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Abstract

The MaxSAT problem is an optimization version of the sat-
isfiability problem (SAT). A tight lower bound (LB) on the
number of falsified soft clauses in a MaxSAT solution is cru-
cial for the efficiency of Branch-and-Bound (BnB) MaxSAT
solvers. To compute an LB, modern BnB solvers detect dis-
joint inconsistent subsets of soft clauses, called cores, using
unit propagation. A notable feature of these solvers is that
soft clauses belonging to already detected cores cannot be
reused to detect additional cores, limiting the number of cores
that can be detected. In this paper, we propose an unlocking
mechanism that allows the reuse of soft clauses in already de-
tected cores while ensuring the soundness of LB. Experimen-
tal results show that this unlocking mechanism consistently
improves the performance of a state-of-the-art BnB solver. In
addition, it allowed us to win the first two places in the exact
unweighted category of the MaxSAT Evaluation 2024.

Introduction

The MaxSAT problem is an optimization version of the
satisfiability problem (SAT), which is known to be NP-
hard (Papadimitriou 1994). Given a Conjunctive Normal
Form (CNF) formula, generally represented as a set of
clauses, solving MaxSAT involves finding an assignment
to all Boolean variables that maximizes (minimizes) the
number of satisfied (falsified) clauses. MaxSAT has three
variants: partial MaxSAT, in which some clauses, called
hard clauses, cannot be falsified, and the others, called soft
clauses, can be falsified; weighted MaxSAT, in which each
clause can be falsified and has a positive integer weight rep-
resenting the penalty of its violation; and weighted partial
MaxS AT, which has hard clauses and weighted soft clauses.
In weighted partial MaxSAT, an optimal solution satisfies
all the hard clauses and minimizes the sum of weights of the
falsified soft clauses. Thanks to the efforts of the scientific
community, MaxSAT has become a competitive generic ap-
proach to solve combinatorial optimization problems such
as scheduling (Demirovi¢, Musliu, and Winter 2019), max-
imum clique (Li and Quan 2010), FPGA routing (Fu and
Malik 2006), and protein design (Allouche et al. 2014).
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As with other NP-hard problems, algorithms for MaxSAT
can be divided into two categories: heuristic and exact al-
gorithms. The former quickly find good solutions without
guaranteeing optimality, see, e.g., (Lei and Cai 2018; Chu,
Cai, and Luo 2023b; Zheng et al. 2022). The latter return
a proven optimal solution. There are also hybrid algorithms
that combine heuristic and exact algorithms, see e.g., (Chu,
Cai, and Luo 2023a; Nadel 2023; Zheng et al. 2023; Lei et al.
2021). In this paper, we focus on exact algorithms.

Exact algorithms for MaxSAT can be broadly catego-
rized into two groups. The first group refers to SAT-based
MaxSAT solvers (Bacchus, Jarvisalo, and Ruben 2021).
They transform MaxSAT into a series of SAT problems,
which are then solved using a SAT solver. Representa-
tive solvers in this category include WPM1-3 (Ansétegui,
Bonet, and Levy 2009; Ansétegui, Bonet, and Levy 2010;
Ansétegui and Gabas 2017), QMaxSAT (Koshimura et al.
2012), Open-WBO (Martins, Manquinho, and Lynce 2014;
Martins et al. 2014), CGSS (Berg et al. 2023), Pacose
(Paxian and Becker 2020), MaxHS (Bacchus 2020; Naro-
dytska and Bacchus 2014), and EvalMaxSAT (Avellaneda
2020). The second group refers to branch-and-bound (BnB)
MaxSAT solvers (Li and Manya 2021). They find an op-
timal assignment by constructing a binary search tree in
which each node corresponds to a partial assignment. A
BnB solver calculates a lower bound (LB) on the number
of falsified soft clauses at each node and compares it with
the current upper bound (UB) calculated from the best so-
lution found so far. If LB > UB, the current branch cannot
yield a better solution, leading the solver to prune and back-
track; otherwise, the search continues. Consequently, hav-
ing a tight LB is crucial for solving MaxSAT efficiently.
State-of-the-art BnB solvers include MaxSatz (Li, Manya,
and Planes 2007), MiniMaxSat (Heras, Larrosa, and Oliv-
eras 2008), Ahmaxsat (Abramé and Habet 2014; Cherif,
Habet, and Abramé 2020), Akmaxsat (Kuegel 2010), and
(W)MaxCDCL (Li et al. 2021a,b).

BnB MaxSAT solvers usually compute an LB by detect-
ing disjoint local cores using unit propagation. A local core
is a subset of soft clauses that cannot all be satisfied with-
out falsifying a hard clause at the current search tree node.
A significant limitation of current BnB MaxSAT solvers is
their inability to reuse soft clauses from previously identi-
fied cores when detecting new cores. This constraint is im-



posed to maintain the disjointness of the cores but severely
restricts the number of cores that can ultimately be detected.
In this paper, we propose an unlocking mechanism that al-
lows the reuse of soft clauses from previously detected cores
to identify additional cores, while still ensuring the sound-
ness of LB. Intuitively, the soft clauses in the previously de-
tected cores are strong constraints and have high probability
to form new cores with other soft clauses. Therefore, reusing
these soft clauses with the proposed unlocking mechanism
could lead to the detection of additional cores.

We integrated the proposed unlocking mechanism into
WMaxCDCL and MaxCDCL, two state-of-the-art BnB
MaxSAT solvers. Experimental results on benchmarks from
the MaxSAT Evaluations 2019-2023 demonstrate that the
unlocking mechanism consistently enhances the perfor-
mance of both WMaxCDCL and MaxCDCL. In addition,
we submitted the two solvers equipped with the unlocking
mechanism to the MaxSAT Evaluation 2024'. Using Open-
WBO as a preprocessing during 1200s and 300s respec-
tively, WMaxCDCL and MaxCDCL won the first two places
of the exact unweighted category.

This paper is structured as follows. We first present
some preliminaries. Next, we describe the unlocking mecha-
nism separately for both unweighted and weighted MaxSAT.
Then, we present experimental results to show the perfor-
mance and some properties of the mechanism. Finally, we
conclude and suggest some future work.

Preliminaries

Given a set of propositional variables, a literal is a variable =
or its negation —z. A clause ¢l is a disjunction of literals,
and it is unit if it contains exactly one literal. A CNF (Con-
junctive Normal Form) formula ¢={cly, ..., cl,, } is a set of
clauses representing their conjunction. An assignment « as-
signs either 0 or 1 to each propositional variable, and satis-
fies a literal z (resp. —z) if a(x)=1 (resp. a(x)=0), satisfies
a clause if it satisfies at least one of its literals, and satisfies
a formula if it satisfies all its clauses. If all variables are as-
signed a value, « is complete; otherwise it is partial. When a
literal [ is satisfied (resp. falsified), we say also it is assigned
1 (resp. 0), and denote « as a (sub)set of literals assigned 1.
When « is partial, formula ¢|, is ¢ simplified under «, by
removing all satisfied clauses and deleting falsified literals
from other clauses. An assignment « is said to be feasible if
no hard clause is empty in ¢|,. A feasible complete assign-
ment is also called a solution of ¢. In the sequel, we assume
that all assignments under consideration are feasible.

A weighted partial MaxSAT instance ¢ can be divided
into two subsets: the set of hard clauses H and the set of soft
clauses S, where each clause s in S has associated an integer
weight w(s). An optimal solution of ¢ is a complete assign-
ment that satisfies all clauses in H and minimizes the sum
of weights of falsified soft clauses in S. A partial MaxSAT
instance is a particular case in which the weight of all soft
clauses is identical and thus can be represented by 1.

Given a weighted partial MaxSAT instance ¢, a BnB
MaxSAT solver constructs a binary search tree to find
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an optimal assignment. At each node, the solver selects
a branching variable z and develops two branches cor-
responding to a(x)=0 and a(x)=1, respectively. Thus,
each node corresponds to a partial assignment « includ-
ing the variables assigned in the path from the tree root
to the current node. The formula in the current node be-
comes ¢|,. To speed up the search, the solver computes LB
=falsifiedWeight + estimatedW eight before branch-
ing, where falsifiedWeight is the sum of weights of the
soft clauses falsified under «, and estimatedW eight is an
underestimation of the sum of weights of the soft clauses
that will be falsified if « is extended to a complete assign-
ment. The function to underestimate estimatedW eight is
commonly referred to as lookahead. Let UB denote the total
weight of falsified soft clauses in the best solution found so
far. If LB>UB, no better solution can be found in the subtree
rooted at the current node, which is then pruned.

Therefore, a crucial factor in the performance of a BnB
solver is the accurate computation of estimatedW eight,
which is typically achieved by detecting disjoint inconsistent
subsets of soft clauses under «, called local cores w.r.t. a.
As this paper exclusively considers local cores, we will omit
the word “local” in the sequel. Each core c is associated
with a weight w(c), defined as the minimum total weight
of its soft clauses that are falsified across all possible exten-
sions of a. In existing BnB MaxSAT solvers, the core weight
is always 1 for unweighted MaxSAT, while for weighted
MaxSAT, it is the minimum weight among its soft clauses.
Since the cores are disjoint, estimatedW eight is the sum
of the weights of these cores.

Different methods for detecting disjoint cores have been
described in the literature. The first method, proposed by
Wallace and Freuder (1993), involves counting the number
of pairs of complementary unit soft clauses, {z; } and {—x;},
where each pair constitutes a core. Shen and Zhang (2004)
improved this approach by using linear resolution to gen-
erate additional unit clauses before counting. Alsinet et al.
(2004) introduced the use of the star rule to detect sets of
clauses of the form {{z1},..., {zr}, {-x1,..., "z }}, with
each set representing a core.

MaxSatz (Li, Manya, and Planes 2005, 2006) was the
first BnB MaxSAT solver to use unit propagation (UP) to
detect cores. UP is the process of repeatedly propagating a
unit clause /, i.e., satisfying [ (and falsifying —!), removing
all clauses containing / and deleting —! from the remaining
clauses until there is no unit clause or an empty clause ¢l is
produced (all literals of cl are falsified and deleted). When
an empty clause cl is produced, an implication graph can
be constructed from cl. The detected core is the set of the
soft clauses in a path to ¢l in the implication graph. Figure 1
shows an example of UP-based core detection.

Current unweighted MaxSAT BnB solvers lock the soft
clauses in the already detected cores, so that they cannot
be used to detect additional cores, ensuring the disjoint-
ness of the cores. In weighted MaxSAT, these solvers lock
part of the weight of the soft clauses instead of the soft
clauses themselves. For example, let c={cly,cls, cl3} be
a detected core, and let w(cly)=2, w(clz)=3, w(cl3)=6.
Then, w(c)=2. The weight of cls (cl3) is split to lock its



Figure 1: An example of an implication graph to identify
a core. The formula ¢ contains 3 soft clauses: {s1}, {s2},
{s3}, and 4 hard clauses: {—s1,z1}, {21, s2}, {52, @2}
and {—s3, w1, z2}. Each node represents a satisfied lit-
eral . The incoming edges represents the hard clause that
allows to propagate [. For example, the node xo repre-
sents the clause {—s3, x1,x2}. Propagating {s;} satisfies
x1, So and —z5, while propagating {s3 } satisfies x, making
{—89, 722} or {—s3, w1, 2} empty. By retracing the im-
plication graph from the empty clause to the propagated soft
clauses, we know that {s;} and {s3} cannot be satisfied at
the same time. So, the core {{s1}, {s3}} is identified.

weight 2, but its remaining weight 1 (4) can be used to detect
additional cores. The detected cores are considered disjoint
in a broader sense, because cly (cl3) can be considered as
two distinct copies, one with weight 2 that is locked into ¢
to decide w(c), and the other with weight 1 (4), referred to
as the remaining weight and denoted by rw(cle) (rw(cls))
in the general case, which can be used to detect new cores.
We use wlock(cl,c) to denote the weight of ¢l locked
in core ¢, which is the minimum weight locked into c to
ensure w(c) and cannot be used to detect other cores in
current BnB solvers. In the above example, wlock(cly, c)
=wlock(cla, ¢)=wlock(cls, c)=2 ensures that w(c)=2. If
for any cle{cly, cla, cls}, wlock(cl, ¢)<2, then w(c)<2.
We next present an unlocking mechanism to reuse the
locked soft clauses in unweighted MaxSAT or wlock(cl, ¢)
in weighted MaxSAT to detect other cores. These locked
clauses or weights are strong constraints and have a high
probability of forming other cores with other soft clauses,
as suggested by the fact that they are already part of a core.
Their reuse presumably could allow to detect more cores.

Lookahead with Unlocking Mechanism for
Unweighted MaxSAT

As in MaxCDCL, we replace each soft clause ¢l by a soft
literal s and add hard clauses encoding s <> cl. With this
transformation, solving (any variant of) MaxSAT is equiv-
alent to minimizing a (pseudo-Boolean) cost function over
soft literals under hard constraints expressed as a CNF for-
mula. This allows us to deal with cores of soft literals in-
stead of cores of soft clauses. For any core ¢, w(c) represents
the minimum cost of ¢. In unweighted MaxSAT, w(c) indi-
cates that ¢ contains at least w(c) falsified soft literals for
any complete extension of the partial assignment «. A core
cis locked if w(c)>0. An unassigned soft literal is locked if
it belongs to a locked core. Our unlocking mechanism con-
sists in unlocking the soft literals in ¢ when there are w(c)
falsified soft literals in ¢, allowing its unassigned soft literals
to be reused for detecting other cores.

Alg. 1 depicts the lookahead process for detecting a set
of cores using the unlocking mechanism, given a set of hard
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Algorithm 1: Lookahead(H, S, «, UB), the algorithm to
compute LB

Input: H, a set of hard clauses; S, a set of unassigned soft
literals; «, a partial assignment; UB, a given upper bound
Output: LB, a lower bound on the number of falsified soft
literals for any extension of a.

1: LB < number of soft literals falsified by «

2: cores + ) //will contain identified cores

3: H' « H //save the hard clauses

4: while S is not empty and LB < UB do

5. Pick s € S and propagate s
6:  for each soft literal s’ belonging to a core ¢ € cores
and falsified at line 5 such that w(c) > 0 do
7: w(c) + w(c) — 1;
8: if w(c)=0 then
9: add all unassigned literals of ¢ into .S
10: end if
11:  end for
12:  if an empty hard clause ¢l is produced or an unas-
signed soft literal s’ in .S is falsified then
13: for each core ¢ € cores do w(c) + ow(c)
14: d <+{soft literals propagated at line 5 starting a
path to ¢l or s’ in the implication graph G}
15: add s’ to d if ¢l is not produced
16: C < {c € cores|3s € d such that s € c}
17: d < dU{soft literals propagated at line 5 starting a
path to a falsified literal in a core ¢ € C'}
18: d« dU.ccc
19: ow(d) <= w(d) < 1+ . ow(c)
20: LB++
21: cores < (cores U {d})\ C
22: H <+ H' //restore the hard clauses
23: remove all locked literals from S
24:  endif

25: end while
26: return LB

clauses H and a set of unassigned soft literals S. It propa-
gates the soft literals in .S one by one as assumptions until
an empty hard clause cl is produced or a literal s' in S is
falsified. Propagating a literal s amounts to adding the unit
clause s in H and performing unit propagation. Then, the
algorithm retraces the implication graph by collecting all
propagated assumptions starting a path to ¢l or s’ to form
a core d. The main difference with MaxCDCL is the unlock-
ing operations from lines 6 to 11, which reinsert into S soft
literals previously locked in a core ¢, but unlocked because
w(c) literals in ¢ were falsified during UP (w(c) becomes 0).
Since w(c) changes during UP, we save its original value in
ow(c) to restore w(c) after detecting a core. Note that the
propagated assumptions contributing to unlocking the cores
in C' must also be added to d (line 17).

Example 1. Let ¢c;={s1, $2, 83} be a core already detected,
and let ow(ci)=w(c1)=1. Its soft literals s1, sy and s3
are locked. Alg. 1 now propagates sy as an assumption,
falsifying s1, so that w(cy) is decreased to 0, and sy and
s3 are unlocked. It then propagates so as an assumption,



which falsifies ss, an unassigned soft literal in S. So, a
new core ca={3s4, $2, 85} is identified, in which sy belongs
to c1. So, co is updated to the union with ¢, and becomes
{51, 82, 83, S4, 85 } at line 18, and w(cz) and ow(cq) are set
to 14+ow(c1)=2 at line 19 to lock all its literals. Note that
c1 should be removed after finalizing cs.

After detecting a new core c3={sg, s7} with w(cz)=1,
Alg. I propagates sg as an assumption, which falsifies ss
and sg, unlocking s from cs, and w(cq) is decreased to 1.
Propagating s7 as an assumption falsifies s4, unlocking s,
s9 and s3 from co because w(cg) is 0 now. Continuing UP, s3
is falsified, giving a new core c4={ss, s7, 3}, which is up-
dated at line 18 to the union with co and cs. At line 19, w(cy)
and ow(cy) are set to 1+ow(cg)+ow(ca)=4. At line 21, ¢y
and c3 are removed.

If no additional cores can be detected, Alg. 1 will return 4,
which is the sum of the weights of all remaining cores.

Note that without unlocking, so could not be propa-
gated as an assumption, and co={s4, s2, 85} would not
be detected because so remains locked in cyi. Similarly,
c4={$s, $7, 83} would not be detected because s3 is locked
in c1. Consequently, LB would be 2 without unlocking.

Proposition 1 establishes the soundness of Alg. 1.

Proposition 1. Any complete assignment extended from «
falsifies at least ow(d) soft literals in the core d identified
at line 18 of Alg. 1. After removing cores in C at line 21, d
is disjoint with the remaining cores, and the returned LB is

equal to Zcewres ow(c).

Proof. By induction. When ow(d)=1, by construction, d
does not contain any soft literal of other cores, and at least
one soft literal must be falsified by any complete assignment.

Assume the proposition holds for ow(d)<k. When
ow(d)=k, for any c¢ in C obtained at line 16, we have
ow(c) < k. So, these cores ¢ are pairwise disjoint, and an
assignment falsifies at least ) _ .~ ow(c) soft literals. Let dg
denote the subset of soft literals of d that do not belong to
any core in C. If an assignment falsifies a soft literal in d, it
falsifies at least 1 4 ) __ ow(c) soft literals in d, because
do N c=0 for any ¢ € C. If an assignment satisfies all soft
literals in dg, note that if a literal in ¢ € C is in .S, it is be-
cause at least ow(c) literals in ¢ were already falsified, so
that it was added into S at lines 8 and 9. There are two cases
under the condition that all literals in d are satisfied: (1) A
hard empty clause cl is produced, or (2) s’ € S is falsified.
In case (1), at least one literal s” € S propagated at line 5
must be falsified in a feasible extension of a.. So, s” must be
in a core ¢ € C with already ow(c) falsified literals. In case
(2), s’ € S also must be in a core ¢ € C with already ow(c)
falsified literals. In both cases, UP falsifies at least ow(c) lit-
erals in each ¢ in C, except the core ¢ containing s or s’ in
which UP falsifies ow(c) + 1 soft literals.

Note that d is disjoint with cores not in C' and cores in C'
are removed after finalizing d.

Finally, each new core increases LB by 1 at line 20, be-
cause ) . ow(c) was already counted in LB. So, the final
LBisequalto ) ow(c). O

cecores
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Lookahead with Unlocking Mechanism for
Weighted MaxSAT

Unfortunately, the extension of the unlocking mechanism to
weighted MaxSAT is not trivial, and a naive extension of
Alg. 1 could result in a less accurate LB, because of the dif-
ferent weights of soft literals.

Example 2. Let s1, S0, 53,54 and s5 be soft literals with
weights 3, 3, 3, 1 and 1, respectively. Using Alg. 1, we first
identify a core c1={s1, $2, s3}, and w(cy)=3, giving LB=3.
Next, we propagate sy, which falsifies s1, and unlocks s and
s3 from c1. We then propagate ss, which falsifies s3. We thus
obtain a new core ca={s1, 2, 83, S4, S5} by removing c;.
By construction, there are at least two falsified literals in cs.
However, since s4 and s5 have the smallest weight 1, we
have w(cg) = 2. So, the trivial application of Alg. 1 gives a
smaller LB=2.

In a more complex situation, we cannot even guarantee
the number of falsified soft literals in weighted MaxSAT as
we can in unweighted MaxSAT, because a soft literal can
belong to multiple cores in weighted MaxSAT, differently
from the case of unweighted MaxSAT, in which a soft lit-
eral belongs to at most one core. So, the beneficial property
established by Proposition 1 for unweighted MaxSAT does
not hold for weighted MaxSAT.

Example 3. Let si1, s2, S3, S4, S5, S¢ and sy be soft liter-
als with weights 1, 1, 4, 3, 5, 6 and 7, respectively. Using
Alg. 1, we first identify a core c1={s1, s2, s3} and w(cy)=1.
The remaining weight of s3, rw(s3)=3. Next, we identify an-
other core ca={s3, s4, s5} and w(cz)=3, resulting in an LB
of 4. Subsequently, we propagate sg, which falsifies s3 and
unlocks soft literals in ¢y and co. This allows us to propa-
gate s1 and sy, which falsifies s7. Finally, we obtain cs={s1,
Sa, 83, S4, S5, S6, S7} and remove ¢y and co using a naive ex-
tension of Alg. 1, because we have propagated s, in c; and
S4 In co to obtain cs. The problem is that s3 belongs to both
c1 and ca, so that we cannot guarantee three falsified soft
literals in c3, because the construction of cs guarantees one
falsified soft literal among the literals of c¢1 and one among
those of cs, respectively, together with another falsified lit-
eral in c3, but the falsified soft literal in c; and cy can both
be s3. Therefore, we can only guarantee two different fal-
sified soft literals in cs. Since s1 and so have the smallest
weight of 1 in cs, this results in an LB of 2, instead of the
previous LB of 4 before detecting cs.

We have identified the main difficulty to extend the un-
locking mechanism to weighted MaxSAT, which lies in how
to compute the weight w(c) of a newly detected core ¢, the
part of weight of a soft literal s locked in ¢ to decide w(c),
denoted as wlock(s, ¢), and its remaining weight rw(s) not
locked in any core, when c includes soft literals already
locked in previous cores. Example 4 and Example 5 sug-
gest our approach to compute w(c), wlock(s, ¢) and rw(s),
based on the following unlocking mechanism: an unassigned
soft literal s such that rw(s)>0 can be freely propagated as
an assumption to detect a new core. If rw(s)=0, s is locked,
but if 3°0 . o ussigned o Wlock(s', ¢) reaches w(c) during
UP, then s is unlocked with available weight wlock(s, c),



rw(ss)+w(ci)=4

rw(ss)+w(c1)=4 wlock(ssz, c1)+w(c1)=6

Figure 2: Illustration of Example 4.

and can also be freely propagated as an assumption. In this
case, we say that c is unlocked and c unlocks s. For conve-
nience, wlock(s, ¢)=0 if s is not in c. Recall that o denotes
the current partial assignment.

Example 4. Refer to Example 2, where the weights of
s1 to s5 are 3, 3, 3, 1, I, respectively. After detecting
c1={s1, s2, 83}, w(c1)=3, wlock(s1,c1)=wlock(sa,c1)=
wlock(sz, c1)=3, rw(s1)=rw(sz)=rw(s3)=0, rw(sy)=
rw(ss)=1. Note that s1, so and s are locked.

As in Example 2, propagating s, falsifies s1, and unlocks
So and ss from cy. Then, propagating ss falsifies s3, giv-
ing a new core co={$1, S2, S3, S4, S5 } after removing c;. We
focus on the two propagated soft literals s, and ss in the or-
dering of their propagation to compute w(cz), wlock(s, c3)
and rw(s) for each soft literal s.

In fact, any assignment extending o falls into one of
the following three disjoint cases: (1) s4=0, (2) s4=1
and s5=0, (3) s4=s5=1 and s3=0. Figure 2 illustrates
the three disjoint cases from left to right. In case (1),
the total guaranteed falsified weight of soft literals is
rw(sg)tw(c1)=143=4, because s4 is falsified. In case
(2), it is rw(ss)+w(c1)=3+1=4, because ss is falsified.
In case (3), it is wlock(ss,c1)+w(c1)=3+3=6, because
the propagation of sy and ss can be done, and the falsi-
fied weight in ¢y is already w(cy) by falsifying s1, allow-
ing to unlock s3 and its weight wlock(ss,c1)=3 locked
in ¢ before ss is falsified. Thus, w(ca) is 4, the min-
imum total guaranteed falsified weight among the three
cases, giving a better LB=4. Note that rw(s;) is not in-
volved in the computation of w(cs) for i=1,2 or 3. So, for
1=1,2 or 3, rw(s;) is not changed, and wlock(s;,c3) is
equal to wlock(s;,c1). But rw(s4) and rw(ss) contribute
to w(ca) by 1. Thus, wlock(sy, ca)=wlock(ss,c2)=1 and
rw(sq)=rw(ss)=0 after computing w(cs).

Example 5. Refer to Example 3. We have 7 soft literals s,
to s7 with weights 1, 1, 4, 3, 5, 6 and 7, respectively. Once
c1={$1, S2, s3} and ca={s3, 54, S5} are detected, w(c1)=1,
w(cz)=3, wlock(sy, c1)=wlock(sz2,c1)=wlock(ss,c1)=1,
wlock(ss, ca)=wlock(s4, ca)=wlock(ss, c2)=3, rw(s1)=
rw(sz)=rw(ss)=rw(sqs)=0, rw(ss)=2, rw(ss)=6, and
rw(sz)=".

Propagating s¢ as an assumption falsifies s3 and un-
locks ¢1 and co, because wlock(ss,c1)=w(c1)=1 and
wlock(ss, ca)=w(ce)=3. Then, s1€c; and s4€co can be
propagated as assumption, falsifying s7 and giving a new
core c3. Since sg, 51 and sy are propagated assumptions
which finally falsify s7, and s1 and s, are from c1 and co
respectively, we have c3={sg, $1, 84, $7} U ¢1 U ca. We now
focus on sg, s1, s4 in the ordering of their propagation as
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rw(se)=6

rw(s1)4wlock(s1,c1)=1

rw(sa)+wlock(sa, c2)=3 rw(s7)="7
Figure 3: Illustration of Example 5. Only additional falsified
weight is showed in each case.

assumption to compute w(cs). Indeed, any complete assign-
ment extending « falls into one of the following four dis-
joint cases: (1) s¢=0, (2) s¢=1 and s1=0, (3) sg=s1=1
and s4=0, and (4) ss=s1=s4=1 and s7=0, as illustrated
in Figure 3. We will set w(c3) to the minimum total guaran-
teed falsified weight among the four cases.

In case (1), the total guaranteed falsified weight is
rw(sg)+w(ci)tw(cs), because sg is falsified. In cases
(2), (3) and (4), c1 and co are unlocked, meaning that
the falsified weight is already w(cy1)+w(ce) because of
the falsification of ss, independently of s1 and s4. The
additional falsified weight in cases (2), (3) and (4) is
rw(sy)+twlock(sy,c1)=1, rw(sq)+wlock(ss,c2)=3 and
rw(s7)="7, respectively. Consequently, w(cs) is set to
w(er)4w(eg)+min(6, 1,3, 7)=>5. Note that the basic guar-
anteed falsified weight is w(ci)+w(co) in all cases. Fig-
ure 3 only shows the additional guaranteed falsified weight
in each case because of space limitation.

Now we compute wlock(s,cs) for each s€cs, which
is the minimum weight of s contributing to compute
w(es)=b. First, so, s3 and ss5 do not participate in the
computation of w(cs) apart from that they belong to c¢q
or ca. So, wlock(s, c3)=wlock(s, c1)+wlock(s, c2) for s €
{52, 83,85 }. For s€{ss, s1, 54, $7}, wlock(s,cs) must not
be less than the weight already locked in c1 and cs, and
not less than min(6,1,3,7), the increase of w(cz) w.rt.
w(cr)4w(ce). For example, to keep w(cs)=5 unchanged,
the contribution of sg to c3 must not be less than I.
Formally, wlock(s, c3)=max(wlock(s, c1)+wlock(s, c2),
min(6,1,3,7)). So, wlock(se,c3)=1, wlock(s1,c3)=1,
wlock(sy, c3)=3, wlock(sy,c3)=1. It is under these con-
ditions that we have w(c3)=5.

Finally, we compute the remaining weight rw(s) for each
s€cs. Again, Tw(s) does not change for s€{ss, s3, s5}. But
rw(sg) and rw(s7) should be reduced by their weight newly
locked in c3. So, rw(sg)=>5 and rw(s7)=6, and rw(s1) and
rw(sy) remain 0, because they contribute to c3 by their
weight locked in cq or co.

Note that the weight of s5, sg or s7 locked in c3 is substan-
tially smaller than w(c3), leaving their remaining weight to
detect other cores.

We now introduce Alg. 2, which, given a set of hard
clauses H, a set of weighted soft literals (S, w) and a par-
tial assignment «, detects cores and computes their weight
as illustrated in Examples 4 and 5. The main while loop can
be divided into two parts. The first part (line 5 to line 15)



Algorithm 2: WLookahead(H, (S,w), «, UB), the algo-
rithm to compute LB for weighted MaxSAT

Input: H, a set of hard clauses; (S, w), a set of unassigned
free soft literals with their weight function w; «, a partial
assignment; UB, a given upper bound
Output: LB, a lower bound of total weight of falsified soft
literals for any extension of a.
Notation: c<s means cis unlocked before s is propagated or
s is the last falsified soft literal fs

1: LB ¢« total weight of soft literals falsified by «

2: cores «— 0; H' «+ H //save the hard clauses

3: fs < NULL; //a falsified soft literal

4: while S is not empty and LB<UB do

5:  Pick literal s € S and propagate s as assumption
6:  if a soft literal s’ is falsified such that rw(s’)>0 or s’
is in a core ¢ with wlock(s’, ¢)>w(c) then
7: fs + s
8:  else
9: for each falsified soft literal s’ in a core ¢ such that
rw(s")=0 and w(c)>0 and wlock(s', c)<w(c) do
10 w(e) + w(e)—wlock(s', ¢);
11: if w(c)=0 then
12: add {u | v € ¢ and u is unassigned and
rw(u)=0} into S
13: end if
14: end for
15:  endif
16:  if an empty hard clause ¢l is produced or fs is not
NULL then
17: d + {the propagated assumptions starting a path
to ¢l or fs in the implication graph G’}
18: add fs into d if ¢l is not produced
19: C + {cecores|wlock(fs,c)>w(c) or c unlocks
s € d}
20: d + dU{soft literals propagated at line 5 starting a
path to a falsified literal in a core ¢ € C'}
21: for each sind do
22: aw(s)sTw(s)+ D e oxs(Wlock(s, c)—w(c))
23: end for
24: minaw — mingeqaw(s)
25: for each sin d do
26: wlock(s, d)<max(}_ . wlock(s, c), minaw)
27: rw(s) < maz (0, aw(s) — wlock(s,d))
28: end for
29: w(c) < ow(c) for each core ¢ in cores
30: ow(d) < w(d) < minaw 43 .~ ow(c)
31 d dU.ccc
32: LB < LB + minaw
33: cores « (coresU{d})\ C
34: remove all locked literals from S
35: restore hard clauses and set fs to NULL
36:  endif

37: end while
38: return LB

repeatedly picks and propagates a soft literal from S. The
distinguishing feature of this part is the unlocking of cores

11277

and their locked soft literals u (i.e., u with rw(u)=0) when
the weight of these cores is decreased to O (lines 9 to 14).
Note that the cases rw(s’)>0 or wlock(s’, ¢)>w(c) indi-
cate the detection of a new core, and are treated at line 7.
This occurs because the total falsified weight during UP is
greater than the total weight of the unlocked cores. Similar
to Alg. 1, since w(c) changes during UP, we save its original
value computed at line 30 in ow(c).

The second part (lines 16-36) is executed when a new core
is detected. The propagated assumptions starting a path to
the empty hard clause cl or the falsified literals fs in the
implication graph G are collected into d, where fs is also
added, and the cores that unlocked a propagated assumption
in d are collected in C'. In addition, those propagated as-
sumptions contributing to unlock cores in C' are also added
into d (lines 16-20). Then, w(d), wlock(s,d) and rw(s) for
each soft literal sed are computed (lines 21-30).

Let s1,...,s; be assumptions in d propagated in this
ordering. The assignments extended from « can be par-
titioned into the following k+1 disjoint cases: (1) s;=0;
(2)--- (k) s1=-+-=s;_1=1,8,=0 for i=2,...,k; (k+1)
s1="---=s,=1. Denoting fs by sj1, we show below that
the total guaranteed falsified weight in case ¢ (1<i<k+1)
can be written as rw(s;) + D o o<s, (Wlock(si,c) —
w(c)) + > .cc ow(c), where c<s; means that ¢ is unlocked
before s; is assigned a value. We will set w(d) to the mini-
mum of them. Recall wlock(s;, ¢)=0 for s;¢c.

In case (1), no core is unlocked. So, the total guaranteed
falsified weight is in fact rw(s;)+ ) ..o ow(c), as in the
leftmost branch of Figures 2 and 3.

In cases (2)---(k), some cores in C' could be un-
locked because the propagation of sq, ..., s;—1 could fal-
sify some locked literals other than s; in these cores,
giving falsified weight > - ... ow(c). Since the un-
locking of these cores is independent of s;, the weight
of s; locked in these cores ¢ (wlock(s;,c)) becomes
available. The total guaranteed falsified weight is thus
Tw(8i) + 3 e oxs WOCk(si, ) + 37 o ow(c), which can
be written as 1w (s;) + - .co <. (wlock(s;, ¢) —w(c)) +
> ccc ow(c), because w(c)=0 when c is unlocked.

Case (k+1) has two subcases: (i) an empty hard clause
cl is produced, then s;=- - - =s;=1 is not a feasible assign-
ment and can be ignored; (ii) we have a falsified soft literal
fs with rw(fs)>0 or Jc€C such that wlock(fs,c)>w(c),
as in the rightmost branch of Figures 2 and 3. If fs is
not in any core, the total guaranteed falsified weight is
equal to rw(fs)+ ) .o ow(c). Otherwise, note that the
cores in C' are unlocked, except eventually those ¢ with
wlock(fs,c)>w(c). The falsified weights in these cores
due to fs=0 in addition to ) .~ ow(c) can be written
as ) co(wlock(fs, c)—w(c)), where w(c)=0 if ¢ is un-
locked before fs is falsified, and wlock(fs,c)=0 if fs &
c. Then, the total guaranteed falsified weight is rw(fs) +
> ceC exps(Wlock(fs, c)—w(c))+ 3 e o ow(c).

In all the k+1 cases, the first two terms rw(s;) +
> ceCoxs; (Wlock(s;, ¢)—w(c)) is called available weight
of s; when s; is propagated or falsified (recall sx41=Ffs),
and is denoted as aw(s;) in line 22.
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Figure 4: Number of instances solved within = seconds.

In summary, w(d) is the minimum guaranteed falsified
weight among the k+1 cases, which can be written as
minseqaw(s)+ Y ., ow(c) at line 30.

Note that w(d)>)  .-ow(c). The increase is
minscgaw(s) and depends only on the propagated as-
sumptions and fs. So, the remaining weight and the weight
locked in d of other literals are not changed. For a propa-
gated assumption s in d, wlock(s, d) is the minimum value
that is not smaller than mingscqaw(s) and its total weight
already locked in cores in C. So, wlock(s,d) is equal
to maz (), .o wlock(s, c), mingeqgaw(s)) (line 26). Its
remaining weight rw(s) is computed accordingly (line 27).

From the above analysis, we obtain Proposition 2.

Proposition 2. Let d be the core identified at line 31 in
Alg. 2. Any complete extension of « falsifies at least weight
ow(d) in d, and at least weight LB in ¢.

Remark. For unweighted MaxSAT, Alg. 2 behaves as
Alg. 1, in which every thing is much simpler. We introduced
Alg. 1 before Alg. 2 to facilitate the understanding of Alg. 2.

Experimental Evaluation

In this section, we evaluate and analyze the performance
of the unlocking mechanism. To this end, we implemented
Alg. 1 into MaxCDCL for unweighted MaxSAT, and Alg. 2
into WMaxCDCL for weighted MaxSAT. Since WMax-
CDCL frequently splits the weight of a soft literal into
locked and remaining weight, which is in complex interac-
tion with the unlocking mechanism, we implemented Alg. 2
in two stages: first, with the unlocking mechanism disabled
(i.e., lines 9 to 14). If the first stage is not successful, i.e.,
if LB<UB after the first stage, Alg. 2 is re-run with the un-
locking mechanism enabled to detect additional cores by un-
locking existing cores and their locked soft literals.

Experimental settings

Benchmarks We use all instances of the weighted and
unweighted exact tracks of the MaxSAT evaluation (MSE)
from 2019 to 2023, and divide these 1962 unweighted in-
stances and 2019 weighted instances into the subsets below.

(W)MS19M20: subset of (weighted) instances used both in
MSE19 and MSE20, denoted as 19M20.

(W)MS19-(W)MS23: (W)MSy, denoted as y, where y
ranges from 19 to 23, represents the subset of (weighted)
instances used in MSEy but not in (W)MS19M20 and
MSEz for z < y.
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Set: 9n20 19 20 21 22 23 Sum
M 102 322 290 323 183 177 1397
MU 102 331 298 330 185 181 1427
WM 95 281 315 378 203 144 1416
WMU 97 285 326 384 205 149 1446

Table 1: Number of instances solved by (W)MaxCDCL with
and without the unlocking mechanism.

Compared solvers

(W)MaxCDCL: the baseline solvers that can be found in
the website of MSE23, listed as (W)M in the tables.

(W)MaxCDCL+Unlock: it is (W)MaxCDCL in which
Alg. 1 (2) is implemented, listed as (W)MU. The source
code is available on the MSE24’s website under the name
(W)MaxCDCL.

WMaxCDCL-S6-HS12 (Coll et al. 2023), MaxCDCL-
S6-HS9 (Li et al. 2023), EvalMaxSAT-SCIP (Avel-
laneda 2023) and CASHWMAXSAT-CorePlus (Pan
et al. 2023): The best three solvers in the weighted and
unweighted exact tracks of MSE23. All are portfolios
that incorporate the integer programming solver SCIP
(Bestuzheva et al. 2021), and are listed as W23, M23,
Eval and Cash, respectively. Specifically, M23 (W23)
runs SCIP for 600s, then MaxHS (Bacchus 2022) for
900s (1200s), and finally, (W)MaxCDCL2023 for 2100s
(1800s) to solve an instance.

MaxSAT solving has reached a high level of maturity,
making further improvements increasingly difficult. In fact,
the winner of the exact unweighted (weighted) track of
MSE23 solved only 3 (4) more instances than the second-
place solver, out of a total of 572 (558) instances.

Experimental environment All experiments ran on Intel
Xeon CPUs E5-2680@2.40GHz under Linux with 31GB of
memory. The timeout is set to 3600s per instance, as in MSE.

Impact of the unlocking mechanism

Figure 4 displays cactus plots of instances solved within
x seconds. Across all values of z, (W)MaxCDCL+Unlock
solves more instances than the baseline solver.

Table 1 presents the results for (W)MaxCDCL with and
without the unlocking mechanism for 3600s. The data show
that this mechanism consistently enables solving more in-
stances. If duplicated instances had not been removed, the
difference between them would be even greater. For in-
stance, with the results of (W)MS19M20 added, the unlock-
ing mechanism increases the number of solved instances by
9 (6) in MSE19, and by 8 (13) in MSE20. A closer analysis
reveals that 8 (3) instances are solved by (W)MaxCDCL but
not by (W)MaxCDCL+Unlock, and 38 (33) instances are
solved by (W)MaxCDCL+Unlock but not by (W)MaxDCL.

We replace (W)MaxCDCL in the portfolio MaxCDCL-
S6-HS9 (WMaxCDCL-S6-HS12) by (W)MaxCDCL+
Unlock and compare the resulting solver M23U (W23U)
with MaxCDCL-S6-HS9 (WMaxCDCL-S6-HS12), Eval
and Cash, which are the best three solvers in the unweighted



and weighted exact tracks of MSE23. Tables 2 and 3
show that although a good part of the instances solved by
(W)MaxCDCL+Unlock but not by (W)MaxCDCL are also
solved by the two other components of MaxCDCL-S6-HS9
(WMaxCDCL-S6-HS12), M23U (W23U) still increases the
total number of solved instances. This improvement is par-
ticularly notable in the weighted track, where WMaxCDCL
-S6-HS12 already outperforms Eval and Cash by a sig-
nificant margin, indicating that the remaining unsolved
instances are especially hard to solve.

We submitted (W)MaxCDCL+Unlock to MSE24. Us-
ing Open-WBO as a preprocessing for 300s (1200s),
(W)MaxCDCL+Unlock won the first two places in the exact
unweighted category among a total of 15 participant solvers.

Empirical analysis

(W)MaxCDCL deals with two types of conflicts during its
search: hard conflicts, which occur when a hard clause be-
comes empty, and soft conflicts, which arise when LB>UB.
Among the 2019 weighted instances, WMaxCDCL solves
118 instances during preprocessing without any conflict. Ta-
ble 4 partitions the remaining 1901 instances according to
the percentage of soft conflicts of an instance over the total
number of conflicts detected during the search of WMax-
CDCL. We classify the instances in ranges of 20, e.g., col-
umn (80,60] contains instances with a percentage of soft
conflicts between 80% (excluded) and 60% (included).

We identify the two key groups of instances: 34% with at
least 80% soft conflicts, and 39% with at most 20% soft con-
flicts. Recall that WMaxCDCL+Unlock implements Alg. 2
in two stages. The first stage is executed without the unlock-
ing mechanism, and the second stage is executed only if the
first stage is unsuccessful, i.e., if LB<UB. The success rate
of the second stage is significantly different for these two
groups of instances: 34% vs 9%, and so is the number of
extra solved instances: 27 vs 2, representing 82% and 6% of
the total 33 extra instances solved with the unlocking mech-
anism, respectively.

The data in Table 5 for unweighted MaxSAT show a simi-
lar trend, where the number of remaining unsolved instances
after preprocessing is 1786 and 38 instances solved by Max-
CDCL+Unlock but not MaxCDCL. The unlocking in Max-
CDCL does not adopt the two stages scheme so we do not
have the %s2 succ data.

These data offer an intuitive explanation of the effective-
ness of the unlocking mechanism: it is most beneficial when
hard clauses, including those learned from previous soft con-
flicts, are not sufficiently effective in pruning the search
space. In such cases, the unlocking mechanism should be
used to cut subtrees as early as possible. The intricate rela-
tionship between hard clauses and the unlocking mechanism
warrants further investigation.

In weighted MaxSAT, WMaxCDCL+Unlock outperforms
WMaxCDCL by solving 4 or more additional instances in
the following families: scSequencing (7), timetabling (4) and
Jjudgement (4). In unweighted MaxSAT, MaxCDCL+Unlock
solves 5 or more additional instances compared to Max-
CDCL in the following families: optic (5), mindset2 (5) and
phylogeneric-trees (13).
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Set: 9120 19 20 21 22 23 Sum
M23 116 350 327 360 190 180 1523
M23U 118 352 329 362 193 182 1536
Eval 118 350 330 361 191 189 1539
Cash 115 344 333 359 193 183 1527

Table 2: Results for benchmarks of the unweighted track.

Set: 19020 19 20 21 22 23 Sum
W23 111 321 355 408 212 165 1572
W23U 111 318 355 409 219 166 1578
Eval 104 309 335 398 215 168 1529
Cash 110 311 349 402 213 154 1539

Table 3: Results for benchmarks of the weighted track.

soft confl %: [100,80] (80,60] (60,40] (40,20] (20,0]

#inst 645 185 142 187 742
Yoinst 34% 10%  T% 10% 39%
#unlock+ 27 2 1 1 2
Younlock+ 82% 6% 3% 3% 6%
%052 succ 34%  20% 22% 21% 9%

Table 4: In weighted benchmarks, for each percentage range
of soft conflicts: number of instances (#inst) and percentage
(%inst) over the 1901 considered instances; extra instances
solved thanks to unlocking mechanism(#unlock+) and per-
centage of the extra solved instances in the range (%un-
lock+); success rate for stage 2 lookahead (%s2 succ).

soft confl %: [100,80] (80,60] (60,40] (40,20] (20,0]

#inst 727 187 92 119 661
Yoinst 41% 10% 5% 7%  37%
#unlock+ 22 10 4 0 2

Jounlock 8% 26% 11% 0% 5%

Table 5: Same information as in Table 4 for unweighted
MaxSAT benchmarks (stage 2 success does not apply).

Conclusions and Future Work

We proposed an unlocking mechanism that reuses soft
clauses from existing cores to detect additional cores,
thereby improving the lower bound for BnB MaxSAT
solvers. The most challenging aspect of this mechanism is
in weighted MaxSAT for calculating the weight of a new
core d, the weight of a soft clause ¢! locked in d, and the
remaining weight of cl, when d involves existing cores. We
implemented the mechanism in the state-of-the-art solvers
(W)MaxCDCL. Extensive experiments on all instances of
the MaxSAT Evaluation from 2019 to 2023 demonstrate the
effectiveness of the mechanism, which also allowed us to
win the first two places in the exact unweighted category
in the MaxSAT evaluation 2024. Moreover, we provided an
intuitive explanation on when and why it is effective.

As future work, we plan to apply the unlocking mech-
anism to improve lower or upper bound in other NP-hard
combinatorial optimization problems such as MaxClique.
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