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Abstract

The problem of checking satisfiability of linear real arith-
metic (LRA) and non-linear real arithmetic (NRA) formu-
las has broad applications, in particular, they are at the
heart of logic-related applications such as logic for artifi-
cial intelligence, program analysis, etc. While there has been
much work on checking satisfiability of unquantified LRA
and NRA formulas, the problem of checking satisfiability
of quantified LRA and NRA formulas remains a significant
challenge. The main bottleneck in the existing methods is a
computationally expensive quantifier elimination step. In this
work, we propose a novel method for efficient quantifier elim-
ination in quantified LRA and NRA formulas. We propose a
template-based Skolemization approach, where we automat-
ically synthesize linear/polynomial Skolem functions in or-
der to eliminate quantifiers in the formula. The key techni-
cal ingredients in our approach are Positivstellensätze theo-
rems from algebraic geometry, which allow for an efficient
manipulation of polynomial inequalities. Our method offers
a range of appealing theoretical properties combined with a
strong practical performance. On the theory side, our method
is sound, semi-complete, and runs in subexponential time and
polynomial space, as opposed to existing sound and complete
quantifier elimination methods that run in doubly-exponential
time and at least exponential space. On the practical side, our
experiments show superior performance compared to state-
of-the-art SMT solvers in terms of the number of solved in-
stances and runtime, both on LRA and on NRA benchmarks.

Introduction
Satisfiability checking for logical formulas is one of the
fundamental problems in automated reasoning that arises
in many applications, including logic for artificial intelli-
gence (Alur, Henzinger, and Kupferman 2002), planning and
scheduling (Kautz and Selman 1992) or deductive verifi-
cation (Kroening and Strichman 2016). Satisfiability mod-
ulo theories (SMT) solvers have achieved impressive re-
sults at tackling this problem. However, while SMT solvers
excel at checking satisfiability of quantifier-free formulas,
many applications require reasoning about quantified for-
mulas. For instance, automated reasoning problems in de-
cision making for multi-agent systems typically involve
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quantified formulas, with quantifier alternation correspond-
ing to the choices made by each agent (Alur, Henzinger,
and Kupferman 2002; Chatterjee, Henzinger, and Piterman
2010). Quantified formulas also commonly arise in program
verification (Gulwani, Srivastava, and Venkatesan 2008) and
synthesis (Solar-Lezama et al. 2006).

The key challenge that arises in checking satisfiability of
quantified formulas is the highly expensive quantifier elim-
ination step, that SMT solvers need to perform in order
to reduce the problem of checking satisfiability of a quan-
tified formula to that of a quantifier-free formula. It is a
classical result that, both in linear real arithmetic and in
non-linear real arithmetic theories, the runtime complexity
of quantifier elimination is doubly-exponential (Weispfen-
ning 1988), making it practically infeasible and often a
daunting task for SMT solvers. To overcome this challenge,
some SMT solvers avoid the expensive quantifier elimina-
tion step by implementing methods such as quantifier in-
stantiation (Reynolds et al. 2013; de Moura and Bjørner
2007; Ge, Barrett, and Tinelli 2009). However, while be-
ing sound, quantifier instantiation is incomplete and may
lead to ”Unknown” outputs by the SMT solver. Another ap-
proach to satisfiability checking that avoids the quantifier
elimination step is to consider the game semantics of quan-
tified first-order formulas and to treat them as two-player
games (Bjørner and Janota 2015; Farzan and Kincaid 2016;
Murphy and Kincaid 2024). However, these methods are
only applicable to formulas in linear real arithmetic.

Besides checking satisfiability of quantified formulas, an-
other fundamental question is to obtain witnesses of sat-
isfiability for existentially quantified variables. This fea-
ture is important in many applications. In decision mak-
ing for multi-agent systems, the witnesses for existentially
quantified variables gives rise to a strategy of the existen-
tially quantified agent (Alur, Henzinger, and Kupferman
2002; Chatterjee, Henzinger, and Piterman 2010). In plan-
ning and scheduling, the witnesses gives rise to a control
policy (Kautz and Selman 1992). Finally, in program syn-
thesis applications, the witnesses gives rise to a program that
satisfies the desired specification (Solar-Lezama et al. 2006).

Our Approach. In this work, we propose a novel method
for checking satisfiability of quantified formulas in linear
real arithmetic (LRA) and non-linear real arithmetic (NRA).
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Rather than following the approaches discussed above that
try to sidestep quantifier elimination, at the core of our ap-
proach lies a novel method for efficient quantifier elimina-
tion in LRA and NRA. As mentioned above, sound and
complete procedures for quantifier elimination are computa-
tionally expensive and inherently lead to doubly-exponential
time and exponential space complexity (Weispfenning 1988;
Brown and Davenport 2007). Hence, to overcome this com-
plexity barrier, we focus on methods that are sound and
semi-complete. While we defer the formal definition of
semi-completeness to later parts of the paper, this relaxed
notion of completeness intuitively means that the method
is guaranteed to prove or disprove satisfiability whenever it
can be witnessed by a certificate of a certain parametrized
form. Our novel quantifier elimination procedure gives rise
to a method for checking satisfiability of quantified formu-
las in LRA and NRA that is sound, semi-complete, and runs
in subexponential time and polynomial space. To the best of
our knowledge, this is the first method that provides all three
of these desirable features. Our method also computes wit-
nesses of satisfiability for existentially quantified variables.
Method Outline. Our method assumes that a quantified for-
mula is provided in the prenex normal form

ϕ ::= Q1x1.Q2x2. . . .Qnxn.p,
where Q1,Q2, . . . ,Qn ∈ {∃, ∀} are quantifiers and p is a
quantifier-free formula. The method proceeds in three steps
to check if ϕ is satisfiable (alternatively, to check if ϕ is not
satisfiable, we may equivalently check if ¬ϕ is satisfiable):
1. Existential Quantifier Elimination via Skolemization.

Our method first removes all existential quantifiers from
the formula ϕ, by replacing each existentially quanti-
fied variable xi with a function over those variables in
x1, . . . , xi−1 that are universally quantified. This process
is called Skolemization, and functions used to express
the existentially quantified variables via the universally
quantified ones are called Skolem functions (Scowcroft
1988). To search for Skolem functions, our method fol-
lows what we call a template-based Skolemization ap-
proach, where it fixes a template for Skolem function of
each existentially quantified xi in the form of a symbolic
polynomial expression over universally quantified vari-
ables in x1, . . . , xi−1. At this stage, the polynomial co-
efficients are symbolic, and the concrete values of co-
efficients will be computed in later steps. Computing
Skolem functions corresponds to computing witnesses of
satisfiability for existentially quantified variables.

2. Universal Quantifier Elimination via Positivstellen-
sätze. Next, our method removes all universal quanti-
fiers from the formula ϕ. This is achieved by using
Farkas’ lemma (Farkas 1902) and Positivstellensätze the-
orems (Handelman 1988; Putinar 1993; Krivine 1964;
Stengle 1974) from algebraic geometry. The procedure
results in a quantifier-free formula ϕFREE whose satisfia-
bility also implies the satisfiability of the formula ϕ.

3. Quantifier-free Formula Satisfiability Checking. Finally,
our method tries to prove that ϕ is satisfiable by proving
that ϕFREE is satisfiable. This can be realized by using an
off-the-shelf SMT solver, since SMT solvers already ex-

cel at satisfiability checking for quantifier-free formulas.
If ϕFREE is proved to be satisfiable, then we conclude that
ϕ is satisfiable. Otherwise, our method repeats Steps 1-3
for ¬ϕ to try to prove that ϕ is not satisfiable.

We implement our method for satisfiability checking and ex-
perimentally compare it against Z3 (de Moura and Bjørner
2008) and CVC5 (Barbosa et al. 2022), which are both state-
of-the-art SMT solvers. Our experiments show that, when
required to find witnesses for existentially quantified vari-
ables, our method is able to solve a considerably larger num-
ber of quantified formula instances at lower average run-
times, both in LRA and in NRA. Moreover, we observe a
large number of unique proofs for examples that could not be
handled by neither Z3 nor CVC5. Thus, our method provides
a significant step forward in tackling satisfiability checking
and witness construction for quantified formulas, in LRA
and NRA.

Contributions. Our contributions are as follows:
1. New Method for Quantifier Elimination. We present a

new method for efficient quantifier elimination in quanti-
fied formulas in LRA and NRA. Our method is based on
a novel template-based Skolemization approach.

2. Efficient Satisfiability Checking. Based on the above, we
design a new method for efficient satisfiability checking
for quantified formulas in LRA and NRA. Our method
is sound, semi-complete and runs in subexponential
time and polynomial space, parametrized by the size of
Skolem function templates. To the best of our knowledge,
this is the first method that provides all three of these
desirable features for LRA and NRA quantified formu-
las. In contrast, previous sound and complete procedures
have doubly-exponential time complexity and at least ex-
ponential space complexity. Moreover, our method also
produces witnesses of satisfiability for the existentially
quantified variables in the quantified formula.

3. Experimental Evaluation. Our experiments showcase a
strong practical performance of our method and a con-
siderable improvement in the number of successful satis-
fiability checks, runtime, as well as unique satisfiability
checks over two state-of-the-art SMT solvers.

Related Work
The key step in existential quantifier elimination within
most SMT solvers and computer-algebra systems is the so-
called projection process. For LRA, this projection typi-
cally relies on Fourier-Motzkin elimination (Dantzig, Eaves
et al. 1972). For NRA, cylindrical algebraic decomposition
(CAD) (Collins 1975) is commonly employed. Although
these methods are sound and complete, they suffer from
a doubly exponential runtime complexity in the number
of formula variables. To mitigate this issue, modern SMT
solvers incorporate various heuristics and algorithms. No-
tably, a DPLL-style approach for quantified formulas in both
LRA and NRA has been proposed (Jovanović and De Moura
2013; De Moura and Jovanović 2013). This approach gener-
alizes the CDCL method used in SAT solvers to handle first-
order logic formulas. However, these methods ultimately de-
pend on Fourier-Motzkin and CAD for projection and still
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suffer from doubly exponential complexity in the worst case.
Additionally, some works have utilized Gröbner bases

in conjunction with CAD and Positivstellensätze theorems
for existentially quantified formulas in NRA (Passmore and
Jackson 2009; Corzilius et al. 2012). These approaches are
also sound and complete, but again lead to doubly expo-
nential algorithms. Furthermore, as discussed in the In-
troduction, some works have also proposed approaches to
satisfiability checking for quantified formulas that avoid
quantifier elimination. These include quantifier instantia-
tion (Reynolds et al. 2013; de Moura and Bjørner 2007; Ge,
Barrett, and Tinelli 2009) which is sound but incomplete,
and the treatment of quantified first-order formulas as two-
player games (Bjørner and Janota 2015; Farzan and Kin-
caid 2016; Murphy and Kincaid 2024) which is restricted
to LRA. Finally, sKizzo (Benedetti 2004) employs a sym-
bolic Skolemization method for quantified boolean formu-
las, however this problem is fundamentally different from
ours as we are working with the theory of reals.

Preliminaries
In this section, we define the syntax of linear real arithmetic
(LRA) and non-linear real artihmetic (NRA) that we con-
sider in this work. Since these are standard notions, we omit
the formal definitions and assume that the reader is familiar
with the semantics of LRA and NRA, the notion of satisfia-
bility of a formula, etc. In what follows, we consider a finite
set V = {x1, x2, . . . , xn} of distinct real-valued variables.
Terms. The set of terms in LRA is defined via

t ::= c | x | t1 + t2 | c · t,
whereas the set of terms in NRA is defined via

t ::= c | x | t1 + t2 | t1 · t2,
where in both cases c ∈ R is a real-valued constant and x
is a variable in V . Hence, while in LRA a term can only be
multiplied by a real-valued constant, NRA also allows mul-
tiplication of two terms, hence giving rise to polynomials.
Predicates. In both LRA and NRA, a predicate (sometimes
also called a quantifier-free formula) is defined by the syntax

p ::= t < 0 | t = 0 | p1 ∨ p2 | p1 ∧ p2
where t is a term and p1 and p2 are also predicates. Note that
logical negation ¬ is omitted in the above syntax, as it can
be directly applied to the atomic predicates.
Formulas. Finally, a (quantified) formula in both LRA and
NRA is defined by the syntax

ϕ ::= Q1x1.Q2x2. . . .Qnxn.p,
where Q1,Q2, . . . ,Qn ∈ {∃, ∀} and p is a predicate. For
each 1 ≤ i ≤ n, if Qi = ∃ we call it the existential quan-
tifier, otherwise we call it the universal quantifier. In what
follows, we assume that the reader is familiar with the notion
of satisfiability of a formula.
Problem Statement. We consider the problems of checking
satisfiability of formulas written in LRA and NRA:
1. Problem 1: LRA Satisfiability. Given a formula ϕ in

LRA, check whether it is satisfiable.
2. Problem 2: NRA Satisfiability. Given a formula ϕ in

NRA, check whether it is satisfiable.

Template-based Approach to Skolemization
In this section, we first recall the definitions of Skolem func-
tions and present classical results from real algebraic geom-
etry that illuminate their properties. We then use these prop-
erties as the foundation and justification for our template-
based approach to Skolemization in our quantifier elimina-
tion procedure for LRA and NRA formulas. In particular,
these results justify our choice for using linear and poly-
nomial templates for Skolem functions. These will also be
important in establishing the semi-completeness of our sat-
isfiability checking algorithm in the following section.

Skolem Functions. Given a formula ϕ(x1, · · · , xn, y) in the
first-order theory of reals, a Skolem function of ϕ is defined
as a function f : Rn → R such that

∀x1. · · · ∀xn.∃y. ϕ(x1, · · · , xn, y) ⇐⇒

∀x1. · · · ∀xn. ϕ(x1, · · · , xn, f(x1, · · · , xn))

Skolem functions allow us to remove existentially quantified
variables from the formula and to replace them with func-
tions over the preceding universally quantified variables.

Semi-Algebraic Sets. A set S ⊆ Rn is said to be semi-
algebraic, if there exist two finite sets of polynomials P =
{p1, . . . , pm} and G = {g1, . . . , gk} over Rn such that

S =

{
x ∈ Rn :

p1(x) ≥ 0, . . . , pm(x) ≥ 0,

g1(x) = 0, . . . , gk(x) = 0

}

Semi-Algebraic Functions. Let A ⊆ Rn and B ⊆ Rm be
semi-algebraic sets. A function f : A → B is called semi-
algebraic if its graph Γ(f) := {(x, f(x)) | x ∈ A} is a
semi-algebraic set in Rn+m.

Theorem 1 ((Scowcroft 1988)). Skolem functions for for-
mulas in the first-order theory of reals are semi-algebraic.

Now, based on classical results from real algebraic geom-
etry on semi-algebraic functions (Bochnak, Coste, and Roy
2013), the following properties hold true for Skolem func-
tions in the first-order theory of reals:
• Skolem functions are piecewise continuous (Basu, Pol-

lack, and Roy 2006, Proposition 5.20).
• Skolem functions are bounded above by polynomials

(Bochnak, Coste, and Roy 2013, Proposition 2.6.2).
Another noteworthy aspect of semi-algebraic functions to
recall here: polynomial functions are also semi-algebraic.

The above properties of Skolem functions motivate us
to consider polynomial functions as viable candidates for
Skolem functions. In full generality, a Skolem function can
be any function whose graph can be described by polyno-
mial inequalities. However, the properties outlined above
indicate that Skolem functions are piecewise continuous
and bounded above by polynomials. Thus, searching for
template-based polynomials as potential Skolem functions
is a reasonable approach in our quantifier elimination proce-
dure. This effectively prunes the search space for synthesiz-
ing Skolem functions for a given formula.
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Algorithm
We now present our algorithm for satisfiability checking for
quantified formulas in LRA and NRA, which is the main
contribution of our work. Our method is based on a novel
procedure for quantifier elimination in LRA and NRA. Since
our underlying algorithm for LRA and NRA is the same
with only minor differences in certain steps, in what follows
we provide a unified presentation for both theories and only
highlight the differences that are specific to LRA or to NRA.
Goal. We aim for an algorithm for satisfiability checking
which satisfies the following desirable properties:
• Soundness, which means that the output of our algo-

rithm is guaranteed to be correct. That is, if the algorithm
outputs that the formula is "satisfiable" (resp. "unsatisfi-
able"), then it is indeed satisfiable (resp. "unsatisfiable").

• Semi-completeness, which means that our algorithm is
guaranteed to return an output whenever satisfiability or
unsatisfiability of the quantified formula can be proved
by a witnesses of a certain form. In our case, the class
of witnesses will be linear/polynomial Skolem functions
used in our template-based Skolemization approach.

• Sub-exponential time and polynomial space complexity,
parametrized by the Skolem function templates size.

• Witnesses of satisfiability for existentially quantified vari-
ables, since computing these is important in many appli-
cations, as discussed in the Introduction.

Algorithm Assumptions. In what follows, we assume that
we are given a prenex normal form quantified formula

ϕ ::= Q1x1.Q2x2. . . .Qnxn.p
as defined in the Preliminaries, either in LRA or in NRA.
Furthermore, we assume that the predicate p is given in con-
junctive normal form (CNF). The CNF assumption will be
needed in Step 2 of our algorithm below. Finally, we assume
that the user provides a maximal polynomial degree D for
Skolem function templates (formally defined below).

The rest of this section provides a detailed description
of each of the three steps of our algorithm. We also illus-
trate each step on a running example. Algorithm 1 shows
the pseudocode of our satisfiability checking prpcedure.

Step 1: Existential Quantifier Elimination
In Step 1, the algorithm uses template-based Skolem func-
tions to eliminate existential quantifiers from ϕ.

For each existentially quantified variable xi in ϕ, let Ui
denote the set of all universally quantified variables among
x1, . . . , xi−1. Denote by Mi,D = {mi,1, . . . ,mi,ki} the set
of all monomials of degree at most D over variables in Ui.

The algorithm sets up a template for the Skolem func-
tion of xi as a symbolic polynomial of degree at most D
over the variables in Ui, i.e. as a polynomial expression
fi(Ui) =

∑ki
j=1 ci,j · mi,j , where ci,j’s are template vari-

ables that define polynomial coefficients. At this point, the
values of template variables are unknown. The concrete real
values that give rise to Skolem functions for each xi will be
computed in Step 3 of the algorithm.

Finally, the algorithm constructs a purely universally
quantified formula ϕUNIV from ϕ as follows. First, for each

Algorithm 1: Satisfiability checking for quantified LRA and
NRA formulas
Input: Quantified formula ϕ = Q1x1.Q2x2. . . .Qnxn.p
where p is in CNF.
Parameter: D, max polynomial degree of templates
Output: (SAT,existential model), or UNKNOWN

1: For every i where Qi ≡ ∃, let fi be a polynomial over
x1, . . . xi−1 of degree D with unknown coefficients.

2: Replace each occurrence of xi with fi, and obtain
ϕUNIV := ∀x1 . . . xm.pUNIV ≡ ∀x1 . . . xm.ψ1∧· · ·∧ψr.

3: Let ϕFREE := True .
4: for all ψi do
5: Convert ψi into a polynomial entailment Φ⇒ ψ.
6: Apply Farkas, Handelman or Positivstellensätze The-

orem to Φ⇒ ψ in order to obtain ∆ψi
.

7: ϕFREE ← ϕFREE ∧∆ψi
.

8: end for
9: if ϕFREE is satisfiable then

10: model := getModel(ϕFREE)
11: Return (SAT,model )
12: else
13: Return UNKNOWN
14: end if

existentially quantified variable xi, substitute each appear-
ance of xi in ϕ by the Skolem function template fi(Ui) that
was constructed for it. Then, remove all existential quanti-
fiers since the existentially quantified variables have already
been replaced by their Skolem functions. This procedure
again results in a prenex normal formula of the form

ϕUNIV = ∀x1. . . . ∀xm.pUNIV.

Since we are working over LRA or NRA and with poly-
nomial Skolem functions, the predicate pUNIV is a boolean
combination of polynomial (in)equalities. Furthermore, by
the algorithm assumptions, the predicate pUNIV is in CNF.
Example. Consider the following quantified formula
ϕ ≡∀x1.∃x2.∃x3.∀x4.

((x4 − 1 < x3 ∨ x2 ≤ x4) ∧ (x4 > x2 ∨ x3 ≥ x1)).
We use D = 1 for this example, i.e. we are looking for lin-
ear Skolem functions. The above formula contains two ex-
istentially quantified variables x2 and x3. The variable x1
is the only universally quantified variable preceding x2 and
x3, hence U2 = U3 = {x1}. Thus, the algorithm sets the
following templates for Skolem functions for x2 and x3:
f2(x1) = c2,1 + c2,2 · x1, f3(x1) = c3,1 + c3,2 · x1
The algorithm substitutes these Skolem functions tem-

plates into ϕ and removes existential quantifiers to obtain:
ϕUNIV ≡ ∀x1.∀x4.

((x4 − 1 < c3,1 + c3,2 · x1 ∨ c2,1 + c2,2 · x1 ≤ x4)∧
(x4 > c2,1 + c2,2 · x1 ∨ c3,1 + c3,2 · x1 ≥ x1))

Step 2: Universal Quantifier Elimination
In Step 2, the algorithm eliminates universal quantifiers from
the formula. Since the predicate pUNIV is a boolean combi-
nation of polynomial (in)equalities, the purely universally
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quantified formula ϕUNIV constructed in Step 1 can be viewed
as a polynomial entailment. This is because it defines a
boolean combination of polynomial (in)equalities that need
to be satisfied for all universally quantified variable valua-
tions. Hence, in order to remove universal quantifiers, we
will use some of the classical results from real algebraic
geometry (Bochnak, Coste, and Roy 2013) that tackle the
problem of satisfiability of polynomial entailment.

Satisfiability of Polynomial Entailment. Before proceed-
ing further with our algorithm, we first define the problem
of satisfiability of polynomial entailment and informally in-
troduce the theorems used in our algorithm.

Consider a set V = {x1, . . . , xr} of real-valued variables,
a set Φ = {p0 ▷◁ 0, . . . , pm ▷◁ 0} of polynomial inequalities
over V , and a polynomial inequality ψ = (p ▷◁ 0) over V ,
where each ▷◁∈ {≥, >}. The satisfiability of polynomial en-
tailment problem focuses on finding sufficient and necessary
conditions for the universally quantified formula

∀x1. . . . ∀xr. (Φ =⇒ ψ)

to be satisfiable. Real algebraic geometry provides us with
mathematical tools to reduce this problem to solving a sys-
tem of polynomial inequalities, for which sub-exponential
algorithms exist (Grigor’ev and Vorobjov Jr 1988). In par-
ticular, our algorithm will utilize the following results:
• Farkas’ Lemma. This result provides a sound and com-

plete method when both Φ and ψ are linear. Given a sys-
tem Φ of linear inequalities over V , Farkas’ Lemma pro-
vides a set of necessary and sufficient conditions for Φ
to be satisfiable and for Φ to entail a linear inequality ψ
over V . These conditions require that ψ can be written as
non-negative linear combination of the inequalities in Φ
and the trivial inequality 1 ≥ 0, giving rise to an equiva-
lent system of purely existentially quantified inequalities
over the template variables as well as a set of new vari-
ables introduced by the Farkas’ Lemma transformation.

• Positivstellensätze Theorems. These provide sound and
semi-complete methods when either Φ or ϕ is non-linear.
In the case when Φ is a system of linear inequalities over
V but the inequality ψ is non-linear, we use Handelman’s
Theorem. Otherwise, if both Φ and ψ contain non-linear
inequalities, we use Putinar’s Theorem. Both theorems
provide a set of conditions for Φ to be satisfiable and to
entail ψ, and their application gives rise to a system of
purely existentially quantified inequalities over the tem-
plate variables as well as a set of new variables intro-
duced by the theorem transformation.

We present the formal statements and the details of these
theorems in the extended version of the paper.

Universal Quantifier Elimination. Our algorithm uses the
above theorems to eliminate universal quantifiers from the
formula ϕUNIV constructed in Step 1. Since pUNIV is in CNF,
we can write pUNIV ≡ ψ1 ∧ · · · ∧ ψr, with each ψi ≡ ψi,1 ∨
· · · ∨ ψi,wi and each ψi,1 a polynomial inequality.

The algorithm first converts each ψi to the following
equivalent form (if wi = 1, then convert to 1 > 0⇒ ψi,1):

¬ψi,1 ∧ · · · ∧ ¬ψi,wi−1 ⇒ ψi,wi

Then, depending on polynomial degrees in each ψi, the al-
gorithm either applies Farkas’ lemma if all polynomial de-
grees are 0 and 1, or Positivstellensätze theorems if higher
degree polynomials are involved. For each ψi, the procedure
results in a system of polynomial inequalities whose satisfi-
ability implies satisfiability of ψi. Combining these systems
together gives rise to a system of polynomial inequalities
ϕFREE whose satisfiability implies satisfiability of ϕUNIV.
Example (Continued). We first convert the formula ϕUNIV to
the polynomial entailment form
ϕUNIV ≡ ((x4 − 1 ≥ c3,1 + c3,2.x1 ⇒ c2,1 + c2,2.x1 ≤ x4)∧

(x4 ≤ c2,1 + c2,2.x1 ⇒ c3,1 + c3,2.x1 ≥ x1))
As all involved expressions are linear, the algorithm applies
Farkas’ lemma. Omiting the details of the translation, the al-
gorithm obtains the following system of polynomial inequal-
ities whose satisfiability implies satisfiability of ϕUNIV:

ϕFREE ≡(−y1 · c3,2 = −c2,2)∧
(y1 · (−1− c3,1) + y2 = −c2,1)∧
(y3 · c2,2 = c3,2 − 1) ∧ (−y3 = 0)∧
(y3 · (c2,1) + y4 = c3,1)

The ci,j’s are Skolem function template variables, whereas
y1, . . . , y4 are fresh variables introduced by Farkas’ lemma.
Remark (Distinction between LRA and NRA). Step 2 is
the only part of our algorithm where the distinction between
LRA and NRA arises. If the initial quantified formula ϕ is not
expressible in LRA, then it must contain non-linear inequali-
ties and so we cannot apply Farkas’ lemma. Therefore, in the
NRA case, we can only apply Positivstellensätze theorems.

Step 3: Quantifier-free Satisfiability Checking
In Step 3, we use an off-the-shelf SMT solver to check the
satisfiability of the system of polynomial inequalities (i.e. a
quantifier-free formula) ϕFREE constructed in Step 2. If the
SMT solver finds a solution, then we conclude that ϕFREE

is satisfiable. By Step 2, this implies that ϕUNIV is satisfi-
able. Finally, by Step 1, this implies that the original quan-
tified formula ϕ is satisfiable. Otherwise, our algorithm can-
not prove satisfiability of the input formula. One can run the
same procedure on ¬ϕ where its satisfiability is equivalent
to ϕ being unsatisfiable.
Example (Continued). Applying an SMT solver to the for-
mula ϕFREE obtained before, we compute the following val-
uations for Skolem function template variables c2,1 =
0, c2,2 = 1, c3,1 = 1, c3,2 = 1. Hence, f2 = x1 and
f3 = 1 + x1 define valid Skolem functions for x2 and x3
which prove the satisfiability of the original formula ϕ. We
provide a full example of the NRA settings in the extended
version of the paper.

The following theorem establishes soundness, semi-
completeness and a complexity bound for our algorithm.
The soundness result states that, if our algorithm computes
Skolem functions for the existential variables, then they
are guaranteed to be correct. The semi-completeness result
states that, if there exist polynomial Skolem functions of de-
gree at most D that witness formula satisfiability, then our
algorithm is guaranteed to find them.
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Theorem 2 (Soundness, Semi-Completeness, Complexity,
proof in the extended version). The algorithm is sound and
semi-complete, both for quantified formulas in LRA and
NRA. It runs in subexponential time and polynomial space,
parametrized by the template polynomial degree D.

Witnesses for Existentially Quantified Variables. To con-
clude this section, we highlight that when the algorithm
solves the system of polynomial constraints ϕFREE in Step 3,
it computes concrete real values for template polynomial co-
efficients in Skolem functions constructed in Step 1. Hence,
it computes witnesses of satisfiability for existentially quan-
tified variables, which was one of the goals of our algorithm
design that is important in many applications, as discussed
in the Introduction.

Experimental Results
We implemented a prototype of our method for satisfiabil-
ity checking in a tool called QuantiSAT1, and compared it
against two state-of-the-art SMT solvers that support satis-
fiability checking for quantified LRA and NRA formulas.
The goal of our experiments is to answer the following two
research questions: (1) How well does our method perform
in comparison to the existing tools, in terms of the number
of solved instances and runtime? (2) Is our method able to
compute witnesses for existentially quantified variables?
Implementation Details. Our tool QuantiSAT is written in
Python and it uses PolyHorn (Chatterjee et al. 2024) as a
back-end tool for applying the Positivstellensätze theorems
in Step 2 of the algorithm. It uses Z3 (de Moura and Bjørner
2008) and MathSAT5 (Cimatti et al. 2013) for solving the
quantifier-free formulas derived in Step 3 of the algorithm.
For the experiments, we used a Debian 12 machine with a
2.45GHz AMD EPYC 7763 CPU and 16 GB of RAM. In our
experiments, we ran QuantiSAT with polynomial degrees for
Skolem function templates equal to D ∈ {0, 1, 2}.
Benchmarks. We consider three benchmark suites of quan-
tified formulas in LRA and NRA:
1. The Keymaera benchmark suite, taken from SMT-COMP

(Bobot et al. 2023), contains 222 LRA formulas and 3813
non-linear formulas. However, many of the non-linear
formulas are actually not expressible in NRA, as they
contain the division operator which is not supported by
NRA. Removing these results in 511 NRA formulas.

2. The Mjollnir (Monniaux 2010) benchmark suite consists
of 3600 LRA formulas. This benchmark suite was used
for the evaluation of the tool Mjollnir, which was later
outperformed by Z3 (Bjørner and Janota 2015), hence
we do not include the Mjollnir tool in our results.

3. The PolySynth (Goharshady et al. 2023) benchmark
suite consists of 32 NRA formulas. PolySynth is a pro-
gram synthesis tool, which reduces the program synthesis
problem to computing a satisfying assignment for a quan-
tified formula in NRA. In our evaluation, we collected 32
quantified formulas that arise in their program synthesis
procedure and used them to evaluate the effectiveness of
our method and the baselines on these NRA benchmarks.
1https://doi.org/10.5281/zenodo.13341655

Since our method requires a quantifier-free part of the input
formula to be provided in CNF (recall the assumptions in
the Algorithm section), we first converted each quantifier-
free part into CNF and then provided the CNF formulas as
input to our tool and the baselines. The conversion time to
CNF is not considered in the runtimes presented in Table 1.

Experimental Setup and Baselines. We compare Quanti-
SAT against two state-of-the-art SMT solvers Z3 (de Moura
and Bjørner 2008) and CVC5 (Barbosa et al. 2022). The
timeout for each tool on each benchmark is set to 10 min-
utes. Since we are not only interested in satisfiability check-
ing but also in computing witnesses for existentially quan-
tified variables that prove their satisfiability, in order to in-
struct Z3 and CVC5 to compute these witnesses, we provide
them with two different variants of our benchmarks:
• Uninterpreted Skolemization. In the first variant, we

only require the baselines to compute some witnesses
for existentially quantified variables, not necessarily be-
ing polynomial expressions. Hence, we replace each ex-
istentially quantified variable by an uninterpreted predi-
cate over the preceding universally quantified variables.
For Z3, we denote the resulting baseline by Z3-uSk.
Since CVC5 does not support uninterpreted predicates,
we could not evaluate it on this variant. Our goal here
is to evaluate the effectiveness of our template-based
Skolemization as opposed to general Skolem functions.

• Template Skolemization. In the second variant, we
ask our baselines to compute witnesses for existentially
quantified variables in terms of polynomials over univer-
sally quantified variables. Hence, rather than only using
uninterpreted predicates, in this variant we use the same
polynomial Skolem function templates as in our Quanti-
SAT. We consider polynomial degreesD ∈ {0, 1, 2}, and
count each instance as solved by the baseline if it can be
solved for at least one of these three polynomial degrees.
For Z3, we denote the resulting baseline by Z3-tSk. For
CVC5, we denote the resulting baseline by CVC5-tSk.
Our goal here is to evaluate the effectiveness of our quan-
tifier elimination method based on Positivsellensätze the-
orems, as opposed to other quantifier elimination proce-
dures implemented in these SMT solvers.

Results on LRA Benchmarks. The first two rows of Table 1
summarize our experimental results on LRA benchmarks. It
can be seen that average runtimes of all tools are comparable
and quite small (differing by only a few seconds). The most
important highlight of the table is the number of instances
and the unique instances solved by each tool, whereas run-
times of our and competing tools are the secondary aspect.
We summarize our results on the LRA benchmarks below:
• Successful Instances. (i) Our tool successfully solves all

LRA benchmarks from the Keymaera benchmark suite,
while Z3-uSk and CVC5-tSk fail on several cases.
The fact that QuantiSAT and Z3-tSk solve all instances
shows that the template-based approach to Skolemiza-
tion provides an efficient and highly promising approach
to quantifier elimination in LRA. (ii) On the Mjollnir
benchmarks, QuantiSAT outperforms all the baselines
with a gap of at least 284 instances, while solving 157
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QuantiSAT Z3-uSk Z3-tSk CVC5-tSk

Solved Avg. T. U. Solved Avg. T. U. Solved Avg. T. U. Solved Avg. T. U.

Keymaera-LRA 222 0.04 0 202 0.01 0 222 0.01 0 210 0.01 0

Mjollnir 877 18.48 157 476 14.99 76 593 23.34 2 397 38.25 15

Keymaera-NRA 503 0.06 22 481 0.01 0 483 0.03 2 481 0.01 0

PolySynth 30 4.00 4 20 3.44 0 28 11.16 1 6 13.74 0

Table 1: Summary of the experimental results. Each row shows the performance of different tools on the set of benchmarks
specified in the first column. For each solver, the Solved column shows the number of instances solved with the best results
shown in bold, the Avg. T. column shows the average runtime (in seconds), and the U. column presents the number of
unique instances solved by the tool (i.e. instances that were solved only by that tool and no other tool). The timeout for each
tool on each benchmark is set to 10 minutes.

0 200 400 600 800 1000
Instances Solved

0

100

200

300

400

500

600

So
lv

er
 ti

m
e 

(s
)

QuantiSAT
Z3-uSk
Z3-tSk
CVC5-tSk

0 100 200 300 400 500
Instances Solved

10 2

10 1

100

101

102

So
lv

er
 ti

m
e 

(s
)

QuantiSAT
Z3-uSk
Z3-tSk
CVC5-tSk

Figure 1: Runtime distribution over the LRA (left) and NRA (right) benchmarks solved by each tool. The figure to the right is
in logarithmic scale for better presentation. Generally, faster tools have lower curves and the more instances a tool solves, its
curve will be more to the right. Since solving more instances is primary, tools with graphs to the right are preferable.

unique instances. On the other hand, Z3-uSk solves 76
unique instances that require complicated, e.g. heavily
piecewise, interpretations for the Skolem functions.

• Runtimes. (i) The average runtime of all the consid-
ered tools is very small and negligible on the Keymaera
benchmarks. (ii) On the Mjollnir benchmarks, the av-
erage runtime of our tool is lower than Z3-tSk and
CVC5-tSk which means that applying Positivstellen-
sätze is a crucial step for efficient quantifier elimination.
Compared with Z3-uSk, although the average runtime
of Z3-uSk is lower, our tool can solve in 2.45s the same
number of instances that Z3-uSk solves in 600s.

Figure 1(left) shows the runtime distribution of each of
the tool’s runtimes over all the LRA benchmarks that were
solved by that tool. QuantiSAT has the lowest and rightmost
curve, which shows that it can solve more instances in less
time compared to the baselines. These results show practical
efficiency and applicability of our method to the satisfiabil-
ity checking problem for quantified formulas in LRA.
Results on NRA Benchmarks. The last two rows of Table 1
summarize our results on NRA benchmarks. Similar to the
LRA results, the average runtimes of the tools are small and
comparable. The most interesting distinction comes in the
number of instances and unique instances solved by tools:
• Successful Instances. (i) On the NRA benchmarks from

the Keymaera benchmark suite, our tool outperforms the
baselines by solving 98% of the instances, which in-
cludes 22 instances uniquely solved by our tool. We be-

lieve that the high success rate is due to the strong semi-
completeness guarantees provided by our method. (ii) On
the benchmarks from the PolySynth benchmark suite,
QuantiSAT outperforms all the baselines by solving 30
instances, including 4 unique ones.

• Runtimes. (i) On the Keymaera NRA benchmarks, the
average runtime of QuantiSAT is higher than the base-
lines, however this is due to the longer runtimes required
by the benchmarks solved only by our tool. QuantiSAT
solves as many benchmarks as all the baselines in only
0.32 seconds. (ii) Comparing runtimes on the PolySynth
benchmarks, Z3-uSk and CVC5-tSk have smaller av-
erage runtimes, however this is again due to the instances
solved only by our tool. The only comparable baseline
in terms of solved instances is Z3-tSk, whose average
runtime is more than twice the runtime of QuantiSAT.

Figure 1(right) shows the runtime distribution of the NRA
instances solved by each tool.
Summary of Results. Based on the above discussions
we conclude that, both on the LRA and the NRA bench-
marks, QuantiSAT outperforms state-of-the-art and well-
maintained tools such as Z3 and CVC5 on the number of
solved instances when required to compute witnesses for ex-
istentially quantified variables. Furthermore, QuantiSAT is
able to solve a significant number of new instances that other
tools could not handle. Finally, this is achieved at improved
average runtimes, as discussed above. All of this leads us to
the conclusion that our method provides a significant step
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forward in satisfiability checking for quantified formulas in
LRA and NRA, as well as in computing the witnesses. This
is particularly due to the new quantifier elimination proce-
dure that we propose. Given that the tool support for quan-
tifier elimination (especially in NRA) is limited, we believe
that our method provides important new ideas and break-
throughs in satisfiability checking for quantified formulas.

Conclusion
We presented a novel method for satisfiability checking for
quantified formulas in LRA and NRA. Our method is based
on a novel and efficient quantifier elimination procedure.
The method is sound, semi-complete, and runs in parame-
terized subexponential time and polynomial space. In con-
trast, previous sound and complete procedures have doubly-
exponential time and at least exponential space complexity.
Our method is also able to compute witnesses for existen-
tially quantified variables, which is important for many ap-
plications. We implemented our method in a prototype tool
called QuantiSAT. Our QuantiSAT outperforms two state-
of-the-art SMT solvers on the number of solved instances
and is able to prove a significant number of new instances
that other tools could not handle. Hence, we believe that our
method provides a significant step forward in satisfiability
checking for quantified formulas in LRA and NRA as well
as in efficient algorithms for quantifier elimination.

Our work opens several interesting future work direc-
tions. First, it would be interesting to consider further im-
provements to the template-based Skolemization method
proposed in this work. These could include more general
templates, such as piecewise linear and polynomial expres-
sions. Second, it would be interesting to study the applicabil-
ity of the template-based Skolemization technique to quan-
tifier elimination in other theories, beyond LRA and NRA.
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