The Thirty-Ninth AAAI Conference on Artificial Intelligence (AAAI-25)

On the Modelling of Constraints with Tractable Logical Operators

Ruiwei Wang and Roland H.C. Yap

School of Computing, National University of Singapore
wangruiwei@u.nus.edu, ryap @comp.nus.edu.sg

Abstract

Solving a Constraint Satisfaction Problem (CSP) usually re-
quires a model typically using existing basic constraints. The
most flexible form of constraint, ad-hoc (generic) constraints
defined with certain constraint representations, such as binary
constraint tree (BCT) and decision diagrams, have been pro-
posed where basic constraints in intensional form are insuf-
ficient. A modeller may wish to combine basic constraints
using logic operators (A, V, —). However, negation, a key log-
ical operator for expressivity is not tractable in many existing
constraint representations. This creates a dilemma, for mod-
elling, we would desire more flexibility, but a model whose
operations are intractable may in turn be impractical.

In this paper, we give a framework which allows for a
tractable negation operator on constraint representations. We
apply the framework on the BCT and ordered decision dia-
gram constraints, giving new subforms. These subforms can
be strictly more succinct than ordered multi-valued decision
diagrams (OMDD), while being as tractable as OMDD for
logical combinations. We give applications to show effective
propagators from logical combinations and in building large
constraint models for configuration problems.

1 Introduction

Constraint Satisfaction Problem (CSP) is a general way of
modelling and solving a wide range of combinatorial prob-
lems. Like writing programs, to solve a CSP, one has to first
model the CSP and it is natural to construct models using
logical operators between constraints. In this paper, we fo-
cus on ad-hoc constraints (also called generic constraints) as
the building blocks of models, because they can easily ex-
press any discrete constraint.

Many constraint representations and propagators have
been proposed, such as table-like representations (Yap, Xia,
and Wang 2020), decision diagrams (Cheng and Yap 2010;
Gange, Stuckey, and Szymanek 2011; Perez and Régin
2014) and binary constraint trees (Wang and Yap 2022b).
A reason for various representations of ad-hoc constraints is
that different representations are natural/efficient for mod-
elling different problems. Indeed when it comes to tractabil-
ity and representation size (succinctness), the representa-
tions can vary considerably (Wang and Yap 2023) and can
have practical impact on effective solving and model size.
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It is natural to combine constraints into more complex
ones by using logical operators (Bacchus and Walsh 2005;
Jefferson et al. 2010). Modelling languages such as Miniz-
inc (Nethercote et al. 2007), Essence (Frisch et al. 2008) and
CPMpy (Guns 2019) also provide logical operators for mod-
elling constraints. To express all logical operators, a min-
imal set of logical connectives can be {V,—} or {A,—}
where negation is a key operator for expressivity. How-
ever, we can see that tractable negation operator is gener-
ally not supported by many useful ad-hoc constraint repre-
sentations (Wang and Yap 2023). This creates a dilemma,
on the one hand, we want more expressiveness in modelling
through logical combinations of constraint representations,
but on the other hand, how to do so while logical operations
are still tractable. Given that there are many constraint repre-
sentations on which certain logical operators are intractable,
care is needed to find the cases where we can have both ex-
pressiveness and tractability.

In this paper, we propose a framework, called constraint
representation pair, to investigate tractable negation on con-
straint representations, taking into account the importance
of representation size. We study representation size through
the notion of succinctness (Darwiche and Marquis 2002;
Wang and Yap 2023) which measures the worst-case size.
Constraint representation pair gives a way to identify the
most succinct representations (i.e. subforms) supporting
tractable negation. The ordered multi-valued decision dia-
gram (OMDD) is one of the few existing constraint rep-
resentations with tractable negation. We identify two sub-
forms of BCT (binary constraint tree) and OMVD (ordered
multi-valued variable diagram, a non-deterministic OMDD),
respectively called op-BCT and op-OMVD, which can be
strictly more succinct than OMDD, while having the same
power as OMDD for tractable logical operations. We also
close some open questions discussed in (Amilhastre et al.
2014; Wang and Yap 2023). We then show the results can
be applied in two problems. Firstly, by using tractable log-
ical operators, we can use op-BCT to model reified con-
straints. We show that the resulting model is more efficient
than one using OMDD constraints. Configuration problems
create large models and logical operations occur naturally,
typically with OMDD representations. We show that a prod-
uct configuration benchmark can be modelled much more
compactly with op-BCT.



2 Preliminaries

A Constraint Network (CN) is a triple (X, D, C') where X
is a set of variables, D(x) denotes the domain of a variable
x € X and C'is a set of constraints. A [iteral of a variable
x is a pair (x,a). A tuple over a set of variables S is a set
of literals such that every variable in S has exactly one lit-
eral in the tuple. Each constraint ¢ is defined with a scope
sep(e) € X and a relation rel(c) consisting of tuples over
sep(c), where |sep(c)| is the arity of ¢, and ¢ is a binary con-
straint if |scp(c)| = 2. A Binary Constraint Network (BCN)
is a CN of which all constraints are binary constraints.

Given variables V' and tuple 7, 7[V] denotes the subset
{(z,a) € 7|z € V}, and T[V] = {7[V]|r € T} is the
projection of the tuples T on V. A literal (z,a) is valid if
a € D(x). A tuple 7 is valid if all literals in 7 are valid.
A tuple 7 satisfies a constraint ¢ if T[scp(c)] € rel(c). A
CN (X, D, C) is satisfiable if there is a valid tuple over X
satisfying all constraints in C.

A constraint can be modelled with different representa-
tions, such as ordinary table (Wang et al. 2016; Demeu-
lenaere et al. 2016), sliced table (Gharbi et al. 2014), ba-
sic smart table (Verhaeghe et al. 2017), short support (Jef-
ferson and Nightingale 2013), compressed table (Katsirelos
and Walsh 2007), smart table (Mairy, Deville, and Lecoutre
2015), segmented table (Audemard, Lecoutre, and Maamar
2020), semi-MDD (Verhaeghe, Lecoutre, and Schaus 2018),
OMDD (Cheng and Yap 2010), smart MDD (Verhaeghe,
Lecoutre, and Schaus 2019), OMVD (Amilhastre et al.
2014), deterministic finite automata (Pesant 2004), non-
deterministic finite automata (Quimper and Walsh 2006),
BCT (Wang and Yap 2022b), and context-free grammar
(Quimper and Walsh 2006).

In this paper, we will focus on OMDD, OMVD and BCT,
where OMDD is a special case of OMVD. For example, Fig-
ure la gives an OMDD (it is also an OMVD) modelling the
constraint (Il = a23 NTo = 1/\1’2 = Ig) \/(1171 = 1/\171 =
To N\ X3 a12), and Figure 2a is a binary constraint tree
modelling the constraint 1 = y12 A 2 = Yo1.

A family of constraints ¢ can be modelled as a representa-
tion in polysize if the size of the representation is polynomial
in that of the constraints c.

Logical Operators

Usually, logical operators are expressed by conjunction, dis-
junction and negation operators. The conjunction c; A co be-
tween 2 constraints ¢y, ¢o is a constraint such that sep(eqp A
¢2) = sep(er) U sep(ea) and rel(cy A co) is the set of valid
tuples 7 over scp(cy A c¢g) such that 7[scp(c1)] € rel(er)
and 7[scp(ca)] € rel(ca).

The disjunction c1 V co between 2 constraints ci, co is a
constraint such that scp(cq V ¢3) = sep(er) U sep(eq) and
rel(cy V ¢z) is the set of valid tuple T over scp(cq V ¢2) such
that 7[scp(c1)] € rel(er) or T[sep(ea)] € rel(es).

The negation —c of a constraint c is a constraint such that
sep(—e) = sep(c) and the constraint relation rel(—c) is the
set of valid tuples 7 over scp(—c) such that 7 ¢ rel(c). In
this paper, we will refer to constraint ¢ as the primal and
correspondingly —c as its dual.
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Figure 1: An op-OMVD model for constraint family F3 (Ta-
ble 1) on variables {x1, z2, 3}, domain {aj2, azs, 1}, and
dotted, dashed and solid lines denote values a2, as3, 1.

A logical operator is tractable on a representation if the
time complexity of computing the logical operator is poly-
nomial in the size of its operands (representation size).

Succinctness

A constraint representation R is at least as succinct as an-
other representation Ry (i.e. R; < Ry) if for any constraint
c modelled as Ry with size m, ¢ can be modelled as R, with
size polynomial in m (Darwiche and Marquis 2002; Wang
and Yap 2023). A representation R is strictly more succinct
than R2 (1e Rl < Rg) if Rl < R2 and R2 ﬁ Rl. Rl is in-
comparable to Ry (i.e. Ry # Ry)if Ry £ Ry and Ry £ Rjy.
Ry isequalto Ry (i.e. Ry = Ro)if Ry < Ry and Ry < Ry.
We call the representation R; a subform of Ry if R is at
least as succinct as Ry (i.e. Ry < Rq).

3 Constraint Representation Pairs

We propose the following framework for identifying con-
straint representations supporting tractable negation. A con-
straint representation pair,' p-R, modelling a constraint c is
a pair (A, B) such that A and B respectively model ¢ and
its negation (—c) as a representation R, where A is called a
primal constraint and B is a dual constraint. Further, if R is
defined with certain structures, such as variable ordering and
constraint graph, then an ordered constraint representation
pair,® op-R, is a subform of p-R such that the primal and
dual constraints both follow the same structure (see later). It
is straightforward that p-R is a subform of R, and op-R is a
subform of p- R, which means R < p-R < op-R.

Lemma 1. R < p-R and p-R < op-R.

In addition, the negation of a p-R or op-R constraint can
be computed by exchanging the primal and dual constraints,
ie. 7(A4,B) = (B, A). Hence, the negation operation is
tractable on p-R and op-R.

Lemma 2. The negation of a p-R (op-R) constraint can be
computed in polytime.

For any constraint ¢ and any subform of a representation
R supporting tractable negation, if ¢ can be modelled as the

'p-R refers to R being a pair.
2op-R refers to a p- R where A and B follow the same structure.



subform with a size n, then there exists A and B respectively
modelling c and its negation —c as the representation R with
a size polynomial in n. The pair (A, B) is a p-R modelling
c with a size polynomial in n, thus, p-R is the most succinct
subform of R that supports polytime negation.

Lemma 3. p-R is the most succinct subform supporting
polytime negation of a constraint representation R.
Moreover, the conjunction and disjunction operations be-
tween p-RR (or op-R) constraints can be implemented by the
operations on R as follows. Let the constraint representation
pairs (A, B1) and (Asg, Bs), respectively, model the con-
straints ¢; and ¢y. The conjunction (A, By) A (Ag, Bs) is
equal to (Al A\ AQ, Bl V Bz)
Lemma 4. (Al, Bl) A\ (AQ, BQ) = (Al A\ Ag, Bl V BQ)

Proof. A1 = —-Bj and Ay = - By, thus, A ANAs = —\(Bl V
BQ) and (Al A AQ, Bl V BQ) models c1 N\ ca. O

Then the disjunction operation is encoded with the nega-
tion and conjunction operations, i.e. (A1, B1) V (As, By) =
=(=(Ay, B1) A (Ag, Bs)) = (A1 V Ag, By A Ba).
Corollary 1. (1417 Bl) V (AQ, BQ) = (A1 V AQ, B1 A BQ)

Thereby, if the conjunction and disjunction operations are
tractable on R, then they are also tractable on p-R.

Lemma 5. The conjunction and disjunction operations on
p-R (op-R) can be computed in polytime if they both can be
computed in polytime on a constraint representation R.

Based on Lemmas 2 and 5, we can use representation
pair to identify the subforms, on which all logic operators
are tractable, of the constraint representations supporting
tractable conjunction and disjunction, such as decision di-
agrams and binary constraint trees.

Decision Diagram Pairs

An ordered multi-valued variable diagram (OMVD) w.r.t.
an ordering O over r variables (Amilhastre et al. 2014) is a
rooted DAG which has r + 1 layers of nodes and a root node
in the first layer and a terminal node in the last layer such that
each arc pointing from a node in the i*” layer of the OMVD
is labelled with a value in D(O;). Each path from the root to
the terminal node encodes a tuple in the constraint relation.
The size of an OMVD is defined as the number of edges and
nodes in the OMVD. An OMDD (used in MDD constraints)
is an OMVD such that the labels of the arcs pointing from
the same node are different.

An OMVD pair (p-OMVD) modelling a constraint c is a
pair (A, B) of OMVDs where A models ¢ and B models
—c. Then (A, B) is an ordered OMVD pair (op-OMVD) if
A and B follow the same ordering. An OMVD follows an
ordering O if its variable ordering is a subsequence of O.

We remark that the CD propagator can be directly used to

handle p-OMDD and op-OMVD constraints.
Example 1. Figure 1 shows an op-OMVD modelling the
constraint (7 = ags Az = 1Azy =23)V(z1 = 1Az =
2o A 23 = ai2) The negation of the constraint is (7 =
a2 V o2 € {a12,a23} V o3 = ag3) V (x1 = a3 N 3 #
x3)V(x3 = a1a Az # x2) V(21 = 29 = 23 = 1). Figures
la and 1b are respectively the primal constraint (an OMDD)
and the dual constraint (an OMVD).
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Figure 2: An op-BCT modelling the constraint 1 = y12 A
Zo = yo1 with variables {x1,z2,y12,y21} and domain
{0, 1}, where rounded rectangles denote variables and a line
between 2 variable values denotes a tuple in the relation of a
constraint over the variables.

Binary Constraint Tree Pairs

A binary constraint tree (BCT) is a BCN whose constraint
graph is a tree (Wang and Yap 2022b). A constraint ¢ can
be encoded as a BCT P = (X, D, C) such that scp(c) C
X and sol(P)[scp[c]] = rel(c). We call the variables X —
scp(c) as hidden variables. The BCT P follows a constraint
graph (X, E) if scp(c) C X and the constraint graph of P is
constructed by contracting some edges in £ (this is similar
to edge contraction in graph minors). The binary constraints
in a BCT can be regarded as binary matrices and represented
with bit sets. The size of a BCT is defined as the number of
non-zero words used in the bit sets.

A BCT pair (p-BCT) modelling a constraint c is a pair of
BCTs (A, B) such that A models ¢ and B models —c. Then
(A, B) is an ordered BCT pair (op-BCT) if the BCTs A and
B follow the same constraint graph.

In particular, the p-BCT and op-BCT constraints can
also be handled with the BCT AC propagator introduced in
(Wang and Yap 2022b).

Example 2. Figure 2a gives a BCT encoding a constraint
21 = Y12 ATy = Y21 with the domain {0,1} from the family
F, in Table 1, where =1, 2, y12, Y21 are original variables
and hi, ho are hidden variables. Then Figure 2b is a BCT
encoding the negation of the constraint z1 # y12 Vo # yo1.
Figures 2a and 2b follow the same constraint graph, thus,
Figure 2 is an op-BCT.

4 Constraint Families (Counterexamples)

We now introduce 6 constraint families specially designed
to study constraint representation pairs on BCT and OMDD
(and OMVD). BCT and MDD constraints are known to be
good representations for constraints and propagators. The
families are constraint models constructed using logical op-
erators on binary inequalities and equalities as the base con-
straints. The constraint models of the families are shown in
Table 1, where the size of a constraint from the families is
defined as the number of logical operators used in the ex-



Fy Vis Vici xi =
Fo | (A AL 41 Ti = Yis) A (Niep N2 @i 7 y0)
F; Vit VIj 1 VZ:J'H(% = ik NTj = TE/N\
AZim € [L,n] AN 117 € [1,n])
| O (Niz1 Nj—r @i = yij A € [0,1])V
(N1 /\J 1% = Y A € [2,3])
Fs (AToq Ajo1 @i = yi5 Vs € [2,3]))A
(Vits Vi @i # y5i Vi € [0,1]
Fo | R = g Ve ST L F ) whete
f:[1,n] = {0,n,2n} is a function such that
f( ), f(2¢) and f(2z + 1) are AllDifferent

Table 1: Constraint families for studying representations,
where z; and y; are variables and ay, are values.

pressions. Note that the logical formulas in Table 1 are poly-
size in the logical operators used.

We use these families as counterexamples to compare the
constraint representations discussed in the paper, and study
the tractability of logical operators on the representations.
For example, family F4 can be used to prove the intractabil-
ity of the disjunction operator on various representations
(see Section 6), and resolve several open problems in (Amil-
hastre et al. 2014; Wang and Yap 2023).

Table 2 shows the size of constraint representations on
modelling the 6 families.

Theorem 1. The results in Table 2 hold.

In the rest of the section, we prove Theorem 1. We only
need to prove the results of blue cells in Table 2. The other
cells can be directly verified with the representation suc-
cinctness map given later in Figure 3.

The constraint family F'; is a disjunction of binary equal-
ities, thus, it can be encoded as polysize OMVD (Wang and
Yap 2023). In addition, the negation of F'; models the AllD-
ifferent constraint (Régin 1994) which cannot be encoded as
polysize BCT (Wang and Yap 2023; Wang 2024). Therefore,
F'; cannot be modelled as polysize p-BCT.

Lemma 6. F; can be modelled as a polysize OMVD but
not polysize p-BCT.
The AllDifferent constraint over n variables {1, - - -

s Tn}
can be decomposed into % binary inequalities. F'5 en-
codes each binary inequality x; # x; as x; = yi; AT # Yij
with a hidden variable y;;. The projection of Fy on the
variables {x1, - - - , x, } models the AllDifferent constraints,

thus, F» cannot be modelled as polysize BCT.

Lemma 7. There is no polysize BCT modelling F'5.

We can get an OMDD modelling F; by eliminating and
merging some nodes in the OMDD modelling F'3, thus, there
is no polysize OMDD encoding F5.

Lemma 8. F3 cannot be modelled as a polysize OMDD.

Proof. Let A be an OMDD modelling F3 w.r.t. any vari-
able ordering O. By eliminating the nodes and edges which
cannot reach the terminal node via an edge labelled with a
value in {a;;|l1 < j < k < n} in the n'" layer, we can

2 1
get an OMDD modelling \/" Vi_: it

zi A (A Ty € [1,n])). Then merging all nodes in the n*"

(xn, = ajk Nxj =
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Table 2: Representation sizes of modelling the constraint
families given in Table 1, where o (v') denotes a family can-
not (can) be modelled as the representation in polysize.

layer as a terminal node can get an OMDD modelling F.
So there is no polysize OMDD modelling F'5. O

Lemma 9. F3 can be modelled as a polysize op-OMVD.

Proof. The constraint family F3 is a disjunction of ternary
constraints. In addition, the negation of Fs is equal to
(vic! Vie i & [Ln] Axy ¢ [Lin]) vV (Vi ViZ
Viej1%i = aje A xj # xx) V (A2 € [1,n]), Wthh is
a disjunction of binary constraints and A, x; € [1,n]. Bi-
nary/ternary constraints and A?"_;x; € [1,n| can be encoded
as polysize OMVD w.r.t. any varlable ordering. So F3 can
be modelled as polysize op-OMVD

The constraint families F4, F'5 and Fg are combinations
of some constraints which can be obtained by setting the
variable domain of the families to certain values. For exam-
ple, by setting the variable domain of F4 to the values [0,1]
(and [2,3]), we can get the constraint A}, /\ 1 Ti = Yij
(and A7 /\] 1T = Yji)-

Lemma 10. F, cannot be modelled as a polysize BCT.
Proof. Let A= (H UV UX,C) be any BCT encoding F4
where H is the hidden variables, and X = {zq,--- ,2,}
and V' = {y;;|1 < ¢,j < n} are the original variables.
From Lemma 1 in (Wang and Yap 2023), there is a vari-
able v such that eliminating v partitions the constraint graph

of A into connected components (CCs) where each CC in-
cludes at most % variables in X . Correspondingly, for each

x; € X, there are at least 2=2 variables x; € X such that

2
x;, x; are in different CCs, thus, x;, y;; or x;,y;; are in dif-

2_ . .
ferent CCs. Hence, there are 222 equalities x; = y;; or

x; = y;; connecting variables in different CCs.

By the pigeonhole principle, there must be "T_Q variables
S in X such that one of the following two cases holds: (i)
every x; € S is equal to a variable y;; in different CC; (ii)
each x; € S equals to a variable y;; in different CC.

In case (i), for any tuples 71,7 in rel(A) such that the
variables X are assigned with values in [0, 1], if 7 [S] #
72[S], then the variable v must be assigned with different
values in the tuples 71, 72, otherwise for any CC with vari-
ables yec, (11 \ mlyec]) U ralyoo] is a tuple in rel(A) (a
contradiction). So v has at least 2% values.

Similarly, in case (ii), v also has at least PR
there is no polysize BCT encoding F .

values. So
O



Lemma 11. F5 cannot be modelled as a polysize op-BCT.

Proof. Let (A, B) be a polysize op-BCT modelling F5 with
the variable domain [0, 3]. By removing the tuples hav-
ing values in [2,3] from A, we get a BCT A; encoding
/\?:_11 /\;'L:i+1 T = Yij NT; € [0, 1].

The negation of Fy is (\/Z’:_l1 Vi1 i #F Yji AT €
[0, 1))V (Afy A=y @i = yji A € [2,3]). Then eliminating
the tuples having values in [0, 1] from B, we get a BCT B,
encoding A7y AJ_y i = yji Ay € [2,3].

Disjunction is tractable on the BCTs following the same
graph (Wang and Yap 2023), thus, A; V Bj is a polysize
BCT modelling F4 (a contradiction). So there is no polysize
op-BCT modelling F'5. O

Lemma 12. There is a polysize p-OMVD encoding F'5.

Proof. The constraint graph of Ay AJ_y @i = yi5 V @i ¢
[2, 3] is separated stars, so it can be encoded as a polysize
OMVD w.r.t. the variable ordering z1 < y11 < -+ - < Y1n <
e < Ty < Ynt < < Ynne Then \/?:1 \/;»7':1 Z; 7é Yji V
x; € [0, 1] is a disjunction of binary constraint which can be
encoded as a polysize OMVD w.r.t. any variable ordering. In
addition, conjunction is tractable on OMVD with the same
variable ordering (Amilhastre et al. 2014), thus, F5 can be
encoded as polysize OMVD.

Similarly, the negation of F'5 can be encoded as a polysize
OMYVD w.r.t. the variable ordering 1 < y11 < -+ < Yn1 <
< Ty < Yin < < Ynne

So F'5 can be encoded as polysize p-OMVD. O

Lemma 13. Fg cannot be modelled as a polysize OMVD.

Proof. WLOG, we assume n = 2h+1 _ 1. The constraint
graph of Fg is a complete binary tree of height h, which
means the pathwidth of Fg is [%} , see (Scheffler 1989) and
Lemma 2.1 in (Groenland et al. 2023). Therefore, for any
OMVD A modelling Fg w.r.t. any variable ordering O, there
must be 2 < | < n such that existing % binary equalities
crossing the I*" layer in the OMVD.

By the pigeonhole principle, there are at least % vari-
ables S in {x1,- - ,x,} such that for all variables z; € S,
f(i) is equal to the same k € {0,n,2n}, and z;, @4
are separated by the [*" layer. This means for all z;, x; in
S, 7 # |%], in addition, for any tuples 71,75 € 7rel(A)
and x € {x1, - ,z,} suchthat z € [k + 1,k + n| and
71[S] # 72[S], the paths encoding 71, 7o must pass differ-
ent nodes in the I*" layer of A. Therefore, the I*" layer of A

has at least n6 = n©(°9(") nodes. So there is no polysize
OMVD encoding F. O

Lemma 14. There is a polysize op-BCT encoding F.

Proof. The constraint graph of the constraint family Fg is a
tree, so it can be encoded as polysize BCT. In addition, the
negation of Fg is a disjunction of binary constraints which
can be encoded as polysize BCT with any constraint graph
including hidden variables. Therefore, Fg can be encoded as
polysize op-BCT. O
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Figure 3: Succinctness of constraint representations. An arc
from R, to Ry denotes Ry < Rs. An arc labelled with a
family F' from R; to Ry means F' can be encoded as poly-
size R, but not Ry. In addition, if there is a path from R; to
Ry, then Ry < Ry, otherwise Ry £ R».

5 Succinctness of Representations

Following (Wang and Yap 2023), we use succinctness to
compare the compactness of constraint representations (note
that succinctness evaluates constraint representations from
a worst-case perspective). Figure 3 shows the succinctness
of the constraint representations discussed in the paper. We
remark (not shown) that all these representations are more
succinct than the table constraint. In the figure, the con-
straint representation pairs p-BCT, op-BCT, p-OMVD and
op-OMVD can reach OMDD but not vice versa, therefore,
they are all strictly more succinct than OMDD. The con-
straint families on the arcs in Figure 3 are used to separate
constraint representations, e.g. the arc from op-OMVD to
op-OMDD is labelled by F '35, which means the family F'5 can
be encoded as polysize op-OMVD but not polysize OMDD
(see Table 2). In this section, we will prove that the results
shown in Figure 3 hold.

For any constraint representation R, the representation
pair p-R is a subform of R, and op-R is a subform of p-
R (Lemma 1), therefore, BCT < p-BCT < op-BCT, and
OMVD < p-OMVD < 0p-OMVD. Then constraint repre-
sentation pair identifies the most succinct subform support-
ing tractable negation (Lemma 3). Hence, if a representation
Ry is a subform of another representation Ry, then p-Rs is
also a subform of p-R;.

Lemma 15. If Ry < Ry, then p-R; < p-Rs.

Proof. Let (As, Bs) be any p-Rj constraint. Ry < Ra, thus,
there are A;, B; modelling A5, Bs as polysize Ry, i.e. the
size of the p-R; constraint (Ay, By) is polynomial in that of
the p-Ry constraint (As, Bs). So p-R; < p-Rs. O

The negation on OMDD can be computed in polytime
without changing variable ordering, thus, p-OMDD and op-
OMDD have the same succinctness as OMDD.

Lemma 16. OMDD = p-OMDD = op-OMDD.

Proof. As shown in (Amilhastre et al. 2014), for any OMDD
A w.r.t. a variable ordering O, it is tractable to compute an
OMDD B encoding —A w.r.t. O, where the pair (A4, B) is a
polysize op-OMDD encoding A. So op-OMDD < OMDD,



ANB]AVB ] AT ASTVS
Op—BCT o F2 [ ] F4 \/ [ F2 [ F4
op-OMVD o Iy o F, v oFy | o Fy
p-BCT o I o F, v oFy | o Fy
p-OMVD o> o Fy Ve oFy | o Fy
OMDD o F> o F, v oFy | o Fy
OMVD o Fy o Fy oF, | oF; | o Fy
BCT o F> o F, oF, | oFy | o Fy

Table 3: Tractability of logical operators, where o (v') de-
notes a logical operator on a representation is not tractable
(is tractable). The results in the blue cells resolve some open
problems in (Amilhastre et al. 2014; Wang and Yap 2023).

which means OMDD, p-OMDD and op-OMDD have the
same succinctness. ]

Then every OMDD w.r.t. an variable ordering O is also an
OMVD w.r.t. O, thus, op-OMVD < op-OMDD < OMDD.

Lemma 17. op-OMVD < OMDD.

In addition, two OMVDs following the same ordering
can be encoded as two BCTs following the same constraint
graph by the direct binary tree encoding from (Wang and
Yap 2022a,b). Hence, we can get that op-BCT < op-OMVD.

Lemma 18. op-BCT < op-OMVD.
With the lemmas, and also the results shown in Table 2,
we can prove the results in Figure 3.

Theorem 2. The results of Figure 3 hold.

Proof. The arcs between BCT, OMVD and OMDD have
been proved in (Amilhastre et al. 2014; Wang and Yap
2023). The other arcs in Figure 3 can be directly verified
with Lemmas 1, 15, 16, 17 and 18. Then the labels on the
arcs, i.e. the constraint families F'{, F'3, F5 and Fg, can be
verified with the results shown in Table 2. O

6 Tractability of Logical Operators

We then study the tractability of the conjunction, disjunction
and negation operators. The results are shown in Tables 3
and 4, where AA B (AV B) denotes the conjunction (disjunc-
tion) between 2 constraints, A is the negation operator, and
AS (V.S) means the conjunction (disjunction) of a set S of
constraints. Table 3 gives the results of representations with
arbitrary structures, and Table 4 is the results of represen-
tations following same structure. We remark that p-OMDD
and op-OMDD have the same succinctness as OMDD, thus,
they also support the same tractable logical operators.

Representations With Arbitrary Structures

If NP # P, the conjunction is NP-hard and intractable on
OMDD with arbitrary variable orderings (Amilhastre et al.
2014; Wang and Yap 2023), thus, it is also NP-hard and in-
tractable on the constraint representation pairs more succinct
than OMDD. We show a stronger result using Table 2 that
conjunction cannot be computed in polytime on the repre-
sentations with arbitrary structures.
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ANB]AVB ] -A T ASTVS
op-BCT v v v oF, | o F;
op-OMVD Ve Ve v oFy | o Fy
OMDD / \/ \/ [ ] F2 [ ] F1
OMVD v v oF; | o F, v
BCT v v oF; | oFy v

Table 4: Tractability of logical operators between represen-
tations following the same structure.

Lemma 19. The conjunction between two OMDD (BCT, p-
BCT, op-BCT, OMVD, p-OMVD or op-OMVD) constraints
cannot be computed in polytime.

Proof. Based on Table 2, the family F5 cannot be en-
coded as the representations in polysize. F'5 is a conjunction
(Af=ici) N(Nfgc?) where ¢f equals to AT, 2 = y;j and
¢} is A’Zym; # yji. Then A ¢} can be encoded a polysize
OMDD A w.r.t.theordering 1 < y12 <+ < Y1p < -+ <
Tn—1 < Y(n—1)n»as ¢} has a star structure. Similarly, A, c7
can be encoded as a polysize OMDD B w.r.t. the variable or-
dering w2 < yo1 < -+ < Tp < Yn1** < Yn(n—1). Lhereis
no polysize BCT encoding A A B, so conjunction cannot be
computed in polytime on the representations. O

The tractability of disjunction on OMDD, OMVD and
BCT constraints are also open problems discussed in (Amil-
hastre et al. 2014; Wang and Yap 2023). We resolve them
with the results given in Table 2.

Lemma 20. The disjunction between two OMDD (BCT, p-
BCT, op-BCT, OMVD, p-OMVD or op-OMVD) constraints
cannot be computed in polytime.

Proof. F4 cannot be encoded as polysize BCT (see Table
2). Then F, is a disjunction ¢; V co where c; is equal to

=1 /\?:1 T = Yij and cs is /\?:1 /\;L:l Ti = Yji- Similar to
the proof of Lemma 19, c1, co have a star structure and can
be encoded as polysize OMDD, thus, the disjunction opera-
tor is not tractable on the representations. O

Based on Lemmas 2, 19 and 20, we then show that the
results in Table 3 hold.

Theorem 3. The results in Table 3 hold.

Proof. The negation operator is tractable on OMDD but it
is not tractable on OMVD and BCT (Wang and Yap 2023).
The constraint representation pairs support tractable nega-
tion (see Lemma 2). Based on Lemmas 19 and 20, the dis-
junction and conjunction are intractable on representations.
So the results in Table 3 hold. O

Representations Following the Same Structure

The disjunction and conjunction are tractable between two
BCT (OMVD or OMDD) constraints following the same
structures (Amilhastre et al. 2014; Wang and Yap 2023).
Hence, it follows that the disjunction and conjunction op-
erators are tractable between two op-BCT (or op-OMVD)
constraints following the same structures (see Lemma 5).
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Figure 4: Results of constraint reification benchmarks.

Lemma 21. The conjunction and disjunction between two
op-BCT (or op-OMVD) constraints following the same
structure are tractable.

The family F; (F3) cannot be modelled as polysize op-
BCT and op-OMVD but it is a disjunction (conjunction) of
binary constraints that can be encoded as polysize op-BCT
and op-OMVD w.r.t. the same structure. So it is intractable
to compute the disjunction (conjunction) of a set of op-BCT
and op-OMVD constraints.

Lemma 22. The conjunction and disjunction of a set of op-
BCT (or op-OMVD) constraints following the same struc-
ture are intractable.

Then Lemma 2 shows negation is tractable on op-BCT
(op-OMVD). So we can prove the results in Table 4 hold.

Theorem 4. The results in Table 4 hold.

Proof. The results of OMDD, OMVD and BCT are shown
in (Amilhastre et al. 2014; Wang and Yap 2023). Based on
Lemmas 2, 21 and 22, the results also hold for op-BCT and
op-OMVD. So the results in Table 4 hold. O

7 Practical Applications

We apply the logical operators of op-BCT and OMDD to
model reified constraints and product configuration prob-
lems. We implement the logical operators for op-BCT and
OMDD, and using them to construct BCT and MDD con-
straints in the models below. For the implementation of op-
BCT, we use rules from (Wang and Yap 2022b) to do reduc-
tion, and for OMDD, we follow (Perez and Régin 2015). The
MDDc GAC propagator (Cheng and Yap 2010) and BCT
AC propagator (Wang and Yap 2022b) in the Abscon solver
(Merchez, Lecoutre, and Boussemart 2001) are used to han-
dle the MDD and BCT constraints. Experiments were con-
ducted on a 3.20GHz Intel i7-8700 machine with Ubuntu
12.3 and 16GB of RAM. Timeout is 600 seconds and in-
stances are run once.

Constraint Reification Benchmarks

Constraint reification is useful for combining constraints,
where a reified constraint < cis equal to (z A ¢) V (—z A
—c¢). If = and ¢ can be modelled as compact op-BCT (or
OMDD), then, the logical operators of op-BCT (or OMDD)
can be used to model the reified constraint.
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op-BCT

Instance OMDD Primal Dual Total

#node #edge |#hval #word |#hval #word |#word
small 2810 3201 | 178 480 | 1198 1481 | 1961
medium || 9333 10K | 331 684 |1948 2435 | 3119
big 691K 846K | 1870 3811 |3280 10K | 14K
master || 633K 824K [ 4729 6273 | 1687 2811 | 9084
megane || 326K 439K | 9161 29K |2997 5820 | 34K

Table 5: Product configuration benchmarks with MinFill
variable ordering. #node and #edge denote the number of
nodes and edges in OMDD. #hval is the number of hidden
variable values in op-BCT, and #word captures the size of
the BCT representation in non-zero words.

We use 7 series of instances from CSP competition 20093
to evaluate op-BCT and OMDD on modelling reified con-
straints: bddSmall, dag-half, lexVg, ukVg, wordsVg, TSP-
20 and TSP-25. The CSP model evaluated is: (i) for each
constraint ¢; in an instance, a refined constraint y; < c; is
used to combine ¢; with a variable y;; and (ii) a sum con-
straint y; + - -+ + y, = k is used to model that there are
exactly k satisfied constraints. Experiments use k = n — 1.
In total, there are 122 instances after removing the trivial in-
stances can be solved by both methods in 1 second, where
the search heuristic is WDeg (Boussemart et al. 2004).

Figure 4a compares the running time of the MDDc and
BCT AC propagators, where each dot in the figure denotes
an instance. Most dots are below the diagonal line, showing
the BCT AC propagator is faster than MDDc on the most in-
stances. Then Figure 4b evaluates time ratio on the instances
solved by both methods within the timeout. Each dot («, 8)
in Figure 4b denotes that on 3 percent instances, the ratio of
“the running time of MDDc” to “the running time of BCT
AC propagator” is at least a. The BCT AC propagator can
be up to 124 times faster than MDDc. In 54% of instances,
the BCT AC propagator is at least 4 times faster than MDDc.

This experiment shows that the propagator from con-
straints constructed with logical expressions over op-BCT
is effective compared with MDDc propagator. We remark
that OMDD is the most well known representation to capture
structure in an ad-hoc constraint, and MDDc is also available
in various CSP solvers.

Product Configuration Benchmarks

To investigate the total representation size of a model cre-
ated from logical operators, we evaluate op-BCT on models
from product configuration instances (Bessiere, Fargier, and
Lecoutre 2016). Compared to OMDD, op-BCT can have a
more flexible structure. We can construct a constraint graph
for op-BCT based on the tree decomposition generated by
eliminating variables in any variable ordering. The MinFill
ordering is used in the experiment.

Table 5 shows the sizes of OMDD and op-BCT on mod-
elling the product configuration instances. As these are dif-
ferent representations, the numbers cannot be compared di-
rectly, however the size of OMDD is mostly captured by

3www.cril.univ-artois.fr/CSC09



(#node,#edge) and op-BCT by (#hval,#word) of the primal
and dual constraints. We can see that op-BCT can be much
more compact than the OMDD with the same variable or-
dering (i.e. the MinFill ordering).

8 Conclusion

This paper presents a framework using (ordered) constraint
pair which can be used to study when tractable negation be-
comes possible. Expressing constraints with logical opera-
tors, which implicitly includes a particular representation, is
a common way of modelling constraint problems. However,
negation is known to pose problems as it is not tractable for
certain representations. This paper shows how we can gain
improved expressivity with representations that can support
(A, V, ) tractably. Naturally, this is not always possible.
We investigate the BCT and OMVD representations on our
framework, as they can support (A, V) tractablely (with the
same structure) and already have good succinctness com-
pared to other representations of ad-hoc constraints. We
show that op-BCT and op-OMVD is tractable under logi-
cal operators following the same structure while being more
succinct than OMDD. While the main contribution of this
paper are the theoretical results on tractability and succinct-
ness, we also present preliminary experimental results to
show the potential of the tractable representations with ef-
ficient and compact models.

This paper proposes a new direction to have both mod-
elling expressiveness as well as tractability. It opens a study
of existing and new representations where perhaps we can
have more expressiveness and tractability.
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