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Abstract
In contemporary e-commerce platforms, search result pages
display two types of items: ad items and organic items. Ad
items are determined through an advertising auction sys-
tem, while organic items are selected by a recommenda-
tion system. These systems have distinct optimization objec-
tives, creating the challenge of effectively merging these two
components. Recent research has explored merging mecha-
nisms for e-commerce platforms, but none have simultane-
ously achieved all desirable properties: incentive compatibil-
ity, individual rationality, adaptability to multiple slots, inte-
gration of inseparable candidates, and avoidance of repeated
exposure for ads and organic items. This paper addresses the
design of a merging mechanism that satisfies all these proper-
ties. We first provide the necessary conditions for the optimal
merging mechanisms. Next, we introduce two simple and ef-
fective mechanisms, termed the generalized fix mechanism
and the generalized change mechanism. Finally, we theoret-
ically prove that both mechanisms offer guaranteed approx-
imation ratios compared to the optimal mechanism in both
simplest and general settings.

Introduction
The rapid advancement of the Internet has established e-
commerce platforms as leading online marketplaces, offer-
ing unparalleled convenience for both sellers and buyers.
Sellers can swiftly set up online stores, while buyers can
easily search for products using just a few keywords. How-
ever, this ease of use presents a significant challenge for
platforms: how to effectively and accurately present prod-
ucts. Consequently, e-commerce platforms are continuously
working to enhance their methods for generating relevant
and suitable product listings.

Current search result pages typically feature two main
components: organic items and advertising items. Organic
items are selected by a recommendation system, which pri-
oritizes user experience and purchase intent to boost overall
sales. In contrast, advertising items are determined through a
sponsored search auction, where advertisers bid for display
slots and pay extra fees for increased exposure. This auc-
tion system has become a major revenue source for online
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platforms, generating an impressive $225 billion in 2023.
The challenge lies in integrating these two types of outputs
into a cohesive list, a complex multi-objective optimization
problem that has attracted significant attention from both
academia and industry.

Several studies have explored this problem using various
approaches. Traditionally, platforms allocate the top slots in
search results to advertising items, with the recommenda-
tion system and sponsored search auction operating indepen-
dently. This separation makes it difficult to achieve a glob-
ally optimal arrangement. Recently, some companies have
adopted merging methods, incorporating winning advertis-
ing items into the recommendation system’s candidate set
and using machine learning to produce a unified list. Al-
though this approach has improved average performance, it
lacks theoretical support and does not always preserve de-
sirable auction theory properties. Theoretical studies have
also aimed to design mechanisms that address both organic
items and advertisements, but they often struggle with issues
such as repeated exposure (where the same product appears
as both an ad and an organic item) and adaptability to multi-
slot scenarios (which are prevalent in search engines or e-
commerce platforms where several items are displayed on a
single page).

Based on existing research, we observe that current meth-
ods fall short in addressing several key questions simultane-
ously: 1. How can we design a mechanism that effectively
incorporates both ads and organic items while optimizing
multiple objectives? 2. How can we maintain essential prop-
erties of advertising auctions, such as incentive compatibil-
ity (IC) and individual rationality (IR)? 3. How can we avoid
the repeated display of an item in both its ad and organic
forms? 4. How can we adapt to a multi-slot setting effec-
tively? Each of these issues is both theoretically significant
and practically valuable.

Main Contribution
To address the aforementioned questions, this work tackles
the mechanism design problem for e-commerce platforms in
a multi-slot setting. In this scenario, several candidate items
can be displayed in two forms: as ads or as organic content.
Our focus is on developing IC and IR merging mechanisms
that effectively balance revenue and user experience, while
avoiding the repeated display of the same item in both its ad
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and organic forms.
Our work extends the problem studied by (Li et al. 2024a),

which addresses a similar issue in the single-slot context.
We generalize their model to the more prevalent multi-slot
scenario and propose two desirable mechanisms with guar-
anteed approximate ratios. Our main results are summarized
as follows:
• In addition to the known characterization of feasible

mechanisms, we introduce additional necessary condi-
tions for the optimal mechanisms in both general and the
simplest settings (three items and two slots). Notably, in
the simplest setting, we find that a partial order always
exists for displaying organic items. These conditions fa-
cilitate the construction of our mechanisms and simplify
the subsequent performance analysis. We propose two
simple mechanisms: the generalized fix (G-FIX) mech-
anism and the generalized change (G-CHANGE) mech-
anism, both of which are IC, IR, and applicable to the
multi-slot setting.

• G-FIX mechanism: In this mechanism, we restrict each
item to participate in the mechanism in only one form, ei-
ther as an ad or as an organic item, thereby avoiding over-
lap and simplifying the allocation process. We then select
the most suitable items for display. The G-FIX mecha-
nism is shown to be a (4/5)3-approximate mechanism in
the simplest setting. For a general setting with n items
and k slots, under certain assumptions, the G-FIX mech-
anism is nearly optimal.

• G-CHANGE mechanism: Unlike the G-FIX mecha-
nism, the G-CHANGE mechanism allows a set of or-
dered items to participate in both forms (ad and or-
ganic). Items are evaluated in reverse order to determine
their displayed form, which mitigates the effect of the
other items and ensures compliance with the IC condi-
tion. In the simplest setting, we demonstrate that the G-
CHANGE mechanism is optimal. In a general setting,
the G-CHANGE mechanism is a 1/2-approximate mech-
anism compared to the optimal merging mechanisms,
without any assumption.

Due to space limitation, complete proofs can be referred to
the full version.

Related Works
Our contribution lies within the field of Internet economics,
specifically in the design of sponsored search auctions. Our
work is related to recent theoretical paper (Li et al. 2024a),
which considers a mechanism design problem to avoid the
repeated display of ads and organic items, but their models
are limited to the single-slot setting. In comparison to this
paper, we generalize their models to multi-slot setting and
design desirable mechanisms with guaranteed approximate
ratios.

In the realm of online advertising and recommendation
systems, significant research has been devoted to integrat-
ing ad and organic items. Our work addresses a multi-
objective auction design problem that incorporates the im-
pact of organic items. Here, we briefly provide the re-
lated studies in online advertising. Initially, sponsored ad-

vertising was implemented through generalized first-price
(GFP) and generalized second-price (GSP) auctions. Subse-
quent research explore equilibrium analysis (Edelman, Os-
trovsky, and Schwarz 2007; Varian 2007; Leme and Tar-
dos 2010; Han and Liu 2015) and revenue enhancement
(Lahaie and Pennock 2007; Thompson and Leyton-Brown
2013) for GSP and GFP auctions. Notably, Bachrach et al.
(2014) investigate multi-objective optimization in the con-
text of sponsored advertising.

Regarding the integration of ads and organic items, two
primary directions have emerged. The first direction is to
utilize advanced machine learning techniques to combine
ads and organic items into a unified list. For example, sev-
eral studies (Wang et al. 2019; Zhao et al. 2020; Liao et al.
2022; Zhu et al. 2023) model this process as a Markov deci-
sion process and apply reinforcement learning to generate
the item list. Additionally, Liu et al. (2021) and Li et al.
(2024b) employ automated mechanism design to integrate
one ad with multiple organic items. The second direction fo-
cuses on optimization methods, particularly Lagrangian du-
ality. Papers in this category (Zhang et al. 2018; Yan et al.
2020; Carrion et al. 2023) typically create a virtual ranking
score using Lagrangian duality and allocate slots based on
this score. Particularly, Li et al. (2023) addresses the multi-
slot setting and proposes a Myerson-like merge mechanism
aimed at achieving the optimal objective values. However,
their mechanism does not effectively address the issue of re-
peated exposure of items in both ad and organic forms.

Observing from the aforementioned papers, we can find
that merging ads and organic items is a popular research
topic in recent years. Although there have been fruitful re-
sults in both academia and industry, these works have not
addressed the four questions mentioned earlier in this sec-
tion simultaneously, and at least one question remains unan-
swered. To the best of our knowledge, our paper is the first
work to design IC and IR mechanisms that directly handle
and avoid the overlap of ads and organic items, while also
being applicable to the multi-slot model.

Model and Preliminaries
Merging Mechanism
In this section, we formally establish our model for devel-
oping a merging mechanism. Consider a search results page
with k slots for displaying either ads or organic items. Sup-
pose that there are n candidate items, denoted by i ∈ [n].
Each item i can be displayed in one of two forms: as an ad
or as an organic item. We denote these forms by Adi for the
ad form and Orgi for the organic form. We assume that each
item can be displayed at most once and in only one form, ei-
ther as Adi or Orgi. Therefore, Adi and Orgi will not appear
simultaneously on the same search results page.

The two forms of an item, Adi and Orgi, can be distin-
guished by the user and may have different effects. Let αA

i
represent the click-through rate (CTR) of the ad form Adi,
and αO

i represent the CTR of the organic form Orgi. We as-
sume that αA

i < αO
i due to users’ preference for organic

items. Additionally, we suppose that the CTRs for all items
are public information.
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Additionally, the different forms may affect user experi-
ence in varying ways. For each item i, let γA

i and γO
i denote

the user experience effect of the ad form and organic form,
respectively. Suppose that 0 ≤ γA

i ≤ γO
i , since users prefer

more on organic items.
With the above symbols in mind, we introduce the merg-

ing mechanisms used in this paper. Before the mechanism is
implemented, each item i ∈ [n] (referred to as owner i for
convenience) submits a bid bi

1. Let b = (b1, · · · , bn) denote
the bid profile. We use b−i to refer to the bid profile exclud-
ing owner i. We assume that each bid bi is independently
drawn from a prior distribution Fi known to the platform.
Each Fi is further assumed to be a regular distribution2 with
support [0, Bi] for some Bi ≥ 0, which is a common as-
sumption in economics. We now define a merging mecha-
nism as follows.
Definition 1 (Merging Mechanism). Collecting bids from
owners, a merging mechanism is denoted by M = (x, y, p),
where:
1. x(b) = (xi(b))i∈[n] and y(b) = (yi(b))i∈[n] are the

allocation rules for ad items and organic items, respec-
tively. For each item i ∈ [n], xi(b) = 1 indicates that
its ad form Adi is displayed, otherwise xi(b) = 0. Sim-
ilarly, yi(b) = 1 means that its organic form Orgi is
displayed, yi(b) = 0 otherwise.

2. p(b) = (pi(b))i∈[n] represents the payments charged to
the owners when their ads are clicked. Specifically, if Adi
is displayed (xi(b) = 1), the platform charges a payment
pi(b) if the user clicks on Adi (with probability αA

i ). We
assume that pi(b) = 0 if xi(b) = 0.

Given the definition of the merging mechanism, we de-
fine the expected click-through rate Xi(b) and the expected
payment Pi(b) for item i as follows:

Xi(b) = xi(b)α
A
i + yi(b)α

O
i

and
Pi(b) = pi(b) · xi(b)α

A
i .

Here, Xi(b) represents the total probability that item i is
clicked in either form, and Pi(b) is the expected payment
when the item’s ad form is displayed and clicked. The utility
Ui(b) of owner i under the bid profile b is defined as:

Ui(b) = biXi(b)− Pi(b).

In this paper, we assume that item owners are utility maxi-
mizers and do not differentiate between the displayed forms
of their items.

Since at most k items can be displayed and each item can
appear in only one form (either ad or organic), the merg-
ing mechanism must satisfy the following feasibility con-
straints: ∑

i∈[n]

(xi(b) + yi(b)) ≤ k.

1For simplicity, we use bi to represent both the bid and the
item’s value, as our focus is on incentive-compatible mechanisms.

2A regular distribution, as defined by (Myerson 1981), satisfies
that bi − (1 − Fi(bi))/fi(bi) is monotone non-decreasing, where
fi is the p.d.f of Fi.

And for all item i ∈ [n],

xi(b) + yi(b) ≤ 1.

We aim for the merging mechanism to satisfy two desir-
able properties: incentive compatibility (IC) and individual
rationality (IR).

Definition 2 (Incentive Compatibility). A merging mecha-
nism is incentive compatible if owners are motivated to sub-
mit their true bids. Formally, for any bid profile b and any
owner i ∈ [n], for any misreported bid b′i, the following con-
dition must hold:

biXi(bi, b−i)− Pi(bi, b−i) ≥ biXi(b
′
i, b−i)− Pi(b

′
i, b−i).

This ensures that the utility of reporting bi truthfully is not
less than the utility of reporting any other bid b′i.

Definition 3 (Individual Rationality). A merging mechanism
is individually rational if each owner’s utility is always non-
negative, meaning that payments never exceed bids. For-
mally, for any bid profile b and any owner i ∈ [n], the fol-
lowing must hold:

pi(b) ≤ bi.

This ensures that the payment pi(b) charged to the owner
is less than or equal to their bid bi, guaranteeing that their
utility is never negative.

For an e-commerce platform, the objective includes two
main components: revenue and user experience. The revenue
target is defined as the expected total payment. Formally, it
is given by:

Rev(M) := E
b∼F

∑
i∈[n]

pi(b)xi(b)α
A
i

 ,

where F is the joint distribution on b. The user experience
target is defined as the total expected user experience, i.e.,

UE(M) := E
b∼F

∑
i∈[n]

(
xi(b)γ

A
i + yi(b)γ

O
i

) .

Note that the user experience of an item is independent
of whether it is clicked. Once an item is displayed, its user
experience is realized. Therefore, the platform’s objective
combines both revenue and user experience:

OBJ(M) := Rev(M) + UE(M).

This formulation can be generalized to any weighted
combination of revenue and user experience by incorporat-
ing weight coefficients into γA

i and γO
i . Thus, the merging

mechanism design problem can be expressed as:

max
M

OBJ(M)

s.t. IC, IR, Feasibility.
(1)

Let M∗ denote the optimal mechanism for the problem.
We say that a merging mechanism M is τ -approximate if
the ratio of OBJ(M) to OBJ(M∗) is at least τ . Formally,
M is τ -approximate if OBJ(M)/OBJ(M∗) ≥ τ.
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Characterization of IC, IR, and Feasibility
In the rest of this section, we summarize key results from
previous work that are crucial for characterizing IC, IR, and
feasible merging mechanisms. These results will also aid in
the construction and analysis of mechanisms in the subse-
quent sections. Notably, Myerson’s seminal work provides a
fundamental framework for understanding IC and IR mech-
anisms.
Lemma 1 (Myerson (1981)). A merging mechanism M sat-
isfies IC and IR if and only if the following conditions are
met:

1. Allocation Monotonicity: For any item i ∈ [n], given
the bids b−i of the other items, its expected click-through
rate is non-decreasing in bi. Formally, for any bi and b′i
with bi < b′i, it holds that

Xi(bi, b−i) ≤ Xi(b
′
i, b−i).

2. Payment Identity: For any item i ∈ [n] and any bid pro-
file b, the payment Pi(b) is given by

Pi(b) = biXi(bi, b−i)−
∫ bi

0

Xi(t, b−i) dt.

Recent work by Li et al. (2024a) addresses a similar prob-
lem in the single-slot setting and provides necessary condi-
tions for an IC, IR, and feasible merging mechanism. These
conditions also apply to the multi-slot case. One important
condition is form stability, which states that the allocation of
an organic item depends solely on the bids of other owners
and is unaffected by its own bid.
Lemma 2 (Form Stability (Li et al. 2024a)). Suppose M
satisfies IC, IR, and feasibility. Then, for any item i ∈ [n],
the allocation yi(b) of an organic item depends only on the
bids b−i of other owners and is unaffected by the bid bi of
the owner i. Formally, for any b−i and for any bi ̸= b′i, we
have:

yi (bi, b−i) = yi (b
′
i, b−i) .

Leveraging Myerson’s lemma (Lemma 1) and the condi-
tion of form stability (Lemma 2), we can express the pay-
ment pi(b) for each item concisely and simplify the total
payment into an elegant form.
Lemma 3 (Li et al. (2024a)). Suppose that M satisfies IC,
IR, and feasibility, and consequently form stability. For any
bid profile b, if Adi is displayed, then the payment pi(b) is
given by

pi(b) = inf{b′i ≥ 0 : xi(b
′
i, b−i) = 1},

which is the critical bid required for Adi to be displayed.

Lemma 4 (Li et al. (2024a)). If M satisfies IC, IR, feasibil-
ity and form stability, the revenue can be expressed as

Rev(M) = E
b∼F

∑
i∈[n]

ϕi(bi)xi(b)α
A
i

 ,

where ϕi(bi) = bi − (1 − Fi(bi))/fi(bi) represents Myer-
son’s virtual value function.

Note that, although the conclusions in Lemma 3 and 4 re-
semble the original results from Myerson (1981), they can-
not be directly derived from Myerson’s lemma due to the
presence of two possible displayed forms for each item in
our model. Therefore, form stability (Lemma 2) is essential
to establish these results.

Given the above lemmas, a merging mechanism M is
fully characterized by the allocation rules x(b) and y(b) and
can be denoted by Mx,y = (x, y). An ad item contributes
to both revenue and user experience. Specifically, we define
ai = ϕi(bi)α

A
i +γA

i as the contribution of Adi, and oi = γO
i

as the contribution of Orgi to the objective function. By us-
ing a = (a1, · · · , an) as a proxy for b, the optimization
problem (1) can be reformulated as:

max
x,y

OBJ(Mx,y) = E
a∼G

[ ∑
i∈[n]

(aixi(a) + oiyi(a))

]
s.t.

∑
i∈[n]

(xi(a) + yi(a)) ≤ k, ∀a,

xi(a) + yi(a) ≤ 1, ∀i ∈ [n],a,
yi(ai,a−i) = yi(a

′
i,a−i), ∀i ∈ [n],a−i, ai, a

′
i,

xi(ai,a−i) ≤ xi(a
′
i,a−i), ∀i ∈ [n],a−i, ai < a′i,

(2)
where Gi is the (regular) distribution of ai, induced by Fi,
and G = ×i∈[n]Gi is the joint distribution on a. For con-
venience, we will refer to this optimization problem as the
merging problem.

Finally, we introduce a mathematical notation that will be
frequently used in the following sections. Given a set S of
finite real numbers and k ≤ |S|, we define max(k) as an
operator that computes the sum of the largest k numbers in
S. For example, if S = {1, 2, 3}, then max(2)S = 3+2 = 5.

Form Stability in the Optimal Mechanisms
Before introducing our merging mechanisms, we first estab-
lish necessary conditions, specifically form stability, that the
optimal mechanisms must satisfy for the merging problem.
These conditions guide the construction of our mechanisms
and facilitate performance analysis. In this section, we ex-
amine form stability in two scenarios: the general case with
n items and k slots, and the simplest multi-slot case with 3
items and 2 slots. To avoid ambiguity, we refer to the mech-
anism in the former scenario as the k-out-of-n mechanism,
and in the latter as the 2-out-of-3 mechanism. Additionally,
for any owner i ∈ [n], we denote the allocation rules in the
optimal mechanism M∗ by x∗

i (a), y
∗
i (a), and X∗

i (a).
We begin by characterizing the optimal k-out-of-n mech-

anism. According to form stability of any merging mecha-
nism (Lemma 2), an owner’s change in bid does not affect
the allocation of her organic item. This implies that if an
item is displayed in its organic form in the optimal mecha-
nism, it will continue to be displayed in that form regardless
of changes in its own bid. Intuitively, knowing that an item
must be displayed in its organic form reduces the problem to
designing a (k − 1)-out-of-(n − 1) mechanism. Therefore,
by the optimality, the displayed forms of the remaining n−1
items in the optimal mechanism will also remain unchanged.
Similarly, if an item is displayed in its ad form, as long as
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its displayed form remains unchanged, bid changes will not
affect the others. We formally summarize this discussion in
Proposition 1.

Proposition 1. In the optimal k-out-of-n mechanism satis-
fying IC and IR, for any i ∈ [n], a−i, and ai, the following
three statements hold:

1. If y∗i (ai,a−i) = 1, it holds that for any j and any a′i,

y∗
j (a

′
i,a−i) = y∗

j (ai,a−i) and x∗
j (a

′
i,a−i) = x∗

j (ai,a−i).

2. If x∗
i (ai,a−i) = 0, it holds that for any j and a′i ≤ ai,

y∗
j (a

′
i,a−i) = y∗

j (ai,a−i) and x∗
j (a

′
i,a−i) = x∗

j (ai,a−i).

3. If x∗
i (ai,a−i) = 1, it holds that for any j and a′i > ai,

y∗
j (a

′
i,a−i) = y∗

j (ai,a−i) and x∗
j (a

′
i,a−i) = x∗

j (ai,a−i).

As a corollary, in the optimal mechanism, if an owner’s
bid adjustment does not alter her own displayed form, it will
not affect the displayed forms of others.

Corollary 1. In the optimal k-out-of-n mechanism satisfy-
ing IC and IR, given any a−i, if owner i changes from ai
to a′i such that X∗

i (ai,a−i) = X∗
i (a

′
i,a−i), then for any j,

X∗
j remains unchanged.

From the characterization of the optimal k-out-of-n
mechanism, it is clear that form stability holds when only
one owner changes her bid. However, the outcome becomes
uncertain when more than two owners change their bids si-
multaneously. In the rest of this section, we examine the
simplest multi-slot scenario with three items and two slots,
further exploring form stability when all owners’ bids can
change simultaneously. Generally, maintaining a fixed al-
location of ad items, x(a), is challenging, so we focus on
the allocation of organic items, y(a). Intuitively, if under
a given bid profile, the optimal mechanism favors owner i
over owner j (i.e., yi(a) = 1 and yj(a) = 0) in terms of
organic items, it indicates that owner i contributes more to
the objective than owner j, regardless of the bids. The fol-
lowing lemma supports this intuition by demonstrating that
in the simplest setting, if there exists a bid profile where the
optimal mechanism displays owner i’s organic form but not
owner j’s, then it is impossible for the optimal mechanism
to display owner j’s organic form without also displaying
owner i’s in any bid profile.

Lemma 5. In the optimal 2-out-of-3 mechanism, if there ex-
ists some a such that y∗i (a) = 1 and y∗j (a) = 0, then for
any a′, it is not possible that y∗i (a

′) = 0 but y∗j (a
′) = 1.

Using Lemma 5, we can compare the priority of any
two items’ organic forms in the optimal mechanism. Con-
sequently, with three items, the optimal mechanism induces
a partial order among the organic items, as outlined in Theo-
rem 1. Moreover, we can demonstrate that the bids of items
lower in this order can influence the allocation of items
higher in the order, while the reverse is not true.

Theorem 1. In the optimal 2-out-of-3 mechanism, there ex-
ists a partial order (i1, i2, i3) such that y∗i1 ≥ y∗i2 ≥ y∗i3 , and
y∗i1 = y∗i1(ai2 , ai3), y

∗
i2

= y∗i2(ai3), y
∗
i3

= 0.

Generalized Fix Mechanism
In the last section, we provide a more detailed characteri-
zation of the optimal merging mechanisms, but we find that
designing the optimal mechanism is not trivial. Intuitively,
one might think that ranking all ai and oi in non-increasing
order and selecting the k items with the highest values, while
avoiding conflicts in form, would be sufficient based on the
objective function in the merging problem (2). Yet, due to a
key feature of our model—where displaying an item in its
organic form yields greater utility—this approach may not
be incentive compatible. Some items could manipulate their
displayed form from ad to organic by misreporting, aiming
for better utility. Thus, a Myerson-like mechanism cannot be
directly applied to our problem.

Starting from this section, we introduce two simple merg-
ing mechanisms and analyze their performance relative to
the optimal mechanism. In this section, we first introduce
the generalized fix (G-FIX) mechanism and then present the
generalized change mechanism in next section. The primary
challenge in designing a merging mechanism lies in deter-
mining the displayed form of each item. To address this,
we restrict some items to be displayed only in their organic
form, while others are restricted to ad form. We then select
the k items with the highest contribution, leading to the G-
FIX-I mechanism.

Definition 4 (G-FIX-I Mechanism). Define a set I ⊆ [n]
such that items in I can only be displayed in organic form,
while items in [n] \ I can only be displayed in ad form. The
G-FIX-I mechanism, denoted by MF

I , is defined as follows:
Let L be

L = {oi : i ∈ I} ∪ {ai : i ∈ [n] \ I}.

Then, for each item i ∈ [n]:

xi(a) =

{
1 if i /∈ I and ai > max(k+1)L−max(k)L,

0 otherwise.

yi(a) =

{
1 if i ∈ I and oi > max(k+1)L−max(k)L,

0 otherwise.

The objective value of MF
I is then calculated by:

OBJ(MF
I ) = E

a∼G

[
max(k){oi : i ∈ I} ∪ {ai : i ∈ [n] \ I}

]
.

It is easy to verify that the constraints in the merging prob-
lem (2) are satisfied by the allocation rules of the G-FIX-I
mechanism, ensuring that MF

I is IC, IR, and feasible. By
evaluating all MF

I mechanisms with |I| ≤ k and selecting
the one with the highest objective value, we obtain our first
merging mechanism, the G-FIX mechanism.

Definition 5 (G-FIX Mechanism). The G-FIX mechanism,
denoted by MF , selects the mechanism with the highest ob-
jective value among all MF

I mechanisms, where I ⊆ [n]
and |I| ≤ k.

We next compare the performance of the G-FIX mecha-
nism to the optimal merging mechanism, starting with the
simplest setting of 3 items and 2 slots.
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Theorem 2. For content merging problem with 3 items and
2 slots, MF is (4/5)

3-approximate relative to the optimal
mechanism.

Returning to the general setting with n items and k slots,
we also demonstrate that MF has a guaranteed approximate
ratio under certain assumptions.
Theorem 3. For content merging problem with n items and
k slots, when 2k ≤ n and the bid distributions are identical,
MF is Ck

n−k/C
k
n-approximate mechanism.

Proof Sketch. Without loss of generality, we assume that
o1 ≥ o2 ≥ · · · ≥ on in this proof. Before giving the proof
of this theorem, we first introduce a mathematical lemma to
aid us analyze the approximate ratio.

Lemma 6. When 1 ≤ l ≤ k, we have

1−
l∑

i=1

Cl−i
n−kx

(n−k)−(l−i)(1− x)(l−i)

1−
l∑

i=1

Cl−i
n xn−(l−i)(1− x)(l−i)

≥
Cl

n−k

Cl
n

.

Firstly, observe the objective of the merging problem (2).
We know that for the optimal mechanism M∗, its objective
is always bounded by max(k){o1 · · · ok, a1 · · · an}. Denote
by λi the i-th largest number in the set {o1 · · · ok, a1 · · · an}.
We have

OBJ(M∗) ≤ E
a∼G

[
max(k){o1 · · · ok, a1 · · · an}

]
=

k∑
i=1

∫ ∞

0

P
a∼G

(λi ≥ t) dt. (3)

On the other hand, we want to find a lower bound on
the objective of MF . Since MF selects the best mech-
anism among MF

I , herein, we focus on a specific MF
I

with I = {1, 2, · · · , k}, whose objective is max(k){o1,
· · · ok, ak+1 · · · an}. Denote by θi the i-th largest number
in the set {o1 · · · ok, ak+1 · · · an}. We have

OBJ(MF ) ≥ E
a∼G

[
max(k){o1 · · · ok, ak+1 · · · an}

]
=

k∑
i=1

∫ ∞

0

P
a∼G

(θi ≥ t)dt. (4)

With a calculation on the probability of order statistics, and
by Lemma 6 and the following inequality

1 =
C0

n−k

C0
n

> · · · >
Cl

n−k

Cl
n

>
Cl+1

n−k

Cl+1
n

> · · · >
Ck

n−k

Ck
n

,

we can replace the simplified terms in inequality (4) by
the corresponding simplified terms in inequality (3) with
Ck

n−k/C
k
n times and we get

OBJ(MF ) ≥
Ck

n−k

Ck
n

OBJ(M∗).

In conclusion, we show that MF is Ck
n−k/C

k
n-

approximate relative to the optimal mechanism M∗.

Based on Theorem 3, if n ≥ k2/ϵ + k for any given
0 < ϵ < 1— that is, if the number of candidate items n
is sufficiently large compared to the slots k—we can further
show that MF is a near-optimal mechanism.
Theorem 4. For content merging problem with n items and
k slots, given any 0 < ϵ < 1, when n ≥ k2/ϵ + k and
the bid distributions are identical, MF is a nearly-optimal
mechanism with approximate ratio 1− ϵ.

Proof. We directly analyze the approximate ratio of the
mechanism MF , presented in Theorem 3, i.e.,

Ck
n−k

Ck
n

=
n− k

n
· n− k − 1

n− 1
· · · n− 2k + 1

n− k + 1

>

(
n− 2k

n− k

)k

=

(
1− k

n− k

)k

.

Applying the general inequality (1+x)a ≥ 1+ax where
a > 1, we obtain:(

1− k

n− k

)k

≥ 1− k2

n− k
.

Therefore, to ensure that the approximate ratio is greater
than 1− ϵ, it is sufficient to require:

k2

n− k
≤ ϵ =⇒ n ≥ k2

ϵ
+ k.

This completes the proof.

Generalized Change Mechanism
In the last section, we introduce the G-FIX mechanism,
which restricts each owner to participate in the mechanism
with a specific form. However, it lacks flexibility and re-
sults in a loss of objective value. In this section, we relax
this constraint by incorporating an order factor, leading to
the establishment of the generalized change (G-CHANGE)
mechanism.

We begin by introducing the generalized change-I (G-
CHANGE-I) mechanism. The G-CHANGE-I mechanism
defines an ordered set I in which items can be displayed ei-
ther as ads or in their organic form, while all other items are
restricted to ads only. The final display forms are determined
by a recursive rule, which we will detail later. Compared
to the G-FIX mechanism, the G-CHANGE mechanism of-
fers more flexibility by allowing some items to have alterna-
tive forms and introducing a criterion to guide the decision-
making process. The detailed definition is as follows.
Definition 6 (Generalized Change-I Mechanism). Let I =
{i1, i2, · · · , ik} be a set of ordered items, where k ≤ n.
Given the bid profile a, define wa

it
, t ∈ [k], recursively as

follows:
wa

i1 = E
ai1

[max(k){a1, · · · , an}]−R1 t = 1,

wa
it = E

ait

[max{ot−1 +Rt−1, w
a
it−1

+Rt−1}]−Rt t > 1,

where

Rt =

t−1∑
j=1

oij +max(k−t) {ai | i /∈ {i1, · · · , it}} .
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Define a threshold s∗ as

s∗ := max
{
s ∈ [k] | ∀t > s, oit < wa

it and ois ≥ wa
is

}
.

Having the above symbols, generalized change-I mecha-
nism is given by

xi(a) =


1 if i /∈ {i1, · · · , is∗}

and ai > max(k−s∗+1){aj | j /∈ {i1, · · · , is∗}}
−max(k−s∗){aj | j /∈ {i1, · · · , is∗}},

0 otherwise.

yi(a) =

{
1 if i ∈ {i1, · · · , is∗},
0 otherwise.

Herein, we elaborate on the decision rule in the G-
CHANGE-I mechanism. For the items in I , we evaluate
them in reverse order. Take item it as an example. Rt rep-
resents the total contribution when the first t − 1 items in I
are displayed in organic form, and the remaining k− t items
with the highest ai values are selected in ad form. wit can be
interpreted as the expected marginal contribution of item it’s
ad form, relative to the local optimal value. Thus, the display
form of item it is determined by comparing wit with oit in
reverse order, identifying the first item for which oit ≥ wit ,
denoted by s∗. Finally, the mechanism displays the first s∗
items in I in organic form and selects k − s∗ ads from the
remaining items based on their ai values.

It is not hard to find that the decision rule is independent
of the items’ bids. Additionally, the reverse decision also
guarantees that flexible items in I cannot affect bilaterally.
These two features indicates that the G-CHANGE-I mech-
anism satisfies the IC condition. Furthermore, the objective
function of the mechanism MC

I can be expressed as:

OBJ(MC
I ) = E

a∼G

max


k∑

j=1

oij , w
a
ik
+

k−1∑
j=1

oij


 .

We can evaluate all possible ordered subset I and select
the one with the highest objective value as the generalized
change mechanism:
Definition 7 (Generalized Change Mechanism). The gen-
eralized change mechanism, denoted by MC , executes the
mechanism with the highest objective value among MC

I ,
where I is any ordered subset (permutation) satisfying I ⊆
[n] and |I| = k.

Next, we examine the performance of the G-CHANGE
mechanism in the simplest setting.
Theorem 5. For content merging problem with 3 items and
2 slots, MC is optimal.

Proof. By Theorem 1, we know that there exists a partial
order (i1, i2, i3), which is a permutation of {1, 2, 3}, such
that y∗i1 ≥ y∗i2 ≥ y∗i3 = 0, and y∗i1 = y∗i1(ai2 , ai3), y

∗
i2

=
y∗i2(ai3), y

∗
i3

= 0. Therefore, the objective value of the opti-
mal mechanism M∗ is given by:

OBJ(M∗) = E
a∼G

[
3∑

i=1

(x∗
i (a)ai + y∗i (a)oi)

]

= E
ai3

[
max

{
oi1 + oi2 , Eai2

[
max

{
oi1 +max{ai2 , ai3},

E
ai1

[max(2){ai1 , ai2 , ai3}]
}]}]

.

Observing from the objective of G-CHANGE-I , we
can find that if we let I = {i1, i2}, it holds that
OBJ(M∗) = OBJ(MC

{i1,i2}). On the other hand, we know
that OBJ(MC

{i1,i2}) ≤ OBJ(MC). Thus, the G-CHANGE
mechanism MC is optimal in the simplest setting.

Finally, in the general case with non-identical distribu-
tions, the G-CHANGE mechanism still achieves guaranteed
performance relative to the optimal mechanism.
Theorem 6. For content merging problem with n items
and k slots, MC is 1/2-approximate relative to the optimal
mechanism M∗.

Proof. Without loss of generality, let o1 ≥ o2 ≥ · · · ≥
on. Firstly, the objective value of the optimal mechanism is
upper bounded by

OBJ(M∗) ≤ E
a∼G

[
max(k){o1 · · · ok, a1 · · · an}

]
≤

k∑
i=1

oi + E
a∼G

[
max(k){a1, · · · , an}

]
.

Let I = {1, · · · , k} and we can get a low bound of MC

OBJ(MC) ≥ OBJ(MC
{1,··· ,k})

≥ max

{
k∑

i=1

oi, E
a∼G

[
max(k){a1, · · · , an}

]}
.

Thus, by triangle inequality, we obtain

OBJ(MC)

OBJ(M∗)
≥

max

{
k∑

i=1

oi, E
a∼G

[
max(k){a1, · · · , an}

]}
k∑

i=1

oi + E
a∼G

[
max(k){a1, · · · , an}

]
≥ 1

2
.

Conclusion
In this paper, we tackle the merging mechanism design prob-
lem in multiple slots, addressing an open question from (Li
et al. 2024a), where items can be displayed as either ads or
in organic form. These different forms impact platform per-
formance outcomes, such as click-through rates and user ex-
perience. We propose two straightforward mechanisms that
satisfy the incentive compatibility, individual rationality, and
feasibility conditions, and analyze their approximation ratio
in both simple and general settings. Future research direc-
tions include: first, designing the optimal merging mecha-
nisms or improving approximation ratio within this frame-
work; and second, exploring the merging problem in hetero-
geneous slots, which presents additional challenges.
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