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Abstract

In this paper, we consider the classic fair division problem of
allocating m divisible items to n agents with linear valuations
over the items. We define novel notions of fair shares from the
perspective of individual agents via the cake-cutting process.
These shares generalize the notion of proportionality by tak-
ing into account the valuations of other agents via constraints
capturing envy. We study what fraction (approximation) of
these shares are achievable in the worst case, and present
tight and non-trivial approximation bounds as a function of
n and m. In particular, we show a tight approximation bound
of Θ(

√
n) for various notions of such shares. We show this

bound via a novel application of dual fitting, which may be of
independent interest. We also present a bound of O(m2/3) for
a strict notion of share, with an almost matching lower bound.
We further develop weaker notions of shares whose approxi-
mation bounds interpolate smoothly between proportionality
and the shares described above. We finally present empirical
results showing that our definitions lead to more reasonable
shares than the standard fair share notion of proportionality.

Code and dataset —
https://github.com/izhang05/cake-cutting-share

Full version paper — https://arxiv.org/abs/2411.10434

1 Introduction
Fair division of divisible resources among participants is a
classic problem, dating back to Steinhaus (1948) from the
1940s. In this problem, there are m divisible resources, and
n agents with linear utility functions over these resources.
The goal is to allocate the resources to the agents in a fair
fashion. Several notions of fairness have been proposed in
the literature, the very first of which is proportionality: Con-
sider the equitable split, where each resource is split equally
among all agents. Then in any fair division, each agent
should get at least as much utility as in an equitable split.
In a sense, proportionality is the “bare minimum” notion of
fairness, and typical fair allocations guarantee other proper-
ties in addition to proportionality.

A different view of proportionality is via “cake cut-
ting” (Steinhaus 1948), made explicit by Budish (2011):
Imagine a participant i does not know the utility functions
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of other participants, and needs to split the resources into
n bundles. After agent i has split the resources, the other
participants go first and choose one bundle each, with par-
ticipant i getting the last pick. Suppose participant i wishes
to maximize its utility in the worst case over the utility func-
tions of the other agents. Then its optimal strategy is indeed
to construct each bundle as having 1/n share of each re-
source. The max-min value of this game therefore defines a
fair share for participant i, and coincides with its utility in a
proportional allocation.

A desirable property of the proportional share is that it is
not only achievable by itself, but also achievable in combina-
tion with other fairness properties such as envy-freeness (see
the “Nash welfare” allocation (Nash 1950; Varian 1976)).
On the other hand, the value of the fair share can be very
small. As an example, there are n agents and m = n re-
sources, where agent i has non-zero utility only for resource
i. The proportional allocation only assigns 1/n fraction of
resource i to agent i, while any “reasonable” allocation
should allocate all of resource i to agent i. Therefore, the
proportional share is a factor n smaller than what one would
imagine would be a reasonable fair share.

Cake-cutting Share
The above problem arises because a participant is comput-
ing the max-min shares without knowledge of other partici-
pants’ utility functions. In this paper, we seek to define such
max-min shares that take into account the utility functions
of other participants. We do so via a slight modification of
the game described above. As before, participant i splits the
resources into n bundles, and as before, the other agents go
first in choosing their bundles. However, agent i now knows
the utility functions of the other agents, and creates the bun-
dles so that every other agent j likes agent i’s bundle at most
as much as any of the remaining n−1 bundles. This ensures
that regardless of how the other agents go first and choose
bundles, agent i’s bundle is not chosen by them. As before,
participant i seeks the partition that maximizes the utility
they gets from its own bundle, and this utility represents its
cake-cutting share.

Note that in the above example where the agents have
value for disjoint resources, agent i can create n bundles,
where it puts the ith resource in a special bundle by itself,
and splits the remaining resources equally among the re-
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maining n− 1 bundles. Any other agent strictly prefers any
of the latter bundles to the special bundle, so the cake-cutting
share of agent i is equal to its utility for resource i. On this
instance, the cake-cutting share obtains a factor n larger util-
ity for each agent than the proportional share.

It is relatively easy to show that the cake-cutting share of
agent i is equivalent to the following natural process: Agent
i finds a bundle Ai that achieves the largest utility for itself,
subject to the condition that any other agent weakly prefers
the proportional allocation to bundle Ai (see Lemma 7).
Since one such bundle is the proportional allocation, the
cake-cutting share is at least the proportional share for all
agents. In that sense, the cake-cutting share is a relaxation
of the proportional share.

Envy-free Polyhedra and Envy-free Share

We can generalize the game-theoretic view of fair shares fur-
ther and define a class of fair shares as follows. As before,
participant i splits the resources into n bundles. However, in
addition to splitting the items, agent i also assigns the bun-
dles to the agents (including i itself). The assignment can be
characterized by a partition A = (A1, A2, . . . , An), where
Ai represents the bundle assigned to agent i. For each re-
source, the total amount of the resource is at most its supply.
We require i to split the items in an envy-free way, so that
A lies in the “envy-free polyhedron” (denoted by Ej) of any
other agent j ̸= i. Different definitions of shares follow from
different settings of the envy-free polyhedra.

In the cake-cutting share described before, any other agent
j values any other bundle no less than agent i’s bundle. This
corresponds to the envy-free polyhedron E(CCS)

j = {A |
uj(Ai) ≤ minj′∈[n] uj(Aj′)}, where uj(A) is the linear
utility of agent j for bundle A. Note that stricter limitations
on the envy-free polyhedrons will generally lead to smaller
share values.

We also introduce a weaker instantiation of the envy-free
polyhedron: E(EFS)

j = {A | uj(Ai) ≤ uj(Aj)}. This poly-
hedron corresponds to the allocations where agent j has no
envy specifically towards agent i. The maximum utility that
i can generate for itself from any valid assignment A defines
its envy-free share (EFS).

Since E(CCS)
j ⊆ E(EFS)

j (i.e. the polyhedra for the envy-
free share are a superset of those for the cake-cutting share),
the envy-free share is at least the cake-cutting share. In ad-
dition, the envy-free share addresses an issue with the cake-
cutting share. Consider the example of agents having values
for disjoint resources from above. In this example, agent i’s
cake-cutting share is its value for the entire resource, and
hence a factor n larger than the proportional share. However,
if we create a copy of agent i, then i’s bundle must give this
copy at most the proportional utility (see Lemma 7), which
means the cake-cutting share of i drops by a factor of n. The
envy-free share fixes this aspect – agent i can create a bun-
dle where it assigns half the resource to its copy, so that its
envy-free share only drops by a factor of 2 when the copy is
introduced.

Intermediate Notions of Fair Share
Two intermediate notions of fair shares arise naturally from
the above definitions. The first notion interpolates between
CCS and EFS. Here, we constrain the partition A to be an
envy-free allocation across agents. In other words, all the
agents will accept agent i’s partition A if and only if they
do not envy each other (including agent i). Formally, the
envy-free polyhedron of agent j is E(EF)

j = {A | uj(Aj) ≥
uj(Aj′), ∀ j′ ̸= j}. We show in Lemma 9 that each agent’s
share for the above polyhedron is at least the cake-cutting
share and at most the envy-free share, and that all these
shares are at least the proportional share.

A second and more interesting intermediate notion inter-
polates between proportionality and EFS. In EFS∆, when
computing its EFS share, each agent i knows the utility
functions of all other agents except a uniformly randomly
chosen set S∆ of ⌊n−1

∆ ⌋ agents. For this set S∆ of agents,
it assumes the utility function is adversarial, so agent i as-
signs the same bundle to these agents as it does to itself to
ensure that even in the worst case over the choice of utility
function, these agents do not envy agent i. An agent’s EFS∆

share is the expected value of its EFS share under this pro-
cess, where the expectation is over the random choice of S∆.
When ∆ ≥ n, this reduces to EFS, and when ∆ = 1, this
reduces to proportionality. This notion therefore smoothly
interpolates between proportionality and EFS.

Approximating Fair Shares
Our goal in this paper is to study the cake-cutting and envy-
free shares as novel fair share concepts. The key question
we seek to answer is whether for either the cake-cutting or
the envy-free shares, there is a fair division where the fair
share value is simultaneously achievable for all agents, and
if not, what factor of the agents’ fair share is simultaneously
achievable via a fair division. We study this via the notion
of approximation – in the worst case over all problem in-
stances, what factor of this share is achievable simultane-
ously for all agents? In other words, we say that an α ap-
proximation is achievable for α ≥ 1 if there is a partition of
the resources into n bundles (one for each agent) such that
each agent i’s utility from its bundle is at least a 1/α factor
of its fair share. We define α(n,m) as the smallest achiev-
able α for all instances with m resources and n agents.

Note that for any reasonable notion of fair share, an
agent’s share value is at most its utility for the entire set of
items. Thus we must have α(n,m) ≤ n since the propor-
tional allocation guarantees each agent a 1/n fraction of its
total utility for the set of items. Therefore, an approximation
factor α(n,m) is non-trivial only if α(n,m) = o(n). Note
that the proportional share itself satisfies α(n,m) = 1, and
is hence non-trivial. However, as discussed above, this share
may be too small in many instances. We ask: Does the cake-
cutting share or the envy-free share also admit a non-trivial
approximation factor?

As an aside, we note that for any problem instance, the
optimal approximation to the cake-cutting (resp. envy-free)
share for this instance is computable via linear program-
ming. (See Section 2.) Our goal is different – we wish to
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find a uniform bound on α(n,m) as a function of m and n.

Our Results
Our main result is to show that the above defined shares are
interesting and non-trivial. We show this by demonstrating
non-trivial bounds on α(n,m), meaning that all agents can
indeed simultaneously achieve a non-trivial (that is ω(1/n))
fraction of their cake-cutting (resp. envy-free) share.

We first show the following theorem, where we use
α(n, ·) to denote the worst case approximation over all in-
stances with n agents, and an arbitrary number of items:

Theorem 1 (Proved in Section 3). For the envy-free share
(and hence the cake cutting share), α(n, ·) = O(

√
n).

In other words, for any instance with n agents and m
items, we can find an allocation of the resources to the
agents where each agent obtains utility Ω

(
1√
n

)
times its

cake-cutting (resp. envy-free) share. We next show instances
where this bound is tight, so that it is not possible for all
agents to achieve a better fraction of their cake-cutting share.

Theorem 2 (Proved in Section 4). For the cake-cutting
share (and hence the envy-free share), α(n, ·) = Ω(

√
n).

We note that the above results imply the same bounds for
any intermediate notion of fair shares where the constraints
in the envy polyhedron are stricter than those for the envy-
free share and weaker than those for the cake-cutting share.

We next show a similar non-trivial (that is o(m)) approx-
imation for the cake cutting share as a function of m, the
number of resources, again using the notation α(·,m) to
denote the worst case approximation for instances with m
items and arbitrary number of agents.

Theorem 3 (Proved in full version). For the cake-cutting
share, α(·,m) = O(m2/3). Further, there exists an instance
of the fair division problem where α(·,m) = Ω(

√
m).

We finally extend the proof of Theorem 1 to the EFS∆

share described above, where agent i does not know the
utility function of a randomly chosen set S∆ of agents of
size ⌊n−1

∆ ⌋, for whom it replicates its own allocation. We
show the following theorem where the approximation ratio
increases smoothly in the parameter ∆.

Theorem 4 (Proved in full version). For the EFS∆ share,
α(n, ·) = Θ(

√
∆). The upper bound of O(

√
∆) holds for

any set S∆ that i chooses, while in the lower bound instance,
the Ω(

√
∆) bound holds for all possible sets S∆.

Note that in agent i’s partition, agent i values its own bun-
dle at most as much as any bundle assigned to the agents in
S∆. Thus, any agent’s EFS∆i share is at most a 1/(1+ |S∆|)
factor of its utility for the entire set of items. This implies
that any agent’s EFS∆i share is at most a ∆ factor larger than
its proportional share, which gives an easy upper bound of
∆ for α(n, ·). The above theorem improves this to O(

√
∆).

Techniques. The main technical highlight is the proof of
the upper bounds on approximation. To show that a O(

√
n)

approximation is always achievable, we use the idea of dual
fitting, where we write the worst case approximation over

all problem instances as a linear program with exponentially
many variables. We then show a feasible solution to the dual
of this program with value O(

√
n). This linear program is

non-trivial, and the techniques used for writing it may find
other applications to fair division and beyond. Indeed, we
find the lower bound instances by solving this linear pro-
gram for small values of n. The proof of the O(m2/3) upper
bound on approximation is via a greedy set cover type al-
gorithm, showcasing an interesting connection between the
cake-cutting share and set cover.

Empirical Results. Given that various versions of the
envy polyhedron yield comparable worst-case approxima-
tion bounds, a natural question is what notion would be
reasonable in practice. Towards this end, we compute the
approximations on simulated and real problem instances in
Section 5 and show that the cake-cutting share – the strictest
envy polyhedron – comes closest to having an approxima-
tion factor of one, meaning these shares are realizable via
an allocation. We further show that the approximation factor
of EFS∆ smoothly decreases with ∆.These results comple-
ment our theoretical bounds, and serve as another justifica-
tion for developing these novel definitions of shares.

Related Work
Proportionality and Fair Allocation. The concept of
proportionality in fair division was first introduced by Stein-
haus (1948). This foundational work addressed the problem
of dividing a heterogeneous resource (the “cake”) among
several participants in such a way that each participant per-
ceives their share as fair, where one notion of fairness pre-
sented was proportionality. A proportional allocation for di-
visible items is easy to achieve by evenly splitting every
item; however its generalization to groups of agents has
been studied for shared resources (Fain, Goel, and Muna-
gala 2016).

Fair Shares for Indivisible Goods. We refer readers to
(Mishra, Padala, and Gujar 2023; Amanatidis et al. 2022)
for detailed surveys of recent results on proportionality and
other fair allocations of indivisible items. A natural approach
for indivisible items is to approximate proportionality, and
several works (Conitzer, Freeman, and Shah 2017; Aziz,
Moulin, and Sandomirskiy 2020; Baklanov et al. 2021a,b)
have considered such approximate notions.

The work of Babaioff and Feige (2022) defines the gen-
eral notion of a share that is computed for each agent. The
most popular notion of a share is the maximin share (MMS)
introduced by Budish (2011), which calculates each agent’s
share using the cutting and choosing game described previ-
ously. Although allocations that achieve exact MMS may not
exist for indivisible goods (Procaccia and Wang 2014), con-
stant approximations to this share can be achieved (Akrami
and Garg 2024; Babaioff, Ezra, and Feige 2022; Hosseini,
Searns, and Segal-Halevi 2022; Akrami, Garg, and Taki
2023). Recently, Babichenko et al. (2024) propose the quan-
tile share, where an agent wants its share to be better than a
uniformly random allocation with constant probability.

All the above notions compute agent i’s share solely as a
function of the number of agents n, and agent i’s personal
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utility function vi. As such, for divisible goods, they all re-
duce to proportionality. As far as we are aware, our work
is the first to define and study fair shares that are cognizant
of the utility functions of other agents, therefore moving be-
yond proportionality even for the divisible goods setting.

Envy-freeness and Cake Cutting Envy-freeness – where
no agent envies the allocation of another agent – is more
demanding than proportionality and was first formally intro-
duced by Gamow and Stern (1958). Envy-free allocations
have been widely studied for both divisible and indivisible
goods; see (Varian 1974, 1976; Caragiannis et al. 2019; Lip-
ton et al. 2004; Aziz and Mackenzie 2016) and the citations
therein. Our proposed shares are related in spirit to envy-free
allocations, but differ in the details, since envy in our context
is with regard to the agent computing its share. We note that
to the best of our knowledge, our work is the first to define
fair shares (or guarantees of utility) based on envy-freeness.

2 Preliminaries
In an instance of the fair division problem, there is a set N
of n agents (participants), and a set M of m homogeneous
divisible items or resources to be allocated. Without loss of
generality, we assume N = [n] = {1, . . . , n} and M =
[m] = {1, . . . ,m}. For each agent i, its valuation for a single
item is described by a function vi : M → R≥0, where vik is
agent i’s valuation for the entirety of item k. We will let
V = (v1, . . . , vn) be the vector of all valuation functions.
Therefore, a problem instance in our fair-division model is
represented by a triple I = ⟨[n], [m], V ⟩.

A bundle B is described by a vector (x1, . . . , xm) ∈
[0, 1]m, which denotes that for all k ∈ [m], bundle B con-
tains xk quantity of item k. We write B(k) = xk to de-
scribe the quantity of item k in the bundle B. We will as-
sume that the utilities are additive and each item is homo-
geneous, so agent i’s utility for a bundle B is given by
ui(B) =

∑
k∈[m] vik ·B(k).

An allocation A = (A1, . . . , An) is a tuple of n bundles
such that at most the unit supply of each item is allocated,
i.e.,

∑
i∈[n] Ai(k) ≤ 1 for all k ∈ [m]. Each agent i receives

bundle Ai with utility ui(Ai). We denote the set of all allo-
cations of m items among n agents by P(n,m).

Cake-Cutting (CCS) and Envy-Free (EFS) Share. Fix
a problem instance I = ⟨[n], [m], V ⟩. We first define the
cake-cutting share of each agent. For any agent i, we use
F (CCS)

i (I) = {A ∈ P(n,m) | uj(Ai) ≤ uj(Aj′), ∀j, j′ ∈
[n]\{i}} to denote the set of all feasible allocations by agent
i, such that every other agent j ∈ [n] \ {i} weakly prefers
any other bundle Aj′ to bundle Ai. Recall that in Section 1,
we defined the envy-free polyhedron of agent j in the cake-
cutting share to be E(CCS)

j (I) = {A ∈ P(n,m) | uj(Ai) ≤
minj′∈[n] uj(Aj′)}. One can verify that the space of all fea-
sible allocations by agent i is exactly the intersection of all
other agents’ envy-free polyhedra.
Definition 5 (Cake-cutting Share). For any agent i ∈ [n],
we define the cake-cutting share of agent i to be

CCSi(I) = max
(A1,...,An)∈F(CCS)

i (I)
ui(Ai).

We now formally define the envy-free share, which
strengthens the cake cutting share. For any agent i, we use
F (EFS)

i (I) = {A ∈ P(n,m) | uj(Ai) ≤ uj(Aj), ∀j ∈
[n] \ {i}} to denote the set of allocations such that ev-
ery other agent j ∈ ([n] \ {i}) weakly prefers its bundle
Aj to bundle Ai. Again, one can verify that F (EFS)

i (I) =⋂
j:j ̸=i E

(EFS)
j (I).

Definition 6 (Envy-free Share). For any agent i ∈ [n], we
define the envy-free share of agent i to be

EFSi(I) = max
(A1,...,An)∈F(EFS)

i (I)
ui(Ai).

Since F (CCS)
i (I) is clearly a subset of F (EFS)

i (I)
by comparing the definitions of both shares, we have
EFSi(I) ≥ CCSi(I) for all agents i ∈ [n]. For simplic-
ity, we will use CCSi and EFSi to denote an agent’s two
shares respectively when it is clear which instance we are
considering.

Computation. Given a problem instance as input, we now
consider the computation of both shares. First, we show that
the cake-cutting share CCSi is also the maximal value of
ui(Ai) such that all other agents weakly prefer the propor-
tional allocation to bundle Ai. We prove this by showing
there exists an allocation A ∈ F (CCS)

i (I) which maximizes
ui(Ai) and allocates 1 − Ai(k) equally among the other
agents j ̸= i for each item k.
Lemma 7 (Proved in full version). For any agent i, the value
CCSi is the optimal solution to the following LP:

max
∑
k∈[m]

vik · xk , (1)

s.t.
∑
k∈[m]

vjk · xk ≤ uj([m])

n
, ∀ j ∈ ([n] \ {i}) ; (2)

0 ≤ xk ≤ 1 , ∀ k ∈ [m] .

Similarly, the envy free share EFSi is the solution to the
following linear program:

max
∑
k∈[m]

vik · xik , (3)

s.t.
∑
k∈[m]

vjk · xik ≤
∑
k∈[m]

vjk · xjk , ∀ j ∈ ([n] \ {i}) ;

(4)∑
j∈[n]

xjk ≤ 1 , ∀ k ∈ [m] ;

xjk ≥ 0 , ∀ j ∈ [n], k ∈ [m] .

Scale Invariance and Ordering. We now show that the
values of the shares are invariant to scaling the utility func-
tions of different agents by different factors.
Lemma 8 (Proved in full version). Consider an instance
I = ⟨[n], [m], V ⟩ of the fair division problem. Now create
an alternative instance I ′ = ⟨[n], [m], V ′⟩ where for every
agent i, all of its values are scaled by αi > 0, i.e., v′ik =
αi ·vik for all k ∈ [m]. Then CCSi(I ′) = αi ·CCSi(I) and
EFSi(I ′) = αi · EFSi(I).
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Intermediate Fair Shares. We note that neither the poly-
hedra corresponding to CCSi nor EFSi capture exact envy –
the former polytope captures any agent j preferring i’s bun-
dle the least among the n bundles, while the latter captures
agent j preferring i’s bundle at most as much as j’s own
bundle. As mentioned in the previous section, true envy-
freeness would be captured by F (EF)

i (I) = {A ∈ P(n,m) |
uj(Aj) ≥ uj(Aj′), ∀j ∈ [n]\{i}, j′ ∈ [n]}. Let EFi(I) =
max

(A1,...,An)∈F(EF)
i (I) ui(Ai) denote this share. Similarly,

denote the proportional share as PROPi(I) = ui([m])/n.
We now show the following ordering result of these

shares, hence showing the cake cutting share imposes a
stronger constraint than pure envy.
Lemma 9 (Proved in full version). For any instance I and
all agents i ∈ [n]:

PROPi(I) ≤ CCSi(I) ≤ EFi(I) ≤ EFSi(I).
Approximating the Shares and α(n,m). On any in-
stance I = ⟨[n], [m], V ⟩, we seek an allocation where the
utility of each agent i is at least CCSi (resp. EFSi). Since
this may not be possible, we consider the “best possible”
approximation. On any instance, this allocation can be com-
puted by solving the following LP, which we describe for
CCSi; an analogous LP holds for EFSi:

max θ , (5)

s.t.
∑
k

vik · xik ≥ θ · CCSi , ∀ i ∈ [n] ;∑
i

xik ≤ 1 , ∀ k ∈ [m] ;

xik ≥ 0 , ∀ i ∈ [n], k ∈ [m] .

Let θ(I) denote the optimal approximation for instance I.
As shown above, this can be computed by a linear program.
However, our goal is different; we seek to bound the worst-
case approximation. We denote α(n,m) = maxI

1
θ(I) ,

where the maximum is over all instances with n agents
and m items. This represents the worst-case approxima-
tion bound for such instances. Our goal is to show that
α(n,m) is small, in particular that it beats the trivial bound
of α(n,m) = n that is achievable for any fair share via pro-
portionally allocating each item.

EFS∆ Share. As discussed before, in this notion, for each
agent i there is a set Wi of agents of size ⌊n−1

∆ ⌋, whose
utility i is unaware of. We again consider the set of feasi-
ble allocations F (EFS)

i (I). However, we constrain this set
to be feasible regardless of {uj}j∈Wi

. It is easy to check
that this forces Aj = Ai for j ∈ Wi. Therefore, we can

write F (EFS∆)
i (I,Wi) = {A ∈ P(n,m) | uj(Ai) ≤

uj(Aj), ∀j ∈ [n] \ (Wi ∪ {i}); Aj = Ai, ∀j ∈ Wi}.
We can now define EFS∆i analogous to Definition 6 as:

Definition 10 (EFS∆ Share). For any agent i ∈ [n],

EFS∆i (I,Wi) = max
(A1,...,An)∈F(EFS∆)

i (I,Wi)

ui(Ai).

We define EFS∆i (I) = EWi
[EFS∆i (I,Wi)] where the ex-

pectation is over a uniformly random Wi of size ⌊n−1
∆ ⌋.

For any given Wi, the value EFS∆i (I,Wi) is the solution
to an LP analogous to Eq. (3); this is presented in the full ver-
sion of the paper. We can now efficiently estimate EFS∆i (I)
to an arbitrary approximation by randomly sampling Wi re-
peatedly and solving the LP over the samples.

We can now define α(n,m) the same as before, and we
present bounds for α(n, ·) in the full version of the paper.

3 Upper Bound: Proof of Theorem 1

We now show that α(n, ·) = O(
√
n). By Lemma 9, it suf-

fices to show an upper bound on approximation for the envy
free share, EFSi. Note that the same upper bound also holds
for the intermediate notion of EFi.

Step 1: Reduction to Welfare Maximization. We now
prove Theorem 1 in a sequence of three steps. We first
show it suffices to bound the ratio between the social wel-
fare, SW (I) =

∑
k∈[m] maxi∈[n] vik, and the sum of envy-

free shares, C(I) =
∑

i EFSi, for all instances I =
⟨[n], [m], V ⟩ with n agents. The following theorem is a di-
rect application of strong duality.

Theorem 11 (Proved in full version). Suppose for all in-
stances I with n agents, we have SW (I) ≥ θn · C(I).
Then for all instances with n agents, there exists an alloca-
tion where each agent i obtains utility at least θn · EFSi.

Step 2: Reduction to Binary Utilities. Given Theo-
rem 11, our goal is to show that the precondition holds for
θn = Ω(1/

√
n). In other words, it suffices to show that for

any instance I = ⟨[n], [m], V ⟩, the sum of envy-free shares,
C(I), is at most O(

√
n) times the social welfare, SW (I).

We prove that it suffices to bound the ratio C(I)/SW (I)
for binary instances. An instance is said to be binary if vik ∈
{0, 1} for all i ∈ [n], k ∈ [m]. We show that:

Theorem 12 (Proved in full version). Suppose that for all
binary instances I with n agents, we have C(I) ≤ αn ·
SW (I). Then for all instances with general valuations and
n agents, we have C(I) ≤ αn · SW (I).

Step 3: Dual Fitting for Binary Utilities. We finally up-
per bound the ratio C(I)

SW (I) for binary utilities. Combined
with Theorem 12 and Theorem 11, this proves Theorem 1.

Theorem 13. For any instance of the fair division problem
with n agents and binary utilities, C(I)

SW (I) = O(
√
n) where

C(I) =
∑

i EFSi and SW (I) is the social welfare.

Proof. Let I = ⟨[n], [m], V ⟩ be a binary instance. We as-
sume that every item is valued by at least one agent, since we
can discard any unvalued items without affecting the prob-
lem instance. We first scale the values down by m, so that
the total welfare is 1. By Lemma 8, this scales down C(I)
by the same factor. For agent i, let Qi = {k | vik = 1/m}.
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We write the ratio C(I)
SW (I) as a linear program:

max
∑
i∈[n]

∑
k∈Qi

xiik ,

s.t.
∑

k∈Qi∩Qj

xiik ≤
∑
k∈Qj

xijk , ∀ i ̸= j ;

∑
j|k∈Qj

xijk ≤ 1 , ∀ i ∈ [n], k ∈ [m] ;

xijk ≥ 0 , ∀ i, j ∈ [n], k ∈ Qj .

In the above LP, the variables {xijk} for any i correspond
to the variables from the LP for EFSi in Eq (3). We simply
take the intersection of the constraints for different i and add
up the objectives. It suffices to only have variables xijk for
items k ∈ Qj , since it is never beneficial to allocate items to
agents who do not value them.

We need to find the worst case of the above LP over sets
{Qi}. Towards this end, index items by the subset S of
agents that have value 1/m for that item. Note that multiple
items could correspond to the same subset. If b items cor-
respond to the same subset S, then we set the weight vS =
b/m. Since the social welfare is 1, we have

∑
S vS = 1. Let

Bi = {S ⊆ [n] | i ∈ S} denote the set of subsets that con-
tain agent i, and xijS denote the variable xijk corresponding
to the item k = S in the LP formulation above. The above
LP is now the following:

max
∑
i∈[n]

∑
S∈Bi

vS · xiiS ,

s.t.
∑

S∈Bi∩Bj

vS · xiiS ≤
∑
S∈Bj

vS · xijS , ∀ i ̸= j ;

∑
j|S∈Bj

xijS ≤ 1 , ∀ i ∈ [n], S ⊆ [n] ;

xijS ≥ 0 , ∀ i, j ∈ [n], S ⊆ [n] .

We now need to find the worst case value of the above
LP over non-negative {vS} that satisfy

∑
S vS = 1. Replace

zijS = vS ·xijS . Substituting in the above LP with the added
condition

∑
S vS ≤ 1, and treating both {zijS} and {vS}

as variables, we obtain the following LP that upper bounds
C(I)

SW (I) over all binary instances with n agents.

max
∑
i∈[n]

∑
S∈Bi

ziiS ,

s.t.
∑

S∈Bi∩Bj

ziiS ≤
∑
S∈Bj

zijS , ∀ i ̸= j ;

∑
j|S∈Bj

zijS ≤ vS , ∀ i ∈ [n], S ⊆ [n] ;

∑
S

vS ≤ 1 ;

zijS , vS ≥ 0 , ∀ i, j ∈ [n], S ⊆ [n] .

We upper bound the optimal solution by finding one feasible

dual solution. Taking the dual, we obtain
min λ ,

s.t. βiS +
∑

j ̸=i|S∈Bi∩Bj

ηij ≥ 1 , ∀ i, S ∈ Bi ;

βiS ≥ ηij , ∀ i ̸= j, S ∈ Bj ;∑
i

βiS ≤ λ , ∀S ⊆ [n] ;

ηij , βiS , λ ≥ 0 , ∀ i, j ∈ [n], S ⊆ [n] .

We now set the dual solution as follows: Let γ = 1√
n

. Set
ηij = γ for all i ̸= j. For S /∈ Bi, set βiS = γ. For S ∈ Bi

with |S| = q + 1, set βiS = γ + max(0, 1 − q · γ). This
setting satisfies the first and second constraints of the dual.
Note now that for any S with |S| = q+1, we have

∑
i βiS ≤

n · γ + (q + 1) ·max(0, 1 − q · γ) ≤ 2
√
n + 1. Therefore,

the dual solution has value O(
√
n), which by weak duality

upper bounds the optimal primal solution. This in turn upper
bounds C(I)

SW (I) , completing the proof.

4 Lower Bound: Proof of Theorem 2
We complement Theorem 1 by showing a lower bound of
Ω(

√
n) on α(n, ·) for CCS. In other words, there is an in-

stance I = ⟨[n], [m], V ⟩, where for any allocation, some
agent’s utility is O(1/

√
n) times its cake-cutting share. By

Lemma 9, this will show a corresponding lower bound for
EFS and the intermediate notion of EF.

Towards this end, all we need to show is an instance I =

⟨[n], [m], V ⟩ with a corresponding lower bound on C(I)
SW (I)

where C(I) =
∑n

i=1 CCSi. To see this, note that for any
allocation, the sum of agents’ utilities is at most SW (I). If
C(I) ≥ α · SW (I), then there must be some agent whose
CCSi is at least α times larger than its utility.

Our instance has binary utilities with n = q2 + q + 1
agents and m = 2n− q − 1 items, where q is a large prime.
We first have a set U of n − q − 1 items where vik = 1
for all agents i ∈ [n] and k ∈ U . The remaining set C of n
items is induced by a finite projective plane, where for any
agent i ∈ [n], there are exactly q + 1 items k ∈ C with
value vik = 1. In addition, for any distinct agents i and j,
there is exactly one item k ∈ C such that vik = vjk = 1.
Finally, for any item k ∈ C, there are exactly q + 1 agents
i ∈ [n] such that vik = 1. A valuation system satisfying the
above properties can be constructed by considering the finite
projective plane of order q, and interpreting lines as agents
and points as items; see (Dembowski 1968).

We start with the LP below capturing the ratio C(I)
SW (I) .

This is written analogously to the LP in Section 3, but using
the CCS LP (Lemma 7) instead of the EFS one:

max
∑
i∈[n]

∑
S∈Bi

vS · xiS ,

s.t.
∑

S∈Bi∩Bj

vS · xiS ≤
∑

S∈Bj
vS

n
, ∀ i ̸= j ; (6)

0 ≤ xiS ≤ 1 , ∀ i ∈ [n], S ∈ Ai .
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(a) Uniform Value (b) Yahoo Data (c) Uniform Value: EFS∆ (d) Yahoo Data: EFS∆

Figure 1: Figures (a), (b): Box plot of approximation Ratios given by PROP, CCS, and EFS. Figures (c), (d): Plot of mean
and inter-quartile range of approximation ratio as a function of ∆ for EFS∆.

We need one feasible solution to the above LP to exhibit a
lower bound. We first calculate the values vS for all sets S.
For all items k, let Lk = {i ∈ [n] | vik = 1} be the set of
agents who value item k. Note that for all k ∈ C, we have
|Lk| = q + 1 and vLk

= 1/m. It is also easy to verify that
v[n] = (n − q − 1)/m, and vS′ = 0 for all other sets S′.
Together, this implies that

∑
S∈Bi

vS = n/m for any agent
i ∈ [n].

To find a feasible solution, we set xiLk
= 1 for all agents

i ∈ [n] and items k ∈ C. All other variables are set to
0. We now analyze constraint 6. For any distinct agents i
and j, there is exactly one item k ∈ C such that i ∈ Lk

and j ∈ Lk, so the left-hand side of constraint (6) eval-
uates to 1/m. The right-hand side of constraint (6) also
evaluates to 1/m, which implies the constraints are satis-
fied. Analyzing the objective function, we have C(I)

SW (I) ≥∑
i∈[n]

∑
S∈Bi

vS ·xiS =
∑

i∈[n]
|{k∈C|i∈Lk}|

m = n(q+1)
m =

Θ(
√
n). This completes the proof of Theorem 2.

5 Empirical Results
Given the Θ(

√
n) approximation bounds for CCS and EFS,

one may wonder which shares are more realistic to target in
practice. We therefore empirically measure the approxima-
tion ratio θ to CCS and EFS achievable on simulated and
real data. In the same vein, we measure how the approxi-
mation ratio for EFS∆ (see Definition 10) changes with the
parameter ∆. (Recall the definition of θ from Section 2.)

In the simulated model, we set n = 25 and m = 3n = 75
for all instances. We randomly generate 200 fair division in-
stances and compute the approximation guarantee given by
each fairness notion using the LP in Eq (5). We use the set-
ting in Caragiannis et al. (2019) and set v⃗i to be a uniformly
random integer m-partition that sums to 1000. We present
results for other simulated models in the full version of the
paper.

The real data uses Yahoo A1 dataset (Yahoo 2003) which
contains bid information for advertisers (agents) on a set of
ads (items). We generate 200 instances by selecting a ran-
dom set of m = 20 ads for each instance, and taking the
n = 20 advertisers with the most bids on those ads. Agent
i’s utility for an item j is set to be advertiser i’s bid for ad j.

The approximation ratios θ for PROP, CCS, and EFS
are plotted in Figures 1a and 1b, for the simulated and real

datasets respectively. In our instances, the θ for CCS is ap-
proximately one, which suggests that CCS is a reasonable
notion to target in practice. In contrast, the θ for PROP is
much higher than one, suggesting it underestimates shares,
while those for EFS are much lower than one, which sug-
gests it cannot be simultaneously achieved for all agents. For
the Yahoo dataset, though CCS and EFS seem equally rea-
sonable, CCS yields feasible shares while EFS does not.

For computing EFS∆, we use the same setup as before.
For each instance, we sample 20 sets Wi of size ⌊n−1

∆ ⌋ to
estimate the expectation in Definition 10. We plot the aver-
age θ over the 200 instances as a function of ∆ for EFS∆ in
Figures 1c and 1d, for the simulated and real datasets respec-
tively. Note that the approximation ratio smoothly decreases
with ∆. For both the datasets, in order for the ratio to be
approximately 1, the average size of Wi of agents whose
value is unknown to i is approximately 6, which is between
a quarter and a third of the number of agents.

6 Conclusion

In this paper, we have presented fair share concepts that
are appealing for three reasons. First, unlike proportional-
ity, they are sensitive to the utility functions of other agents,
so their value is more representative of the true fair share
achievable by an agent. Second, on any instance, these
shares, as well as the allocation that achieves the optimal
approximation to them, can be efficiently computed. Finally,
there are allocations that achieve non-trivial worst-case ap-
proximation (that is, an approximation factor of o(n)) to
these shares. This makes these shares a meaningful concept
to target in practice, and we support the final claim via ex-
perimental results.

Analogous to Babaioff and Feige (2022), our work begins
exploring notions of fair shares that go beyond proportion-
ality. The main open question stemming from our work is
whether there are other notions of fair shares that are in-
termediate between being oblivious to other agents’ utility
functions (like proportionality), and those that fully consider
their utilities (like our shares). It would also be interesting to
develop analogs of our concepts for more general monotone
utility functions, as well as for indivisible goods, and study
their approximation bounds.

13570



Acknowledgments
We thank Noga Alon for suggesting an improved lower
bound construction in Section 4. This work is supported by
NSF awards CCF-2113798 and IIS-2402823.

References
Akrami, H.; and Garg, J. 2024. Breaking the 3/4 bar-
rier for approximate maximin share. In Proceedings of
the 2024 Annual ACM-SIAM Symposium on Discrete Algo-
rithms (SODA), 74–91. SIAM.
Akrami, H.; Garg, J.; and Taki, S. 2023. Improving ap-
proximation guarantees for maximin share. arXiv preprint
arXiv:2307.12916.
Amanatidis, G.; Birmpas, G.; Filos-Ratsikas, A.; and
Voudouris, A. A. 2022. Fair division of indivisible goods:
A survey. arXiv preprint arXiv:2202.07551.
Aziz, H.; and Mackenzie, S. 2016. A discrete and bounded
envy-free cake cutting protocol for any number of agents.
In 2016 IEEE 57th Annual Symposium on Foundations of
Computer Science (FOCS), 416–427. IEEE.
Aziz, H.; Moulin, H.; and Sandomirskiy, F. 2020. A
polynomial-time algorithm for computing a Pareto optimal
and almost proportional allocation. Operations Research
Letters, 48(5): 573–578.
Babaioff, M.; Ezra, T.; and Feige, U. 2022. On best-of-both-
worlds fair-share allocations. In International Conference
on Web and Internet Economics, 237–255. Springer.
Babaioff, M.; and Feige, U. 2022. Fair Shares: Feasibility,
Domination and Incentives. In EC ’22: The 23rd ACM Con-
ference on Economics and Computation, Boulder, CO, USA,
July 11 - 15, 2022, 435. ACM.
Babichenko, Y.; Feldman, M.; Holzman, R.; and Narayan,
V. V. 2024. Fair Division via Quantile Shares. In Proceed-
ings of the 56th Annual ACM Symposium on Theory of Com-
puting, 1235–1246.
Baklanov, A.; Garimidi, P.; Gkatzelis, V.; and Schoepflin, D.
2021a. Achieving proportionality up to the maximin item
with indivisible goods. In Proceedings of the AAAI Confer-
ence on Artificial Intelligence, volume 35, 5143–5150.
Baklanov, A.; Garimidi, P.; Gkatzelis, V.; and Schoepflin, D.
2021b. PROPm allocations of indivisible goods to multiple
agents. arXiv preprint arXiv:2105.11348.
Budish, E. 2011. The Combinatorial Assignment Problem:
Approximate Competitive Equilibrium from Equal Incomes.
Journal of Political Economy, 119(6): 1061–1103.
Caragiannis, I.; Kurokawa, D.; Moulin, H.; Procaccia, A. D.;
Shah, N.; and Wang, J. 2019. The Unreasonable Fairness
of Maximum Nash Welfare. ACM Trans. Economics and
Comput., 7(3): 12:1–12:32.
Conitzer, V.; Freeman, R.; and Shah, N. 2017. Fair public
decision making. In Proceedings of the 2017 ACM Confer-
ence on Economics and Computation, 629–646.
Dembowski, P. 1968. Finite Geometries. Berlin: Springer-
Verlag.

Fain, B.; Goel, A.; and Munagala, K. 2016. The Core of the
Participatory Budgeting Problem. In Cai, Y.; and Vetta, A.,
eds., Web and Internet Economics, 384–399. Berlin, Heidel-
berg: Springer Berlin Heidelberg.
Gamow, G.; and Stern, M. 1958. Puzzle-math. Viking Press.
ISBN 9780670583355.
Hosseini, H.; Searns, A.; and Segal-Halevi, E. 2022. Or-
dinal maximin share approximation for goods. Journal of
Artificial Intelligence Research, 74: 353–391.
Lipton, R. J.; Markakis, E.; Mossel, E.; and Saberi, A. 2004.
On approximately fair allocations of indivisible goods. In
Proceedings of the 5th ACM Conference on Electronic Com-
merce, EC ’04, 125–131. New York, NY, USA: Association
for Computing Machinery. ISBN 1581137710.
Mishra, S.; Padala, M.; and Gujar, S. 2023. Fair Allocation
of goods and chores–Tutorial and Survey of Recent Results.
arXiv preprint arXiv:2307.10985.
Nash, J. F. 1950. The Bargaining Problem. Econometrica,
18(2): 155–162.
Procaccia, A. D.; and Wang, J. 2014. Fair enough: Guaran-
teeing approximate maximin shares. In Proceedings of the
fifteenth ACM conference on Economics and computation,
675–692.
Steinhaus, H. 1948. The Problem of Fair Division. Econo-
metrica, 16: 101—-104.
Varian, H. R. 1974. Equity, envy, and efficiency. Journal of
Economic Theory, 9(1): 63–91.
Varian, H. R. 1976. Two problems in the theory of fairness.
Journal of Public Economics, 5(3): 249–260.
Yahoo. 2003. A1 Dataset. https://webscope.sandbox.yahoo.
com/catalog.php?datatype=a. Accessed: 2021-05-25.

13571


