin := mini∈N γi be the minimum level of public spirit
among voters. Each voter i evaluates each alternative a by
her PS-value vi(a), a convex combination of her personal
utility ui(a) and sw(a)/n, the average voter’s utility for a:

vi(a) = (1− γi) · ui(a) + γi · sw(a)/n.

Note that this model does not restrict voters’ utilities; rather,
it assumes something about how they translate their utili-
ties into votes. These PS-values form the PS-value matrix
Vγ⃗,U ∈ Rn×m

⩾0 . For each S ⊆ A, let vi(S) :=
∑

a∈S vi(a).

Instances and special cases. An instance of the PB prob-
lem is composed of the elements defined so far: I =
(A,B, c, U, γ⃗). Let I be the set of all PB instances. Let
F(I) = {S ⊆ A : c(S) ⩽ 1} be the set of budget-feasible
subsets of A in instance I . F will be a generic such set.

We will sometimes build our results using ideas from
k-committee selection and single-winner voting — two re-
strictions of the PB setting. Formally, all instances of k-
committee selection are captured when I is exclusively re-
stricted to instances I with c(·) = 1/k (i.e., all alternatives
have cost 1/k), so F(I) consists of all subsets of alterna-
tives of size k. Single-winner voting is the further restriction
in which c(·) = 1. We will let Isingle-win := {I|c(·) = 1}
denote the set of all single-winner voting instances.

Ballot formats. Since it is cognitively burdensome for
voters to report cardinal preferences, preferences are of-
ten elicited using discrete ballots. We denote a generic bal-
lot format as X, and let ρi(I,X) be the ballot submitted
by voter i in instance I . Correspondingly, let ρ⃗(I,X) =
(ρ1(I,X), . . . , ρn(I,X)) be the vote profile. When I,X are
clear, we will drop these from the notation. In Section 5, we
will design multi-round elicitation protocols; when there are
multiple rounds, a “vote profile” will refer to the profile of
votes collected in the final round of elicitation.

We primarily consider ordinal ballot formats, of which we
study two types. First, we consider canonical ranking ballots
(X = rank), which ask voters to rank alternatives. Then,
ρi(I, rank) is the permutation of A implied by the ordering
of i’s PS-values, so vi(a) > vi(b) ⇒ a ≻ρi(I,rank) b for
all a, b ∈ A (ties are broken arbitrarily, and a ≻ρ b denotes
that a is ranked ahead of b in ballot ρ). We then introduce
a novel ordinal ballot format, ranking of predefined bundles
(X = rank-b), which asks voters to rank entire bundles of
alternatives. Formally, the rank-b ballot format accepts an
argument of a collection of predefined bundles P ⊆ F(I);
then, ρi(I, rank-b(P)) is a permutation of the elements of
P such that vi(S) > vi(S

′) ⇒ S ≻ρi(I,rank-b(P)) S
′ for all

S, S′ ∈ P . To paint a more complete picture, we also briefly
consider other non-ordinal ballot formats in Section 4, but
their definitions and proofs can be found in the full version.

Aggregation rules. A (randomized) aggregation rule f
takes as input the vote profile ρ⃗ (from the final round of elici-
tation, if there are multiple rounds) and returns a distribution
over feasible bundles (an element of ∆(F)). We say that f
is deterministic if its output always has singleton support.
We will sometimes talk about single-winner rules versus PB
rules. Formally, a single-winner rule must output an element
of ∆([m]) while a PB rule can output any element of ∆(F).

We will frequently use the rule Copeland, so we define it
here. Copeland is traditionally defined for the single-winner
case with rank ballots. We make the natural extension here
to define Copeland also for rank-b(P) ballot formats. All
other rules we consider are defined as needed.

Definition 1 (Copeland). Each alternative has a score, equal
to the number of alternatives it defeats in pairwise elections.
The Copeland winner is the one with the highest score.

When we want to choose multiple winners W , we often
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use the rule Iterative Copeland: Copeland is used, the win-
ner is added to W and removed from the election, and then
Copeland is run again on the remaining instance, and so on.

Distortion. The distortion measures the efficiency of a
combination of a ballot format and an aggregation rule (if
there are multiple rounds, the rule applies to the final round).
Formally, it is the worst-case over all instances of the ratio
between the best achievable social welfare and the output of
the aggregation rule. Our bounds will depend explicitly on
m and γmin, so we denote the subset of I with m, γmin as

Im,γmin := {I ∈ I : |A| = m ∧ mini∈N γi = γmin}.

Then, the distortion is defined as

distX(f) = sup
n⩾1

sup
I∈Im,γmin

maxS∈F(I) sw(S,U)

ES′∼f(ρ⃗(I,X))sw(S′, U)
.

We sometimes study a rule’s distortion in the single-
winner case, where the set of instances is restricted to
Isingle-win. The single-winner distortion distsingle-win

X (f) is
therefore defined identically to distX(f) except the second
supremum is taken over Isingle-win

m,γmin (analogous to Im,γmin ).
Our distortion bounds will assume m ⩾ 2 and γmin ∈

(0, 1]. We are interested in the lowest distortion possible by
any aggregation rule using a given ballot format; this is a
measure of the usefulness of the information contained in
the ballot format for social welfare maximization.

Preliminaries. For comparison, in the full version we
prove that with no public spirit and unrestricted utilities, for
all ballot formats we consider, all deterministic rules have
unbounded distortion and the randomized rules have at least
m distortion. We also contrast many of our bounds to those
achievable under unit-sum utilities.

Our upper bounds will often use the following lemma,
which is a simple generalization of Lemma 3.1 of Flanigan,
Procaccia, and Wang (2023).

Lemma 1. Let A1, A2 ⊆ A be any two subsets of alter-
natives. Fix any α ⩾ 0 and define NA1≻A2 = {i ∈ N :
α · vi(A1) ⩾ vi(A2)}. Then:

sw(A2)

sw(A1)
⩽ α ·

(
1− γmin

γmin

n

|NA1≻A2
|
+ 1

)
.

In the full version, we also prove a robust version of
Lemma 1 showing that its guarantee degrades smoothly as
an increasing number of voters have γi = 0. We can re-
place Lemma 1 with its robust version in all our upper bound
proofs, meaning that our upper bounds degrade smoothly.

3 PB with Rankings over Projects
We begin by studying ranking ballot format rank, the canon-
ical ballot format in single-winner election and the one stud-
ied by Flanigan, Procaccia, and Wang (2023) (for only de-
terministic aggregation rules). Here we extend their results
to PB for deterministic and randomized rules.

3.1 Deterministic Rules
We begin by upper-bounding the distortion of Copeland in
PB, due to its strong performance in the single-winner case.
Note that applying a single-winner rule in the PB setting
leads to selecting a single project

Theorem 1. distrank(Copeland) ∈ O
(
m/γ2

min

)
.

Proof. First, we prove a general reduction that converts any
deterministic single-winner rule to a deterministic PB rule.

Lemma 2 (PB → Single-Winner). For any d ⩾ 1, any
deterministic rule f with distortion d in single-winner voting
has distortion distrank(f) ⩽ m·d in participatory budgeting.

Proof. The proof of this lemma is straightforward: fix any
instance and let f return the singleton set {a}. Let A∗ be an
optimal budget-feasible set. Then,

sw(A∗)

sw(a)
=

∑
a∗∈A∗

sw(a∗)

sw(a)
⩽ m· max

a∗∈A∗

sw(a∗)

sw(a)
⩽ m·d.

Intuitively, a factor of m should be incurred from single-
winner to PB: unlike in the single-winner case, in PB even
when γmin = 1 (so all voters vote unanimously for the
highest-welfare alternative), it can remain unclear how to
make cost trade-offs without cardinal information, and de-
terministic rules still incur Ω(m) distortion. To conclude the
proof, we apply this reduction via the following bound on
Copeland’s distortion in the single-winner case, proven in
Thm. 3.3 of Flanigan, Procaccia, and Wang (2023):

distsingle-win
rank (Copeland) ∈ O(1/γ2

min). (1)

Now, we prove a lower bound on the distortion achievable
by any deterministic aggregation rule in the PB setting.

Theorem 2. Every deterministic rule f has distortion

distrank(f) ∈ Ω (m/γmin) .

Proof sketch. The lower bound instance has only two (max-
imal) feasible sets, one containing a single alternative a and
the other containing the remaining alternatives. A few vot-
ers rank a above the other alternatives, while all other voters
do the opposite. We show that there exist utilities for which
either choice can be sub-optimal by Ω(m/γmin).

Together, Theorems 1 and 2 imply that Copeland achieves
optimal dependency on m and is within a 1/γmin factor of
optimal overall. There are two possible sources of this re-
maining gap: our use of (or analysis of) a single-winner rule
via the reduction in Lemma 2, and our choice to apply the
reduction specifically Copeland. To shed light on the role of
each of these, we now prove a universal lower bound show-
ing that at least for large m, Copeland is the optimal single-
winner rule. This is a novel finding of independent interest
for the single-winner case, given that Flanigan, Procaccia,
and Wang (2023) do not give any universal lower bounds.

Theorem 3. For all deterministic single-winner rules f ,

distsingle-win
rank (f) ∈ Ω(min{m/γmin, 1/γ

2
min}).
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The proof of this theorem alongside all other missing
proofs can be found in the full version. The idea is to use a
cyclic profile, where an equal number of voters submit each
of m cyclically shifted permutations. The contribution is in
the intricate derivation of the piecewise bound.

Comparing Equation (1) and Theorem 3, when m ∈
Ω(1/γmin), Copeland’s distortion matches this lower bound.
When m ∈ o(1/γmin), Plurality, which selects the most
common first-choice alternative, provides a matching distor-
tion upper bound of O(m/γmin) (Flanigan, Procaccia, and
Wang 2023, Proposition 3.5). Hence, this lower bound “re-
solves” the deterministic single-winner case in that for every
regime of m and γmin, there is some voting rule that asymp-
totically matches it. Whether a single, γmin-oblivious rule
can do so remains open for future work.

3.2 Randomized Rules
We take a parallel approach to analyze what distortion is
achievable with rank ballots and randomized rules. Because
Flanigan, Procaccia, and Wang (2023) did not study random-
ized single-winner rules, we must first identify and analyze
a low-distortion single-winner rule anew—a result that is
of independent interest for the single-winner case. The rule
we select is Maximal Lottery, a single-winner rule originally
proposed by Kreweras (1965).3

Definition 2 (Maximal Lottery). The (directed) domination
graph G consists of a vertex corresponding to each alterna-
tive a ∈ A, and an edge from a to b whenever a defeats b in a
pairwise election (ties can be broken arbitrarily). The maxi-
mal lottery rule returns a distribution p over the vertices such
that for any vertex b ∈ A, the probability of picking b or a
vertex a with an edge to b is at least 1/2. The existence of
such a distribution can be inferred from, e.g., Farkas’ lemma
(see Thm. 2.4 of Harutyunyan et al. (2017)).

We now upper-bound Maximal Lottery’s distortion in PB:
Theorem 4. distrank(Maximal Lottery) ∈ O(log(m)/γmin).

Proof. We again begin by proving a general-purpose reduc-
tion to convert single-winner rules to PB rules. The reduc-
tion in the randomized case is more involved, and we do
it in two steps: we first reduce PB to committee selection
(Lemma 3), and then reduce that to single-winner voting
(Lemma 4).

Lemma 3 (PB → Committee). Fix any d ⩾ 1. If there ex-
ists a randomized k-committee selection rule fm′,k with dis-
tortion at most d for each m′ ⩽ m and k ∈ [m′], then there
exists a randomized participatory budgeting rule f with dis-
tortion at most distrank(f) ⩽ 2d · (⌈log2(m)⌉+ 1).

Lemma 4 (Committee → Single-Winner). Fix any k ∈
[m] and d ⩾ 1. If there exists a single-winner rule fm′ with
distortion at most d for each m′ ⩽ m, then there exists a k-
committee selection rule f with distortion at most d. If fm′

is deterministic then so is f .
3This rule has been rediscovered numerous times (Laffond,

Laslier, and Le Breton 1993; Fishburn 1984; Fisher and Ryan 1995;
Rivest and Shen 2010). To the best of our knowledge, this is the first
analysis of this rule’s utilitarian distortion.

The log(m) overhead in Lemma 3 comes from partition-
ing the alternatives into O(logm) buckets and then applying
a k-committee selection rule to a random bucket (similar ap-
proaches appear in other work, e.g. Benadè et al. (2021)).
The proof of Lemma 4 generalizes ideas from an analogous
reduction for deterministic rules by Goel, Hulett, and Krish-
naswamy (2018).

Next, to bound the distortion of Maximal Lottery via Lem-
mas 3 and 4, we must first upper-bound its distortion in the
public-spirited single-winner setting.

Theorem 5. distsingle-win
rank (Maximal Lottery) ∈ O (1/γmin) .

The approach is to apply Lemma 1 using the insight that
Maximal Lottery picks either the optimal alternative or an
alternative that pairwise-defeats it with probability at least
1/2.

Finally, applying Theorem 5 along with our reductions,
we conclude that in the PB setting, Maximal Lottery has dis-
tortion at most O(log(m)/γmin), as needed.

Now, we lower bound the distortion achievable by any
randomized aggregation rule in the PB setting.
Theorem 6. For all randomized rules f ,

distrank(f) ∈ Ω(log(m)).

Proof sketch. To prove this we use the following novel con-
struction: the alternatives are partitioned into roughly

√
m

buckets, and the ℓ-th bucket consists of ℓ alternatives with
cost 1/ℓ each. We use budget-feasibility to bound the av-
erage marginal probability with which an alternative from
each bucket can be chosen, and construct a set of latent util-
ity matrices such that any outcome is suboptimal with re-
spect to at least one of them.

Together, Theorems 4 and 6 imply that Maximal Lottery
achieves optimal dependency on m and is within a 1/γmin

factor of optimal overall. As before, we explore the source
of this 1/γmin gap by showing that at least for large m, Max-
imal Lottery is the optimal randomized single-winner rule:

Theorem 7. For all randomized single-winner rules f ,

distsingle-win
rank (f) ∈ Ω (min {m, 1/γmin}) .

This lower bound is proven by the same construction as
in Theorem 3, the analogous lower bound for the deter-
ministic case. As with Copeland in the deterministic case,
this bound shows that Maximal Lottery is optimal when
m ⩾ Ω(1/γmin). When m ∈ o(1/γmin), this bound is
matched by the rule that chooses a uniformly random alter-
native. As before, whether a single γmin-oblivious random-
ized rule can match this lower bound remains open.

4 PB with Other Known Ballot Formats
In Section 3, we found something that may initially seem
strange: in both the randomized and deterministic cases, vot-
ing rules designed for the single-winner setting—which out-
put just a single alternative, even in PB—achieved optimal
dependence on m. This is due to the weakness of the rank
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ballot format: designed for single-winner voting, rank fails
to capture fundamental aspects of the PB setting.

Others have tried to address this problem in the unit-sum
utilities model by designing better ballot formats. We now
pursue the same approach in the public spirit model: focus-
ing henceforth on deterministic rules for their practicality,
we aim to identify a ballot format that achieves sublinear dis-
tortion in m, thereby surpassing our lower bound of Ω(m)
in Theorem 2. To this end, we examine four other known
PB ballot formats (see Benadè et al. (2021)): rankings by
value for money, where each voter i ranks alternatives by
vi(a)/c(a); k-approvals, where each voter i submits a set
of k alternatives with the highest vi(a); knapsack, where
each voter i submits the budget-feasible set with the high-
est value vi(S); and threshold approvals, where the ballot
format specifies a threshold t and each voter i submits the
set of alternatives with vi(a) ⩾ t. Unfortunately, the answer
is resoundingly negative for all these ballot formats:
Theorem 8. All deterministic rules have distortion...

• ∞ using rankings by value for money ballots;
• Ω(m2/γmin) using 1-approval ballots and ∞ using k-

approval ballots with k > 1;
• Ω(m/γmin) using knapsack ballots; and
• Ω(m) using threshold approval ballots (any threshold).

While none of these ballot formats yield better distortion
than rank ballots, the worst-case distortion of knapsack and
approval ballots under public-spirited voting may still be of
interest, given they are used in real-world PB elections (see
Footnote 1). We thus also derive upper bounds on the dis-
tortion possible with these ballot formats (in some cases,
for randomized rules, too) in the full version. Most notably,
we show that with 1-approval ballots there is a determinis-
tic rule with O(m2/γmin) distortion, perfectly matching our
lower bound; for knapsack ballots, there is a deterministic
rule with O(m3/γ2

min) distortion—a striking improvement
over the unit-sum case;4 and for threshold approval ballots,
there is a deterministic rule with O(m2/γmin) distortion.

5 PB with Ranking of Predefined Bundles
We have now shown that for all commonly-studied PB ballot
formats, all deterministic rules incur Ω(m) distortion — an
issue in the practical case where m is large. Motivated by
this, we now study the distortion possible with our novel
ballot format, ranking of predefined bundles (rank-b(P)).

In Sections 5.1-5.3, we will explore various protocols for
using rank-b(P) ballots, which differ in how P is chosen.
For intuition, note that the lowest-distortion choice of P
is simply F ; then, we are effectively in the single-winner
setting and Copeland guarantees constant (in m) distortion.
However, this choice of P comes at a steep elicitation cost,
requiring voters to rank exponentially many bundles.

Our refined goal, therefore, is to design P to permit low
distortion while containing at most polynomial (or pseu-
dopolynomial) bundles. After designing and analyzing var-

4It is striking how beneficial public spirit is to knapsack ballots:
without it, even with unit-sum utilities, any deterministic rule over
knapsack ballots has Ω(2m/√m) distortion (Benadè et al. 2021).

ious such choices of P , in Section 6 we explore the practi-
cality of the resulting elictation protocols.

5.1 Sublinear Distortion
We first propose rank-b with high-low bundles (P = HLB),
which we show permits sublinear distortion.

High-low bundles (HLB): Let L = {a ∈ A : c(a) ⩽
1/⌈√m⌉} be the set of low-cost alternatives and H = A\L be
the set of high-cost alternatives. The high-low bundling rule
(HLB) partitions L into at most ⌈

√
m⌉ feasible bundles,5

and H into an arbitrary partition of feasible bundles. Then it
defines P to be the union of these partitions.

The rank-b(HLB) ballot asks voters to rank |P| ⩽
|H| + |L| = m bundles (and in fact, |P| ⩽ m − |L| ·
(1− 1/ ⌈

√
m⌉), so if there are many low-cost projects,

|P| ≪ m). Finally, in Theorem 9 we show that if Copeland
rule is applied to the voting profile elicited via rank-b(HLB)
on P , the rank-b ballot format dominates all the previous
ballot formats by a factor of O(

√
m).

Theorem 9. distrank-b(HLB)(Copeland) = O(
√
m/γ2

min).

The main idea is that if A∗ is the optimal bundle, then
either sw(L∩A∗) or sw(H∩A∗) must have welfare at least
sw(A∗)/2. Then, there must be a bundle in P with welfare
at least (1/⌈√m⌉) · sw(L ∩ A∗) because L was partitioned
into at most ⌈

√
m⌉ bundles, and also one with welfare at

least (1/⌈√m⌉) · sw(H ∩A∗) because |H ∩A∗| ⩽ ⌈
√
m⌉.

While this is already a significant improvement on pre-
vious results, there is room for more: crafting predefined
bundles with no information about (and thus no regard for)
voters’ preferences can be both theoretically lossy and prac-
tically unappealing. Thus, we next explore: what distortion
is possible when our bundling rule has some knowledge of
voters’ preferences? We explore this question in Sections
5.2 and 5.3 by defining a two-round elicitation protocol:
in Round 1, we elicit voter preferences using the canonical
rank ballot format; then, in Round 2, we use this preference
information to craft P and deploy ballot rank-b(P). We de-
note this two-round ballot format as rank → rank-b(P).

5.2 Logarithmic Distortion in Two Rounds
We now propose rank-b with tiered-cost bundles (P =
TCB). At a high level, TCB partitions alternatives into
O(logm) tiers by cost, and then uses Iterative Copeland to
select a feasible bundle of m/2ℓ alternatives from the tier con-
taining alternatives with costs between 2ℓ−1

/m and 2ℓ/m.

Tiered-cost bundles (TCB): Set L = ⌈log2 m⌉. For each
ℓ ∈ [L], define the tier Tℓ such that

Tℓ = {a ∈ A : 2
ℓ−1

/m < c(a) ⩽ 2ℓ/m} for all ℓ > 0;

let T0 = {a ∈ A : c(a) ⩽ 1/m}. Then, use Itera-
tive Copeland to pick a bundle Pℓ ⊆ Tℓ of size tℓ =
⌊min(|Tℓ|,max(1,m/2ℓ))⌋. Since c(a) ⩽ 2ℓ/m for each
a ∈ Tℓ, Pℓ is budget-feasible. Set P = {P0, P1, . . . , PL}.
Then, TCB asks voters to rank L ⩽ 1 + ⌈log2 m⌉ bundles.

5This is possible because |L| ⩽ m and any subset of ⌈
√
m⌉

alternatives from L is feasible.
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After asking voters to rank a total of at most m +
1 + ⌈log2 m⌉ objects over both rounds, aggregating via
Copeland achieves distortion O(log(m)/γ4

min):
Theorem 10.

distrank→rank-b(TCB)(Copeland) = O(log(m)/γ4
min).

The key insight is that for the optimal bundle A∗,
sw(A∗) =

∑
ℓ sw(A∗ ∩Tℓ), so the best of the 1+ ⌈log2 m⌉

feasible bundles in the sum (call it A∗ ∩ Tℓ′ ) must be an
O(logm) approximation of A∗. Then, the welfare of the best
tℓ-sized subset P ∗

ℓ ⊆ Tℓ′ 2-approximates that of A∗ ∩ Tℓ′ ;
Pℓ constant-approximates the welfare of P ∗

ℓ (by the distor-
tion of Iterative Copeland); and the chosen bundle constant-
approximates the welfare of Pℓ (by the distortion of the final
Copeland aggregation).

5.3 Constant Distortion in Two Rounds
Finally, we propose rank-b with exhaustive bundles (P =
EB). EB uses the same tiers as TCB, but instead of hav-
ing each bundle consist of alternatives from the same tier, it
crafts bundles by using Iterative Copeland to choose a sub-
set Sℓ ⊆ Tℓ of size tℓ from every tier and putting them
together as ∪ℓSℓ. Ideally, we want to explore every pos-
sible combination of values of t0, . . . , t⌈log2 m⌉, so long as
the resulting bundle is feasible, but a slight optimization is
achieved by only choosing values that are powers of 2.

Exhaustive bundles (EB): Let L = ⌈log2 m⌉ and de-
fine tiers T0, . . . , TL as in TCB. Fix R = ⌊log2 m⌋. For
each ℓ ∈ [L] and r ∈ {0, 20, . . . , 2R} such that |Tℓ| ⩾ r,
choose Pℓ,r ⊆ Tℓ of size r using Iterative Copeland ap-
plied to the rank ballots from Round 1 (if p = 0, sim-
ply choose ∅). Call a sequence t⃗ = (t0, . . . , tL) valid if
tℓ ∈ {0, 20, . . . , 2R} for each ℓ ∈ [L], and for such a se-
quence define Pt⃗ = ∪L

ℓ=0Pℓ,tℓ . In other words, in a valid
sequence, the ℓ-th element represents the number of alter-
natives that are selected from Tℓ, and with this definition
each valid sequence leads to a potential bundle. Finally, let
P = {Pt⃗ : t⃗ is valid ∧ Pt⃗ ∈ F}, so all bundles in P are
feasible. Note that |P| is at most the number of valid se-
quences, which is (1 + R)1+L = O((logm)O(logm)) =
O(mO(log logm)).6

In exchange for asking voters to rank quasipolynomially
many objects across two rounds, using Copeland to aggre-
gate, we achieve constant distortion:
Theorem 11. distrank→rank-b(EB)(Copeland) = O(1/γ4

min).

The proof uses the following approach. Let A∗ be an op-
timal bundle. Then, consider the sequence t⃗, where tℓ =
2⌊log2 |A∗∩Tℓ|⌋−1 for each ℓ ∈ {0, 1, . . . , L}. Since tℓ ⩽
|A∗ ∩ Tℓ|/2, c(Pℓ,tℓ) ⩽ c(A∗ ∩ Tℓ), Pt⃗ must be feasible.
We then show that its welfare, constant-approximates that
of A∗. The only thing is that when |A∗ ∩Tℓ| = 1, we cannot
set tℓ = 2⌊log2 |A∗∩Tℓ|⌋−1. This is addressed by taking two
cases, depending on whether much of the welfare of A∗ is
contributed by those A∗ ∩ Tℓ that have size 1 or the rest.

6Although this is many bundles, they are similar, potentially
decreasing cognitive load of ranking them: they consist of combi-
nations of at most (1 +R) · (1 + L) = O(m) many bundles Pℓ,r .

6 Discussion
On the practicality of rank-b ballots. We propose that our
ranking of predefined bundles ballot format has three main
practical advantages in addition to low distortion. (1) It is
fully ordinal in contrast to, e.g., threshold approval votes,
which ask voters to compare projects via precise numeric
utility values. (2) Comparing entire feasible bundles may
provide voters more context about cost trade-offs than bal-
lots where they compare individual projects. (3) The aggre-
gation rules always select a bundle that is on the ballot, al-
lowing every vote favorably ranking the winning bundle to
be interpreted as a direct endorsement of the final outcome.

While one may worry that doing two rounds of elicitation
is impracticable, PB participants often meet several times,
so doing so is likely feasible. In fact, the flexibility in the
PB process may permit a variety multi-round protocols with
even more favorable trade-offs. A second potential worry is
that low-distortion rank-b ballots may ask voters to rank too
many bundles. We now show that in 1244 real PB elections
from https://pabulib.org (with some randomized imputation
of incomplete preferences), even our rank → rank-b(EB)
ballot (with some minor heuristic tweaks that maintain con-
stant distortion) typically requires voters to rank far less than
m bundles. Details on data and implementation, plus some
supplemental results, are found in the full version.
Future directions. rank-b ballots represent an exciting fu-
ture direction in PB: there is an expansive design space of
bundles and multi-round protocols that can potentially drive
down query complexity, guarantee low distortion, satisfy de-
sirable axioms, and be well-received in real-world experi-
ments. Beyond rank-b ballots, there are many questions re-
maining about what public spirit looks like in real demo-
cratic contexts, and how this can be incorporated into so-
cial choice theory. For instance: (1) In what other social
choice contexts — such as matching (Filos-Ratsikas, Fred-
eriksen, and Zhang 2014) and fair division (Halpern and
Shah 2021) — is public spirit a reasonable assumption?, (2)
Can we measure the degree and nature of public spirit result-
ing from different democratic processes, deliberative or oth-
erwise?, and (3) If voters account for a welfare notion other
than utilitarian social welfare (or likewise, we care about
other objectives like Nash welfare or proportional fairness
(Ebadian et al. 2022)), can one prove similar guarantees?
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Figure 1: The number of bundles rank-b(EB) asks voters to
rank, per alternative, in 1244 instances ordered by quantile.
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