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Mikoláš Janota1, Markus Kirchweger2, Tomáš Peitl2, Stefan Szeider2
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Abstract

Graph generation and enumeration problems often require
handling equivalent graphs—those that differ only in ver-
tex labeling. We study how to extend SAT Modulo Sym-
metries (SMS), a framework for eliminating such redundant
graphs, to handle more complex constraints. While SMS was
originally designed for constraints in propositional logic (in
NP), we now extend it to handle quantified Boolean formulas
(QBF), allowing for more expressive specifications like non-
3-colorability (a coNP-complete property). We develop two
approaches: a static QBF encoding and a dynamic method
integrating SMS into QBF solvers. Our analysis reveals that
while specialized approaches can be faster, QBF-based meth-
ods offer easier implementation and formal verification capa-
bilities.

1 Introduction
Generating and enumerating graphs can become inefficient
when the same graph structure appears multiple times with
different vertex labels. A graph’s isomorphism class con-
tains all such equivalent labelings, of which we can desig-
nate one as canonical—typically the one with lexicograph-
ically smallest adjacency matrix. SAT Modulo Symmetries
(SMS; Kirchweger and Szeider 2024) builds on this idea to
eliminate redundant graph generation. It extends a conflict-
driven (CDCL) SAT solver with a custom propagator that
enforces canonicity: when a partial graph assignment can-
not be extended to a canonical solution, the solver back-
tracks. While static symmetry breaking through additional
constraints is also possible, no polynomial-size encoding is
known for complete symmetry breaking of general graphs.

The original SMS framework handled constraints ex-
pressible in propositional logic. However, many interesting
graph properties require quantified constraints. For example,
proving a graph is not 3-colorable means showing that no
assignment of three colors to vertices avoids adjacent ver-
tices sharing a color - a coNP-complete property. To han-
dle such properties, SMS was extended with co-certificate
learning (CCL Kirchweger, Peitl, and Szeider 2023a). CCL
uses two solvers: one generates candidate graphs, while an-
other tries to refute them by finding certificates like valid
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colorings. When a certificate is found, CCL strengthens the
constraints for future candidate generation.

While effective, CCL requires custom implementations
for each new graph property - both the refutation algorithm
and the constraint strengthening mechanism must be built
from scratch. This makes CCL tedious to implement and
error-prone for complex properties. Quantified Boolean for-
mulas (QBFs) offer a more systematic approach. A QBF
solver can automatically handle the interplay between graph
generation and certificate checking based on a formal prob-
lem specification. This brings three key benefits: simpler im-
plementation through standard encodings, formal verifica-
tion through proof generation, and automatic incorporation
of future advances in QBF solving technology.

In this paper, we develop this QBF-based approach into a
complete framework for quantified graph search problems.
Our contributions are:

1. a complete dynamic symmetry-breaking method Q-SMS
that extends existing QBF solvers with SMS-style prun-
ing;

2. a complete static symmetry-breaking method Q-static us-
ing universal variables to encode graph canonicity;

3. implementations of several quantified graph search prob-
lems demonstrating the framework’s applicability.

Table 1 shows the main attributes of the three paradigms
for quantified graph search. In Section 3, we explain the im-
plementation details for both Q-static, and Q-SMS, describe
the QBF solvers we modified and the production of formal
proofs, and give an overview of CCL.

For benchmarking, we selected several classes of quan-
tified graph search problems composed of applications that
appeared in earlier SMS papers and other prominent prob-
lems in graph theory. We describe them in Section 4.

In Section 5, we discuss the results of our evaluation.
We conclude that for simpler problems, CCL is usually the
fastest, but it cannot provide formal proofs and is generally
more error-prone than the other methods. Q-static is the sim-
plest to implement but scales poorly. Q-SMS strikes the best
balance overall, providing good performance, formally ver-
ifiable proofs, and the expressiveness of general QBF.

Among the QBF solvers themselves, our results show that
our newly implemented 2-QBF solver, 2Qiss, outperforms
the other QBF solvers. This is a surprise, as our primary
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CCL Q-static Q-SMS

(Kirchw. et al. 2023a) this paper

speed ✓ ✓
proofs ✓ ✓
ease-of-use ✓ ✓

Table 1: Pros and cons of the approaches studied in this pa-
per. CCL is typically the fastest but hard to implement for
complicated problems. Q-static is straightforward to imple-
ment (one encoding can be reused) and can be used with any
QBF solver, but turns out to be significantly slow. Encodings
for Q-SMS are just as easy as with Q-static, but run much
faster; the only price to pay is the need for a specialized
SMS-endowed solver (such as those presented in this pa-
per). Both Q-static and Q-SMS can produce independently
verifiable proofs, which, combined with uniform (and hence
less error-prone) problem encodings, provide stronger trust
than the slightly faster CCL.

motivation for putting SMS into QBF solvers was to obtain
a performance boost from using established solvers.

2 Preliminaries
For a positive integer n, we write [n] = {1, 2, . . . , n}.
We assume familiarity with fundamental notions of proposi-
tional logic (Prestwich 2021). Below, we review some basic
notions from graph theory.

Graphs. All considered graphs are undirected and simple
(i.e., without parallel edges or self-loops). A graph G con-
sists of set V (G) of vertices and a set E(G) of edges; we
denote the edge between vertices u, v ∈ V (G) by uv or
equivalently vu. The order of a graph G is the number of
its vertices, |V (G)|. We write Gn to denote the class of all
graphs with V (G) = [n]. The adjacency matrix of a graph
G ∈ Gn, denoted by AG, is the n × n matrix where the el-
ement at row v and column u, denoted by AG(v, u), is 1 if
vu ∈ E and 0 otherwise.

Coloring. A proper k-coloring of a graph G is a mapping
c : V (G) → [k] such that uv ∈ E(G) implies c(u) ̸= c(v).
The chromatic number of a graph G is the smallest integer k,
for which a proper k-coloring exists. A k-edge-coloring of a
graph G is a mapping c : E(G)→ [k]. A k-edge-coloring of
a graph G is proper if incident edges have different colors.

Isomorphisms. For a permutation π : [n] → [n], π(G)
denotes the graph obtained from G ∈ Gn by the permuta-
tion π, where V (π(G)) = V (G) = [n] and E(π(G)) =
{π(u)π(v) | uv ∈ E(G) }. Two graphs G1, G2 ∈ Gn are
isomorphic if there is a permutation π : [n] → [n] such that
π(G1) = G2; in this case G2 is an isomorphic copy of G1.

Partially defined graphs. As defined by Kirchweger and
Szeider (2021), a partially defined graph is a graph G where
E(G) is split into two disjoint sets D(G) and U(G). D(G)
contains the defined edges, U(G) contains the undefined
edges. A (fully defined) graph is a partially defined graph

G with U(G) = ∅. A partially defined graph G can be ex-
tended to a graph H if D(G) ⊆ E(H) ⊆ D(G) ∪ U(G).

SAT Modulo Symmetries (SMS). SMS is a framework
that augments a CDCL SAT solver (Fichte et al. 2023;
Marques-Silva, Lynce, and Malik 2021) with a custom prop-
agator that can reason about symmetries, allowing to search
modulo isomorphisms for graphs in Gn which satisfy con-
straints described by a propositional formula. During search
the SMS propagator can trigger additional conflicts on top of
ordinary CDCL and consequently learn symmetry-breaking
clauses, which exclude isomorphic copies of graphs. More
precisely, only those copies are kept which are lexicographi-
cally minimal (canonical) when considering the rows of the
adjacency matrix concatenated into a single vector. A key
component is a minimality check, which decides whether a
partially defined graph can be extended to a minimal graph;
if it cannot, a corresponding clause is learned. For a full de-
scription of SMS, we refer to the original work where the
framework was introduced (Kirchweger and Szeider 2021,
2024). SMS has been successfully applied to a wide range
of combinatorial problems (Fazekas et al. 2023; Kirchweger,
Scheucher, and Szeider 2022; Kirchweger, Peitl, and Szeider
2023a,b; Kirchweger, Scheucher, and Szeider 2023; Zhang,
Peitl, and Szeider 2024; Zhang and Szeider 2023).

Quantified Boolean Formulas
Quantified Boolean formulas (QBF) generalize proposi-
tional logic with quantification. We consider closed formu-
las in prenex form, i.e., ones where all quantifiers are in the
front in the quantifier prefix, and the rest—the matrix—is a
propositional formula. An example of a QBF is

∃x∃y∀z
(
(x ∧ ¬y) ∨ z

)
.

Given a formula ϕ and an assignment α of some variables,
then ϕ[α] is the formula resulting by replacing x with ⊤ if
α(x) = 1 and replacing it with ⊥ if α(x) = 0. The seman-
tics of a QBF can be defined recursively. The formula ∃xϕ
is true if ϕ[{x 7→ 0}]∨ϕ[{x 7→ 1}] is true. The formula ∀xϕ
is true if ϕ[{x 7→ 0}] ∧ ϕ[{x 7→ 1}] is true.

Let X = {x1, . . . , xn}. If Q ∈ {∃, ∀}, we write
QXϕ for Qx1 . . . Qxnϕ. Further, α|X gives the restric-
tion of the function only to elements in X . A simple CE-
GAR (counterexample-guided abstraction refinement) algo-
rithm for 2-QBF of the form ∃X∀Y ϕ is given in Algo-
rithm 1. The SAT solver used as a subroutine returns a
model of the propositional formula if satisfiable, otherwise
NULL. The idea behind Algorithm 1 is the basis of many
QBF solvers (Janota et al. 2012; Rabe and Tentrup 2015;
Hecking-Harbusch and Tentrup 2018; Janota 2018a,b).

Algorithm 1 can be seen as a game. One player tries to
assign existential variables to satisfy the matrix ϕ; the other
tries to find universal counter-moves to falsify ϕ. In response
to a successful counter-move β, the first player must find a
move α that does not lose to β (or any other previous move).

3 Combining SMS with QBF
In this section we expound the approaches listed in Table 1.
We start with the idea of checking the canonical form with
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Algorithm 1: A CEGAR-based 2-QBF solver

Input: A closed 2-QBF Φ = ∃X∀Y ϕ.
Output: True if Φ is true, false otherwise.

1: ϕ′ ← ⊤
2: loop forever
3: α← SAT(ϕ′) {Get a model of ϕ′}
4: if α = NULL then
5: return False {No model}
6: β ← SAT(¬ϕ[α|X ]) {Compute a counterexample}
7: if β = NULL then
8: return True
9: ϕ′ ← ϕ′ ∧ ϕ[β|Y ] {Refine}

universal variables (Q-static), and move on to the integration
of SMS in existing QBF solvers.

Quantified Static Symmetry Breaking (Q-static)
While it is unknown whether a polynomially sized complete
symmetry break is expressible in propositional logic, it is
easy to achieve in QBF. The idea is to encode that no per-
mutation of the vertices results in a lexicographically smaller
adjacency matrix for the graph, using universal variables to
represent the permutations.

We first construct a formula expressing that a permutation
leads to a lexicographically smaller graph for a fixed number
of vertices n. Negating the formula leads to the encoding
of minimality. Since the adjacency matrix is symmetric, it
is sufficient to consider only the upper triangle. We write
Pn := { (i, j) | i, j ∈ [n], i < j }, and use the variables
ei,j for (i, j) ∈ Pn to encode the adjacency matrix and pi,j
for i, j ∈ [n] to encode the permutation π : [n] → [n], i.e.,
pi,j is true if and only if π(i) = j. We use the following
formula to ensure that the variables pi,j indeed represent a
permutation, i.e., that π is total and injective:

isPerm =
∧
i∈[n]

∨
j∈[n]

pi,j ∧
∧
i<j

∧
k∈[n]

(¬pi,k ∨ ¬pj,k).

Finally, we define variables pei,j to hold the permuted adja-
cency matrix: pei,j is true if, and only if Aπ(G)(i, j) = 1.

pei,j =
∨

(i′,j′)∈Pn

(ei′,j′ ∧ pi′,i ∧ pj′,j).

This allows us to construct a formula that is true if the per-
mutation leads to a lexicographically smaller graph:

nonMin =
∨

(i,j)∈Pn

∧
(i′,j′)∈Pn,

(i′,j′)≺lex (i,j)

(ei′,j′∨¬pei′,j′)∧ei,j∧¬pei,j ,

where ≺lex is the lexicographic order on vertex pairs, i.e.,
(i, j) ≺lex (i′, j′) if (i) i < i′ or (ii) i = i′ and j < j′.

If the formula nonMin ∧ isPerm is satisfied, then there
is a permutation π described by the assignment to pi,j and
(i∗, j∗) ∈ Pn such that AG(i

′, j′) ≥ Aπ(G)(i
′, j′) for all

(i′, j′) ≺lex (i∗, j∗) and AG(i
∗, j∗) > Aπ(G)(i

∗, j∗). This
implies that G is not minimal, and consequently the formula

∀{ pi,j | i, j ∈ [n] } ¬(nonMin ∧ isPerm)

encodes lexicographic minimality.
As we will see in the experiments, trying to enforce lexi-

cographic minimality using a QBF encoding scales poorly in
terms of performance. This does not come as a big surprise
for CEGAR-based approaches using a second SAT solver to
check whether the universal property is satisfied. The reason
is that there is a “hidden” pigeon-hole principle. This is eas-
iest explained in an example. Let G ∈ Gn and let the first
vertex have degree δ with (1, i) ∈ E(G) for i ∈ [n]\ [n−δ].
Let another vertex u have degree δ + 1. When mapping the
vertex u to the first vertex, the solver tries to assign the δ+1
neighbors of u to vertices in [n] \ [n − δ]. In other words,
one tries to injectively map δ + 1 elements to δ elements.
SAT solvers are known not to perform well on these types of
instances.

Independently of the chosen ordering, a further disadvan-
tage of the minimality encoding is that, for CEGAR-based
approaches, the minimality is only checked when all exis-
tential variables are assigned, i.e., the graph is fully defined.
One can often detect that a partially defined graph with only
a few edge variables assigned already cannot be extended
to a canonical one, and thus branches of the search tree can
be pruned much earlier. An extreme case is provided by in-
stances where the existential part is unsatisfiable: the static
symmetry-breaking constraint is not evaluated at all.

QBF Modulo Symmetries (Q-SMS)
In contrast to encoding the SMS minimality check into
QBF, as described above, we describe here how to inte-
grate SMS with an external minimality check (similarly to
the SAT-based SMS) into three different circuit-based QBF
solvers, Qfun (Janota 2018b), CQesto (Janota 2018a) and
Qute (Peitl, Slivovsky, and Szeider 2019). The main rea-
son for only considering circuit-based solvers is to avoid an
additional quantifier alternation resulting from transforming
quantified circuits into a QCNF.

Qfun and CQesto are both based on CEGAR. Unlike its
precursor, the RAReQS algorithm (Janota and Silva 2011;
Janota et al. 2012, 2016), Qfun learns functions using de-
cision trees. Instead of adding ϕ[β|Y ] to the formula in Al-
gorithm 1 line 9, the universal variables are occasionally re-
placed by formulas/functions only depending on existential
variables. For example, a universal variable could be sub-
stituted by the negation of an existential variable but also
with more complex functions. The functions are constructed
based on previous models and counter models.

The CQesto algorithm has been designed to be more
lightweight than RAReQS, which scales poorly beyond 3
levels. Consider the following example. Let g ≡ (x ∨ y) in
∃x∃y∀u (g ∨u)∧ (¬g ∨¬u) and the assignment x = y = 1
to which the universal player responds with u = 1, falsi-
fying the second conjunct. Now, the solver could add the
constraint ¬x ∨ ¬y because setting both x and y to true is
losing for the existential player. However, this is a weak con-
straint because the same move will beat any assignment that
satisfies gate g. Instead, CQesto propagates the assignment
and learns the constraint ¬g. For the purpose of this paper,
the solver is run repeatedly to obtain many different solu-
tions, and we observed that value propagation incurs a non-
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negligible time overhead. Therefore, we have changed its
implementation to be bottom-up, instead of top-down, and
to evaluate gates lazily. This has improved the performance
slightly, but propagation still takes considerable time.

Note that the solvers are not restricted to 2-QBF, but for
the sake of simplicity, we restricted the presentation to this
simpler case. For the generalization to an arbitrary number
of quantifier alternations, we refer to the literature.

From a conceptual standpoint, it is straightforward to in-
corporate SMS into the two CEGAR-based solvers Qfun and
CQesto. Using an SMS solver for calls in Line 3 ensures that
non-canonical graphs are excluded. For all other SAT calls,
a standard SAT solver is used.

For graph problems, often not only the existence of a
graph with a certain property is of interest but also to enu-
merate all graphs up to isomorphism with the wished-for
property. We also extend the solvers to allow enumerating
solutions. We propose to use free variables to indicate which
variables are relevant for enumeration, i.e., only the assign-
ments of the free variables are part of the output. Free vari-
ables are already part of the QCIR input format (Jordan,
Klieber, and Seidl 2016).

Qute is a solver based on Quantified Conflict-Driven
Constraint Learning (QCDCL; Zhang and Malik 2002). As
such, Qute does not use SAT solvers, so we cannot sim-
ply replace one component. It is reasonably straightforward
to call the minimality check at the appropriate place in the
QCDCL loop (when unit propagation reaches a fixed point).
However, the learning of symmetry-breaking clauses poses
some challenges that we try to explain briefly.

QCDCL, as implemented in Qute, maintains, in addition
to the usual set of input and learned clauses like in CDCL,
another set of cubes. A cube is a conjunction of literals. The
cube set maintained by Qute is a DNF (disjunctive normal
form, i.e., a disjunction of cubes) representation of the input
formula, together with further learned cubes (just like the
clause set is the original formula plus learned clauses).

Conjoining a (symmetry-breaking or solution-blocking)
clause to the clause set is trivial and fast; one just appends
it. However, conjoining a clause to the cube set, by De
Morgan’s laws, potentially changes every cube, including
learned ones, and that is expensive when done repeatedly.
We can do better if we understand the structure of the cubes.

Suppose we are solving a QBF whose matrix is the cir-
cuit F . Qute initializes its cube set with DNF(F ), which
is obtained with Tseitin’s well-known translation proce-
dure (Tseitin 1968).1 DNF(F ) consists of two components,
DNF∗(F ), which encodes the structure of the circuit as a
DNF, and the unit cube (Fout), which says that the cir-
cuit should evaluate to true. Now, suppose we already have
DNF(F ) = DNF∗(F ) ∨ (Fout), and we want to obtain
DNF(F ∧ C) for a newly added clause C. Observe that
much of the structure of the circuits F and F ∧ C is iden-
tical. It is not too hard to see that in fact DNF(F ∧ C) ≡
DNF∗(F ) ∨ DNF∗(C) ∨ (Fout ∧ Cout). Thus, we can con-

1The translation into DNF (Disjunctive Normal Form) is the
negation of the better known translation into CNF (Conjunctive
Normal Form), and uses universal auxiliary variables.

join the clause C by encoding it into DNF, appending to the
cube set, and replacing the unit cube (Fout) with the new
output cube (Fout ∧ Cout).

After this replacement, every cube derived using (Fout)
might be invalid. Such cubes we call tainted, and we ex-
tended Qute to keep track of whether a cube is tainted. After
adding a clause, all tainted cubes must be removed.

Three technical aspects of clause addition appear to be
important. First, delete tainted cubes lazily: mark them for
deletion, but do not actually clean them from memory (a pe-
riodical cleanup is performed by the solver). Second, when
a cube shares a literal with the newly added clause, the cube
can be kept even if it is tainted (a formal proof of this is an
easy exercise; we leave it out to save space). Third, to add
a clause, the solver must backtrack to a consistent state. We
backtrack all the way; a finer yet complicated analysis might
allow keeping some of the search state.

Proofs
We have implemented basic proof logging with SMS in
Qute. We picked Qute for this as it is the only solver that
supports proof logging. Our proof framework certifies cor-
rectness of the obtained solutions (that the graphs have the
right properties), and the fact that all solutions have been
found (unsatisfiability at the end). To certify correctness of
the symmetry-breaking clauses generated by SMS, we can
use the same approach as for propositional SMS (Kirch-
weger and Szeider 2024), as the validity of the symmetry
clauses does not depend on the encoding.

Qute outputs proofs in long-distance Q-resolution (LDQ-
resolution, for short; Zhang and Malik 2002; Balabanov
and Jiang 2012), a clausal proof system (and its counter-
part LDQ-consensus which operates dually on cubes). LDQ-
resolution and consensus can prove a QBF in CNF/DNF
false and true, respectively. When solving a QBF with the
circuit matrix F , the proof starts from CNF(F )/DNF(F ).
An extra step outside of the proof system, which we have
not implemented, would be necessary to certify the correct-
ness of the circuit-to-CNF/DNF translation.

A single LDQ-resolution/consensus proof can certify one
solution or prove that there are no solutions. In order to cer-
tify an enumeration problem, several proofs are needed. All
the necessary proofs can be extracted from the solver trace
(the chronological log of all learned clauses and cubes). We
have adapted the extractor qrp2rup (Peitl, Slivovsky, and
Szeider 2018) to handle traces containing multiple proofs.

In a proof trace, all variables and axioms are usually intro-
duced right at the beginning. In SMS, axioms and auxiliary
variables can be introduced on the fly as well. We adapted
qrp2rup to handle such cases. When new axioms are intro-
duced in the middle of the proof, any tainted cubes must be
forgotten (see above). We do not see how the proof checker
could check this without understanding the entire setup, in-
cluding the circuit structure outside of the clausal proofs. It
appears to us that a dedicated proof system for enumeration
would be necessary to correctly capture what happens when
a solution is found and blocked for subsequent search. We
leave the design of such a proof system to future work.
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Figure 1: CCL. CEGAR-based QBF solving with an SMS
blackbox follows a similar pattern.

On the other hand, qrp2rup can, on top of verifying a
proof, extract strategies for the winning player and DRAT
proofs for them, and verify them with DRAT-trim (Wetzler,
Heule, and Hunt 2014), and can even extract GRAT anno-
tations directly and verify the strategies with the formally
verified checker gratchk (Lammich 2017). We made sure
this feature continues to work even with multiple proofs.

A New 2-QBF Solver

Since in preliminary experiments, existing QBF solvers (ex-
tended with SMS) performed worse than CCL, we decided
to write our own 2-QBF solver 2Qiss, which implements Al-
gorithm 1. We use CaDiCaL (Biere et al. 2020) as the un-
derlying SAT solver. We create two instances of the solver,
one for calls at Line 3, the other for calls at Line 6. The
first solver is responsible for the existential part, the sec-
ond for the universal. The first solver is initialized with
the formula ϕ [{ y 7→ 0 | y ∈ Y }] and the second with ¬ϕ.
For the first solver, we use the incremental interface to add
additional constraints at Line 9 (incremental calls preserve
learned clauses). For the second, we use assumptions to fix
the assignment to the existential variables in each call.

Like the other QBF solvers mentioned above, we use
QCIR as input format, i.e., the matrix of the formula is not
restricted to CNF. Nevertheless, constraints must be trans-
formed into CNF before they are added to the underlying
SAT solvers. This is done using the Tseitin transforma-
tion (Tseitin 1968). New variables are introduced for sub-
formulas and constraints added to ensure that the variables
are equivalent to the subformulas. To avoid encoding iden-
tical subformulas several times, we use a technique called
gate/structural hashing (Balabanov et al. 2016). For each
solver, a hash map is created which maps each subformula
to its corresponding variable.

Before being passed to a solver, each formula is simplified
by removing true (false) inputs from conjunctions (disjunc-
tions), replacing empty conjunctions (disjunctions) with true
(false), and replacing unary gates by their only input.

Many natural 2-QBF problems can be encoded in the
form ϕ = ∃X∀Y (F (X) ∧G(X,Y )), i.e., with a top-level
conjunct that uses only existential variables. After adding
ϕ [{ y 7→ 0 | y ∈ Y }] to the first SAT solver, we delete the
existential part F (X) from the formula (if there are more
such existential conjuncts, we remove all of them).

Co-certificate learning (CCL)
CCL follows the pattern of Algorithm 1, depicted graphi-
cally in Figure 1. The 2nd block solver can be any algo-
rithm: a SAT solver (with a suitable formula), or even a cus-
tom domain-specific solver. Whereas a CEGAR QBF solver
computes a strengthening on Line 9 from the input QBF and
a counter-move β, in CCL, the 2nd-block solver is respon-
sible for returning an appropriate strengthening. In some
cases, like graph coloring, this is easy: when the 2nd solver
finds a coloring of the candidate graph proposed by the 1st
solver, it can return a clause that says at least one edge with
endpoints of the same color should be present in future can-
didate graphs. For more involved problems, though, CCL
can get complex and error-prone. Since the 2nd-block solver
can be an arbitrary algorithm, it is also hard to provide inde-
pendently verifiable proofs for CCL.

4 Benchmark Problems and Encoding
In this section we introduce the graph search problems and
present QBF encodings on which we evaluated our solvers.
For most problems we only sketch the encoding, as the main
focus is on comparing the solving approaches. See Section 5
for a link to generator scripts and details of the formulas. All
encodings are of the form ∃X∀Y (F (X) ∧ ¬H(X,Y )). We
call F the ∃-encoding and H the ∀-encoding.

Coloring Triangle-Free Graphs
If a graph contains the k-clique as a subgraph, then its chro-
matic number must be at least k. The opposite is not true:
Mycielski (1955) explicitly constructed triangle-free graphs
(without K3 as a subgraph) with unbounded chromatic num-
ber. Erdős (1967) asked about the values f(k), which de-
note the smallest number of vertices in a triangle-free non-
(k − 1)-colorable graph. Mycielski’s construction provides
upper bounds on f(k), and these are tight up to k = 4; for
k = 5, minimal graphs are also known (Goedgebeur 2020),
but none of them is a Mycielskian. The cases k ≥ 6 are open.

Task: Compute a triangle-free graph with n vertices and
chromatic number at least k.
∃-Encoding: The existential part ensures that the graph
is triangle-free. Without loss of generality, we further re-
strict the search to maximal triangle-free graphs (triangle-
free and adding any edge creates a triangle).
∀-Encoding: Universal variables cv,i, v ∈ [n], i ∈ [k−1]
and straightforward constraints enforce non-(k − 1)-col-
orability.

Folkman Graphs
Folkman graphs, named after the mathematician Folkman
(and not to be confused with the specific graph also named
after him), play an important role in generalized Ramsey
theory (Folkman 1970). The Ramsey number R(x, y) is the
least integer such that for every 2-edge-coloring (red-blue)
of the complete graph KR(x,y), one can find a red Kx or
a blue Ky subgraph (Ramsey 1930; Radziszowski 2021).
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Folkman numbers generalize this idea, by looking for the ex-
istence of monochromatic complete subgraphs in edge col-
orings of arbitrary graphs. The Folkman number F (x, y; k)
is the least integer such that there exists an (x, y; k)-Folk-
man graph: a Kk-free graph such that any 2-edge-coloring
contains either a red Kx or a blue Ky .

Task: Given two integers k and n, output a (3, 3; k)-Folk-
man graph with n vertices.
∃-Encoding: Kk-free: enumerate all k-tuples of vertices,
and in each require at least one edge to be missing.
∀-Encoding: We use universal variables for encoding
edge-colorings, and require that for each edge coloring
there be some monochromatic triangle.

We focus on the Folkman number F (3, 3; 4), for which the
best bounds are 21 ≤ F (3, 3; 4) ≤ 786 (Bikov and Nenov
2020; Lange, Radziszowski, and Xu 2012).

Domination Number of Cubic Graphs
A dominating set of a graph G is a subset S ⊆ V (G)
such that each vertex is in S or has a neighbor in S. The
domination number γ(G) is the size of a smallest dominat-
ing set of G. Reed (1996) conjectured that the domination
number of every cubic (each vertex has degree 3) connected
graph G is ≤ ⌈|V (G)|/3⌉. This conjecture turned out to be
false (Kostochka and Stodolsky 2005; Kelmans 2006), but
restricted variants remain open. A graph is k-connected if it
cannot be made disconnected by removing fewer than k ver-
tices. The girth of a graph is the length of its shortest cycle.
Conjecture 1. Let G be a cubic graph. If

i) G is 3-connected, or
ii) G is bipartite, or

iii) G has girth g ≥ 6,

then γ(G) ≤ ⌈|V (G)|/3⌉.

Task: Find a counterexample to Conjecture 1 with n ver-
tices.
∃-Encoding: We use sequential counters (Sinz 2005) to
enforce cubicity. Instead of a full encoding of 3-connect-
edness, we only require connectedness, and postprocess
the solutions. For girth g ≥ 6 we use a compact encoding
girthn6 due to Kirchweger and Szeider (2024). To encode
bipartiteness, we introduce variables bi, i ∈ [n] to guess
the bipartition.
∀-Encoding: Checking whether a graph does not have a
dominating set of size ≤ k is coNP-complete. Universal
variables di, i ∈ [n] and straightforward constraints de-
scribe a dominating set of size ≤ k.

Löwenstein and Rautenbach (2008) proved Reed’s conjec-
ture for graphs of girth ≥ 83; Verstraëte (Dorbec and Hen-
ning 2024) conjectured it holds for girth ≥ 6 (condition iii).

Treewidth
Treewidth is a well-studied graph invariant that measures
how much a graph resembles a tree. The standard definition
of treewidth uses a tree decomposition (Bodlaender 1993);

here we recall the equivalent definition in terms of elimi-
nation orderings, which, for a graph G, is a permutation
π = v1, . . . , vn of V (G). The width wG(π) of π for G is
max(degG(v1), wG∗

v1
(v2, . . . , vn)), where G∗

v1
is obtained

from G by removing v1 and completing its neighbors to a
clique. Treewidth tw(G) is the minimum width of an elimi-
nation ordering. Checking if tw(G) ≤ k is NP-complete.

It is well known that if G contains a graph H as minor (H
is obtained from G by deleting vertices and edges and by
contracting edges), then tw(H) ≤ tw(G), i.e., the class of
graphs of treewidth≤ k is minor-closed. A famous theorem
of Robertson and Seymour (2004) states that every minor-
closed family of graphs is definable by a finite set of forbid-
den minors, but since the proof is not constructive, finding
these finite obstruction sets is an open challenge. The mini-
mal obstruction set for the class of graphs of treewidth ≤ k
consists of treewidth-critical graphs; whose any minor has
strictly smaller treewidth.

Task: Find all treewidth-k-critical graphs with n vertices.
∃-Encoding: For showing that a graph’s treewidth is at
most k, SAT encodings based on elimination orderings
are known (Samer and Veith 2009).
∀-Encoding: Negating the encoding by Samer and Veith
allows us to express that the treewidth must be at least k.

In principle, one can encode treewidth-criticality by check-
ing that any edge deletion or contraction results in a graph
with treewidth < k. We opted for a more compact encoding,
only requiring that the graph itself has treewidth ≤ k, and
postprocessing to filter out non-critical graphs.

Snarks
A snark is a non-3-edge-colorable cubic graph (Gardner
(1976) took the name, a portmanteau of ‘snake’ and ‘shark,’
from Lewis Carroll’s poem The Hunting of the Snark). Sim-
ilarly to vertex coloring, edge coloring is NP-hard. To avoid
trivial cases, it is usually required that a snark have girth≥ 5
and be cyclically 4-edge-connected (deleting any 3 edges
does not create two connected components both containing
a cycle).

Task: Enumerate all snarks with n vertices.
∃-Encoding: We use sequential counters to enforce cu-
bicity. We forbid 3 and 4-cycles by explicitly enumerating
them and requiring at least one edge from each to be ab-
sent. Instead of enforcing cyclical 4-edge-connectedness,
we only enforce at least 2(-vertex)-connectedness.
∀-Encoding: Universal variables clij for i < j ∈ [n],
l ∈ [3], and straightforward constraints describe the
3-edge-coloring and ensure it is not proper.

Snarks were introduced in the context of a conjecture now
known to be true as the four color theorem: that every pla-
nar graph is 4-vertex-colorable. One equivalent statement of
the four color theorem is that planar snarks do not exist.
Snarks continue to be relevant today; for many important
conjectures in graph theory (such as the famous Cycle Dou-
ble Cover Conjecture; Szekeres 1973; Seymour 1979; Jaeger
1985) it is known that the smallest counterexamples, if they
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exist, must be snarks. There is already a wealth of work on
enumerating small snarks; for example, all snarks with up to
36 vertices are known (Brinkmann and Goedgebeur 2017).

Kochen-Specker Graphs
Kochen-Specker (KS) vector systems are special sets of vec-
tors in at least 3-dimensional space that form the basis of
the Bell-Kochen-Specker Theorem, demonstrating quantum
mechanics’ conflict with classical models due to contextual-
ity (Budroni et al. 2022). Kochen and Specker (1967) origi-
nally came up with a 3D KS vector system of size 117. The
smallest known system (in 3D) has 31 vectors (Peres 1991),
while the best lower bound is 24 (Kirchweger, Peitl, and
Szeider 2023a; Li, Bright, and Ganesh 2023). These lower
bounds were obtained with computer search for KS candi-
date graphs, which are non-010-colorable graphs with ad-
ditional restrictions. A graph is 010-colorable if its vertices
can be colored red and blue such that no two adjacent ver-
tices are both red and no triangle is all blue.

Task: Enumerate all KS candidates with n vertices.
∃-Encoding: For the full list of constraints and the en-
coding, see (Kirchweger, Peitl, and Szeider 2023a).
∀-Encoding: Universal variables cv , v ∈ [n], and
straightforward constraints enforce non-010-colorability.

5 Results
We evaluated all solvers on all benchmark problems, on
a cluster of machines with different processors2, running
Ubuntu 18.04 on Linux 4.15.3

Table 2 shows the performance of the three main ap-
proaches on problem instances from Section 4, with a time
limit of 4 hours for each instance. All solvers are run with
a single thread. Table 3 shows the number of solved in-
stances by each solver. ‘minqbf’ is the static encoding of lex-
icographic minimality, ‘minqbf-co’ is colexicographic min-
imality using 2Qiss as the underlying solver.

Note that our experimental setup is intended to compare
different approaches, rather to improve on any of the men-
tioned problems. Making progress would likely require sig-
nificantly more CPU time and extensive parallelization.

The experiments show that the QBF encoding of minimal-
ity performs poorly on almost all instances, independently
of the chosen ordering. Also, Qute does not seem to be well-
suited for graph problems. Although CCL, CQesto, Qfun,
and 2Qiss are conceptually similar, there is variability in per-
formance. Among the QBF solvers, 2Qiss performs best, but
CCL, while solving the same instances of applicable prob-
lems, solves them 2–3 times faster. For the largest solved n
from Table 2, CCL needed 6, 63, and 34 minutes, respec-
tively, while 2Qiss needed 18, 122, and 58 minutes for the

2Intel Xeon {E5540, E5649, E5-2630 v2, E5-2640 v4}@ at
most 2.60 GHz, AMD EPYC 7402@2.80GHz

3Solvers and benchmark generators are included in supplemen-
tary material in the versions used in this paper (Janota et al. 2025).
For detailed instructions on how to create the encodings and use the
solvers, as well as for up-to-date version of solvers, visit https://sat-
modulo-symmetries.readthedocs.io/en/latest/applications#qbf.

Task CCL Q-static Q-SMS

∆-free non-3-colorable 15 13 15
Max-∆-free non-4-colorable 20 12 20
Kochen-Specker 20 - 20
Domination conjecture (i) - 12 28
Domination conjecture (ii) - 12 34
Domination conjecture (iii) - 12 30
Folkman (3, 3; 4) - 11 15
Folkman (3, 3; 5) - 10 12
Treewidth 4 - 9 9
Treewidth 5 - 9 9
Snarks girth 5 - 14 20

Table 2: The largest number n of vertices solvable with each
of the three main approaches, for each benchmark problem,
within 4 hours of CPU time. For Q-SMS, the best QBF
solver is reported. We implemented CCL only for the first
three problems. Kochen-Specker instances start at n = 15;
Q-static did not solve any.

solver # solved solver # solved

2Qiss 110 qfun 104
cqesto 90 qute 72
minqbf-co 57 minqbf 55

Table 3: Number of solved graph instances by each solver.

same instances. For hard combinatorial graph problems re-
quiring multiple CPU years, using CCL might be advisable.

We ran Qute with proof logging with a time limit of 30
minutes per instance (for longer runs, the proofs grow too
large) and extracted and validated proofs of solved instances.
Qute solved 70 instances and produced 1874 proofs, which,
compressed with xz, total 350MB. All proofs were verified
with qrp2rup and gratchk in under 4 hours.

6 Conclusion
This research explores novel techniques for solving quanti-
fied graph search problems with QBF solvers.

Q-SMS, which integrates SMS-style symmetry breaking
into QBF solvers, matched CCL performance across multi-
ple prominent graph search problems after a comprehensive
evaluation. In contrast, the completely QBF-based method
Q-static showed poor scaling beyond small graphs.

Our implementation extends Qute to produce verifiable
proofs, a capability missing in CCL approaches. Q-SMS
delivers equivalent performance with more straightforward
implementation, broader problem applicability, and enables
formal proof generation. Future work will expand 2Qiss to
handle general QBFs and optimize its core algorithms to im-
prove efficiency on complex graph problems further.
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