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Abstract

We study cascades in social networks with the independent
cascade (IC) model and the Susceptible-Infected-recovered
(SIR) model. The well-studied IC model fails to capture the
feature of node recovery, and the SIR model is a variant of the
IC model with the node recovery feature. In the SIR model,
by computing the probability that a node successfully infects
another before its recovery and viewing this probability as the
corresponding IC parameter, the SIR model becomes an “out-
going-edge-correlated” version of the IC model: the events of
the infections along different out-going edges of a node be-
come dependent in the SIR model, whereas these events are
independent in the IC model. In this paper, we thoroughly
compare the two models and examine the effect of this extra
dependency in the SIR model. By a carefully designed cou-
pling argument, we show that the seeds in the IC model have
a stronger influence spread than their counterparts in the SIR
model, and sometimes it can be significantly stronger. Specif-
ically, we prove that, given the same network, the same seed
sets, and the parameters of the two models being set based on
the above-mentioned way, the expected number of infected
nodes at the end of the cascade for the IC model is weakly
larger than that for the SIR model, and there are instances
where this dominance is significant.

We also study the influence maximization problem (the opti-
mization problem of selecting a set of nodes as initial seeds
in a social network to maximize their influence) with the SIR
model. We show that the above-mentioned difference in the
two models yields different seed-selection strategies, which
motivates the design of influence maximization algorithms
specifically for the SIR model. We design efficient approx-
imation algorithms with theoretical guarantees by adapting
the reverse-reachable-set-based algorithms, commonly used
for the IC model, to the SIR model.

Extended version — https://arxiv.org/abs/2408.11470

1 Introduction

The study of information diffusion in social networks, such
as Facebook, Twitter, and WeChat, has garnered significant
attention in the fields of communication media and social
science (Kempe, Kleinberg, and Tardos 2015; Domingos
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and Richardson 2001; Brown and Reingen 1987; Richard-
son and Domingos 2002; Rigobon 2002; Pastor-Satorras and
Vespignani 2001; Lerman and Ghosh 2010). Information
diffusion is typically characterized by cascading—a funda-
mental social network process in which a number of nodes,
called seeds, initially possess a certain attribute or piece of
information and may spread to their neighbors.

Numerous diffusion models have been developed so far.
Among them, the independent cascade model (Kempe,
Kleinberg, and Tardos 2015) is well-known and extensively
studied. In the independent cascade model (hereinafter de-
noted by IC), each edge (u, v) is assigned a probability p, .
An infected node u attempts to infect its neighbor v only
once, with a success probability of p,, ,. The events of suc-
cessful infections along different edges are independent. In
the IC model, an infected node remains infected throughout
the cascade.

However, in many real-world scenarios, an infected node
may recover. This phenomenon can be observed in various
situations. For example, consider when an individual sub-
scribes to a magazine or signs up for a fitness membership
card under the influence of friends; eventually, this subscrip-
tion or membership may be terminated. This termination
could result from factors such as the user losing interest
in the service or the subscription/membership expiring. An-
other example arises when someone introduces a new prod-
uct to a friend; initially, they may promote it, but eventually,
they tire of advertising it after a few days. Similarly, when
a user shares a post on Twitter, their friends may retweet it
only for a short period before it becomes overshadowed by
other posts. The recovery of nodes may signify the loss of a
certain attribute or the end of spreading this attribute, both
of which undoubtedly impact the cascading process.

The concept of node recovery is effectively captured by
epidemic models. These models divide individuals into dis-
tinct states, including susceptible, infected, and recovered.
Various models have been formulated based on feasible state
transitions (Kermack and McKendrick 1927; Allen 1994,
Greenwood and Gordillo 2009). The Susceptible-Infected-
Recovered model (Kermack and McKendrick 1927) (here-
inafter denoted by SIR) includes the process from suscep-
tible to infected and eventually to recovery and permanent
immunity. In the SIR model, each node u has a recover rate
~u- In each round, an infected node u attempts to infect each



neighbor v, succeeding with probability £, ,, and then the
node u recovers with probability ~,,. If u does not recover, it
remains infected and continues to attempt to infect its neigh-
bors in the next round and subsequent rounds until it recov-
ers. Once u recovers, it can no longer be infected. Obviously,
after a sufficiently long time, all infected nodes will be re-
covered, and nodes can only be either susceptible or recov-
ered. From the applicational perspective, we are interested
in the number of the nodes that have been infected (e.g., in
the examples in the previous paragraph, the advertiser im-
mediately receives benefits when the users pay the subscrip-
tion fees/membership fees). Equivalently, we are interested
in the number of the recovered at the end of the cascade.

Plausible similarity between IC and SIR models. Previ-
ous work has observed the similarity between IC and SIR
(see, e.g., Chapter 8.2 in Chen (2020)). In the SIR model,
the probability that a node u successfully infects a neighbor
v before u’s recovery is given by

Puw = Z'}/u(l - 7u)t71 (1 - (1 - Bu,v)t) , (D

t=1

where 7, (1 — 7, )¢~ represents the probability of node u
recovering in round ¢, and (1 — (1 — 8,,)") is the probabil-
ity of node u successfully infecting v in at least one of the ¢
rounds. By considering p,, ,, in Equation (1) as the IC param-
eter, we can observe the similarity in the cascading processes
between both models. In the SIR model, we can “aggregate”
the infection attempts along each edge over multiple rounds,
and the overall probability becomes the IC parameter.

However, this observation raises a question and thus leads
to the distinction between the IC model and the SIR model.
In the SIR model, due to this aggregation, infections along
the incident edges to a node are no longer independent. Intu-
itively, the event of u successfully infecting one of its neigh-
bors v is positively correlated with the event of u infecting
another neighbor vs, as success on one edge increases the
likelihood of u not recovering for a longer period, thus en-
hancing the probability of success on another edge. This de-
pendency creates a difference between the two models. Our
objective is to explore whether this additional dependency
on outgoing edges enhances or hampers the spread of in-
formation. Consequently, we consider the SIR model as an
outgoing-edges-dependent variant of the IC rather than fol-
lowing the original SIR definition.

From the above analysis, we can interpret the SIR model
by the IC model if the above dependency can be ignored.
Past literature has noticed the similarity and this seemingly
“slight” difference between the two models. However, it is
unclear how significant this difference is. For example, given
the same graph and the same seed set, and assuming that
the parameters setting in IC and SIR satisfy Equation (1),
is the spread of the seeds in these two models substantially
different?

Influence maximization with SIR model. The influ-
ence maximization problem (InfMax), proposed by Kempe,
Kleinberg, and Tardos (2015); Richardson and Domingos
(2002); Domingos and Richardson (2001), is the problem
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of selecting a set of “influencers” (also known as seeds) in
social networks to maximize the expected number of influ-
enced agents. The InfMax problem has attracted remark-
able attention from researchers due to its wide range of ap-
plications, including social advertising (Camarero and San
José 2011; Domingos and Richardson 2001; Richardson and
Domingos 2002), product adoption (Brown and Reingen
1987; Bass 1976; Mahajan, Muller, and Bass 1990; Lappas,
Liu, and Terzi 2011), disease analysis (Zhan et al. 2018),
rumor control (Wu and Pan 2017) and social computing
(Liu et al. 2023). More comprehensive literature reviews can
be found in books (Chen 2020; Chen, Castillo, and Laksh-
manan 2022) and survey (Li et al. 2018).

The InfMax problem with the IC model is well-studied. In
the first paper where the model is proposed, Kempe, Klein-
berg, and Tardos (2015) show that a simple greedy algo-
rithm achieves a (1 — 1/e)-approximation, and no polyno-
mial time (1 — 1/e + ¢)-approximation algorithm exists as-
suming P # NP. After this, extensive work has focused on
designing faster algorithms while keeping the theoretical ap-
proximation guarantee (Borgs et al. 2014; Chen, Peng, and
Lee 2012; Goyal, Lu, and Lakshmanan 2011; Tang, Shi, and
Xiao 2015; Leskovec et al. 2007; Kempe, Kleinberg, and
Tardos 2015). One of the most successful types of such algo-
rithms is based on reverse-reachable sets (Borgs et al. 2014;
Tang, Xiao, and Shi 2014; Tang, Shi, and Xiao 2015; Chen
2018), which yields a nearly linear time algorithm with the
(1 — 1/e) approximation ratio.

However, for those epidemic models including the SIR
model, most of the existing results have focused on the
dynamic of these epidemic models and analyzed equilib-
rium states (Sene 2020; Kabir, Kuga, and Tanimoto 2019;
Ehrhardt, Gasper, and Kilianovd 2019; Long and Wang
2020; Kumar et al. 2020). However, few studies have ex-
plored them in the context of influence maximization. On the
other hand, maximizing the number of nodes that have been
infected at least once remains a natural problem in multi-
ple real-world applications. For example, in viral marketing,
advertisers receive benefits or payments based on nodes’ in-
fection, irrespective of subsequent recoveries. Nonetheless,
nodes’ recoveries can negatively affect the cascading pro-
cess. Therefore, advertisers must consider this factor to at-
tain a more comprehensive understanding of the cascade, en-
abling them to identify the optimal initial influencers.

We have previously seen the similarity and the subtle dif-
ference between the IC model and the SIR model. Regarding
InfMax, are the seeding strategies considerably different for
the two models even if the parameters satisfy Equation (1)?
If the difference is insignificant, the InfMax algorithms for
the IC model can be directed applied to the SIR model by
reducing the SIR model to the IC model based on Equa-
tion (1). Otherwise, we should look for algorithms that are
specifically designed for the SIR model.

1.1 Our Contributions

Stronger propagation effect in the IC model. As men-
tioned earlier, in the SIR model, through Equation (1), we
can compute the probability that a vertex v “eventually” in-
fects v before its recovery and obtain an “aggregated prob-



ability” p,, .. This establishes an equivalence between the
SIR model and the IC model, except that the events that the
infections succeed along different edges become dependent
in the SIR model. We intensively study how this seemingly
minor difference in dependency affects the influence spread
and the seeding strategy.

Firstly, in Section 3 and Section 4, we show that this de-
pendency can only harm the influence spread. Specifically,
we prove the following novel observation: when comparing
the two models, given the same graph, the same seed set,
and the cascade model parameters related by Equation (1),
the expected number of infected vertices under the IC model
is always weakly larger than that under the SIR model. This
is proved by developing a novel coupling method.

Furthermore, we show that the above gap in the expected
number of infections can be made arbitrarily large in some
instances. In addition, we also observed that, in certain net-
works, the optimal seeding strategies for the SIR and IC
models are different, leading to significant differences in
propagation outcomes. This motivates the need for design-
ing algorithms specifically for the SIR model.

Approximation algorithms for the SIR model and its
variants. We remark that the influence spread functions
for all the proposed epidemic models based on SIR are sub-
modular functions. This implies that the simple greedy algo-
rithm achieves a (1—1/e)-approximation. However, the con-
ventional greedy algorithm based on Monte-Carlo sampling
is known to be slow in practice. We adapt those reverse-
reachable-set-based algorithms to the SIR setting, which
yields a (1 — 1/e — ¢)-approximation algorithm with proba-
bility at least 1 —n~* for graphs with n nodes and parameters
€, £, where the algorithm’s running time is nearly linear in
the number of nodes n.

1.2 Structure of This Paper

In Section 2, we define the two diffusion models and the in-
fluence maximization problem. In Section 3, we discuss the
live-edge graph formulation of the IC and SIR models, and
adapt the reverse-reachable set technique to the SIR model.
These will be used in all the later sections. Our results for the
theoretical comparison of the IC and SIR models are in Sec-
tion 4. In Section 5, we discuss the algorithm design from
the aspect of the InfMax problem with the SIR model.

More related work is discussed in the full version of our
paper (Liu et al. 2024).

2 Model and Preliminaries

A social network can be represented as a directed graph
G = (V, E) with n nodes (i.e., users) and m directed edges
(i.e., social connections between users). For any directed
edge (u,v) € E, we say (u,v) is an incoming edge (resp.
outgoing edge) of v (resp. u). We also call v an incoming
neighbor of v and v an outgoing neighbor of w.

Definition 1 (Diffusion Model and Influence Spread
(Kempe, Kleinberg, and Tardos 2015)). Given a social net-
work (directed graph) G = (V, E), a diffusion model T" is
a (possibly random) function that maps from a vertex set S
(the seeds that are initially infected) to a vertex set T'¢(S)
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(the set of influenced vertices at the end of the spreading).
We omit the subscript G when there is no confusion. Denote
by o(S) = E[|T'(S)|] the expected number of vertices influ-
enced by S.

The goal of the influence maximization problem (InfMax)
is to select at most k£ nodes as seeds to maximize the number
of influenced nodes on the social network G.

Definition 2 (Influence Maximization (Kempe, Kleinberg,
and Tardos 2015)). Given a social network (directed graph)
G = (V, E), a diffusion model T', and a positive integer k,
the objective of influence maximization is to select a subset
S C V with |S| < k that maximizes the expected influence
spread o(S).

2.1 Independent Cascade Model

In the Independent Cascade (IC) model (Kempe, Kleinberg,
and Tardos 2015), the nodes could be active or inactive in a
given directed graph G = (V, E). A node v € V could be
activated by each of its incoming active neighbors indepen-
dently. More precisely, each directed edge e = (u,v) € E'is
associated with an activation probability p. = p,, € [0, 1].
The influence spread of an active seed set S C V unfolds in
discrete timestamps as follows.

1. At timestamp 0, only nodes in S are active.

2. At each timestamp t = 1,2,..., each newly activated
node u from the previous timestamp gets one chance to
activate its inactive outgoing neighbors; and for each in-
active outgoing neighbor v, u tries to activate v with a
probability p,, .. The attempts to activate neighbors are
independent of each other. If multiple incoming neigh-
bors of an inactive node attempt to activate it, each at-
tempt is considered separately with its own probability.

3. The diffusion process terminates when no inactive node
gets activated in a timestamp.

In the above process, once a node becomes active, it remains
active throughout. When considering the IC model, i.e.,I"' =
IC,, where p = {pc} ; in Definition 1, IC}, ¢(.S) is the set
of active nodes at the end of the above diffusion process.

In Kempe, Kleinberg, and Tardos (2015), it is shown that
the influence spread of the IC model can be simulated by
evaluating the number of reachable nodes from the seed set
in the live-edge graph. To be specific, the random live-edge
graph Gic(G, p) corresponding to the instance (G, p) un-
der the IC model is generated by including each directed
edge e € F in G with probability p.. Each node v is ac-
tive if it is reachable from the seed set S, that is, there exists
a directed path from some nodes v € S to u in the live-
edge graph. More discussions about live-edge graphs can be
found in Section 3.

2.2 Susceptible-Infected-Recovered Model

In the Susceptible-Infected-Recovered Model (SIR)
model (Kermack and McKendrick 1927), the nodes could
be susceptible, infected, or recovered. The SIR diffusion
process is characterized by a directed graph G = (V, E)
together with two sets of parameters 3 = {f.} .. and
v = {%}yey, Where each node v € V is assigned a



recovery probability v, € (0,1] and each directed edge
e = (u,v) is associated with an infection probability
Be = Bu.v € (0,1]. The influence spread of an infected seed
set S C V unfolds in discrete timestamps as follows:

1. At timestamp 0, all nodes in the seed set .S are initially
infected, while the remaining nodes are considered sus-
ceptible.

2. Ateach timestamp ¢t = 1,2, ..., each node u that is in-
fected at timestamp ¢ performs the following operations
sequentially:

* for each susceptible outgoing neighbors v, u infects v
with probability 3, ,;

* u gets recovered with a recovery probability ~,, and
remains infected otherwise.

3. The diffusion process terminates when all nodes are ei-
ther recovered or susceptible.

When we are considering the SIR model, i.e., I"' = SIRg
in Definition 1, SIRg . (.S) is the set of recovered nodes at
the end of the above diffusion process.

Remark. It is implied that once a node becomes recovered
in the SIR model, it can never be infected again or infect
other nodes. Note that all infected nodes will eventually be
recovered after a sufficiently long time.

We also consider the spread of influence within a specific
time frame 7' in the SIR model, referred to as the Trun-
cated Susceptible-Infected-Recovered (TSIR) Model. In this
model, with a seed set S C V infected at time 0, the diffu-
sion process unfolds as described earlier but stops at time
T. The influence spread TSIRg - 7. (S) is defined as the
number of nodes that have been infected by time 7'. Thus,
when taking I' = TSIRg - 7, the “influenced vertices” in
Definition 1 are those that are infected or recovered.

3 Live-Edge Graph & Reverse Reachable Set

Similar to the equivalent formulation proposed by Kempe,
Kleinberg, and Tardos (2015) for the IC model, we demon-
strate that the influence spread of the diffusion models we
consider can be formulated using a model-specific live-edge
graph. This live-edge graph formulation allows us to study
the models using the unified characterization of the reverse
reachable set (Borgs et al. 2014) in our later discussion.

3.1 Live-Edge Graph Formulation

The live-edge graph of a diffusion model is a random span-
ning sub-graph of G that reflects the diffusion behavior.
Specifically, each edge in the original network is either
“live” (active) or “blocked” (inactive), based on the model’s
spread probabilities, and the live-edge graph is the subgraph
consisting of live edges. Roughly speaking, each edge (u, v)
is live (included in the live-edge graph) with a probability,
which represents the likelihood of w activating v during the
influence spread period. Thus, a live-edge graph is an equiv-
alent representation of a spreading process on GG based on a
diffusion model, and it serves as a sampling graph that cap-
tures one possible propagation of the model. By evaluating
the number of reachable nodes from a given seed set S in
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the live-edge graph, we can simulate the spreading ability of
S in the diffusion process.

Definition 3 (Live-edge Graph Formulation). Given a so-
cial network (directed graph) G = (V, E) with the diffu-
sion model ', we say U is a live-edge graph diffusion model
if there exists a measure (i over the collection of (possibly
edge-weighted) spanning sub-graphs of G, such that the in-
Sfluence spread o(S) equals the expected number of reach-
able nodes from S in the live-edge graph G sampled from p
for any seed set S C V.

For convenience, we abuse G to represent the edge set
E(G) of the live-edge graph G and thus e € G means that
e is one of the edges in G for any e € E in subsequent dis-
cussion.

In the following, we introduce the live-edge graph formu-
lation for the SIR model. For the TSIR model, the live-edge
graph characterization can be found in the full version of our

paper.

The live-edge graph for the SIR model. The influ-
ence spread of seed nodes in the SIR model on instance
(G = (V,E),3,7) can be characterized by the number of
reachable nodes in the live-edge graph

Gsik = Gsir(G, B,7) = Gsir (G, {RU}UEV ) {Ie}eeE>

induced by a collection of independent variables
R’U:(R’U,I7R’U,2;"')7 and Ie:(Ie,17Ie,27~--)7

where R, ~ Bern(vy,) for any v € V,t € NT and
I.; ~ Bern(f.) for any e € F,t € NT are Bernoulli ran-
dom variables. Here, R,,; = 1 denotes that u is recovered at
the ¢-round after u’s infection, and R, ; = 0 otherwise. Sim-
ilarly, ¢y .),; is the indicator random variable for the event
that u successfully infects v at the ¢-th round after « is in-
fected. Specifically, each directed edge ¢ = (u,v) € E'is in-
cluded in Gy if there exists some t* > 1 such that [ 4« = 1
and Ry, (4 _1] = (Ru,1, Ruy2, ..., Ru¢-—1) is a sequence of
zeros with length ¢* — 1. In other words, the influence spread
from node u to node v succeeds at timestamp t* before the
node u gets recovered, and the edge e represents a successful
infection event between nodes u and v that could have oc-
curred. Here, we say a node v is reachable from u in Ggpg if
there exists a directed path from w to v in Ggig. An example
is illustrated below.

Example 1. Consider a graph G
14 {u,v,w} and E {(u,v), (u,w)}. As-
sume we have sampled indicator random variables
R, (Ru1, Ruz,...) = (0,0,0,1,...), Iy
(I(u,v),lv I(u,v),Qv i ) = (0; 0,1,.. ~)a and I(u,w)

(w,w),1> Lww),2> -+ -) = (0,0,0,0,0,1,...). In this exam-
ple, u is recovered at round 4. The infection from « to v
is successful at round 3, and the infection from wu to w is
successful at round 6. Therefore, u can successfully infect v
before u’s recovery, while u cannot infect w before its recov-
ery. Correspondingly, in the live-edge graph, (u,v) is live
and (u, w) is blocked, i.e., (u,v) € Ggr and (u, w) ¢ Gsr.

The proof of the following proposition is straightforward:
this is just a rephrasing of the same stochastic process.

(V,E) with



Please refer to the full version of our paper for the details
of the proof.

Proposition 4. Ggr defined above is a live-edge graph for-
mulation of SIR g -, namely,

osir(S) = E [the number of reachable nodes from S in Gsr] .

As mentioned in Section 1, we are interested in compar-
ing the two diffusion processes corresponding to IC and SIR
respectively with the equal marginal probability for u suc-
cessfully infecting v along each edge (u,v). Equation (1)
ensures this, which is described in the proposition below
(whose proof is straightforward).

Proposition 5. Given any directed graph G = (V, E) to-
gether with the diffusion models 1Cp, and SIRg ., where
the parameters satisfying Equation (1), it holds that
Pr e € Gic|] = Pr [e € Gsr] for each e € E.

3.2 Reverse Reachable Set Characterization

The influence spread of the aforementioned models can be
characterized by the notion of the reverse reachable set
(Borgs et al. 2014) under the live-edge graph formulation.
When considering a live-edge graph diffusion model, we
sometimes use G to represent its diffusion process instead of
I". The definition of the reverse reachable set can be stated
as follows.

Definition 6 (Reverse Reachable Set). Given a directed
graph G = (V, E) with the live-edge graph G, the reverse
reachable set of anode v € V, denoted by RRg (v), is the set
of all nodes in G that can reach v. Furthermore, let RRg be
the random set RRg (v) with v selected uniformly at random
from V.

Proposition 7. Given a directed graph G = (V, E) with a
live-edge graph diffusion model G, the probability that the
diffusion process from any seed set S C V can influence
a node v equals the probability that S overlaps with the set
RRg(v), i.e., Pr [S NRRg(v) # @]. Furthermore, the influ-
ence spread satisfies:

o(S) = quev Pr[SNRRg(v) # 9]
= [V|-Pr[SNRRg # 2]

In later discussion, we sometimes use RRjc(v) (RRyc,
resp.) to denote the reverse reachable set of a node v
(random reverse reachable set, resp.) corresponding to the
live-edge graph Gic for simplicity. The notations RRgr (v),
RRTS]R(U), RRSIR7 and RRTSIR are defined 51mllarly

4 Theoretical Comparison Between the IC
and SIR Models

As discussed in Section 1, we can ‘“aggregate” the infec-
tion attempts in multiple rounds along each edge in the SIR
model so that the SIR model and the IC model can be re-
lated by Equation (1). However, if we view the SIR model
in this way, infections across different outgoing edges of a
node are correlated. In this section, we prove that this cor-
relation negatively affects the cascade: given a graph G and
a set of seeds S and setting the parameters of IC and SIR
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to satisfy Equation (1), the influence spread of IC dominants
SIR. Moreover, we further show that the differences between
IC and SIR lead to different seeding strategies.

We first show the positive correlation property with re-
spect to the occurrence of the edges in the SIR model (Sec-
tion 4.1). Together with the reverse reachable set character-
ization of influence spread, we demonstrate that the influ-
ence spread in the IC model dominates the one in the corre-
sponding SIR model conditioned on the comparable spread-
ing ability on each edge by a coupling between the reverse
reachable set (Theorem 9 in Section 4.2). Furthermore, in
certain scenarios, we find that the IC model can significantly
dominate the SIR model. In our full version of the paper, We
delve deeper into these scenarios to claim that the influence
of IC could significantly dominate SIR, which further im-
plies different seeding strategies.

4.1 Positive Correlation in the SIR Model

According to the live-edge graph formulation of the SIR
model, the positive correlation can be described as follows:
the probability of an edge being included in the live-edge
graph decreases if other edges in the underlying graph G are
not included.

Lemma 8. Given a directed graph G = (V, E) with the
diffusion model SIRg -, we have

Pre € Gsik | E' NGsir = @] < Pre € Gsr]
forany E' C Eande € E\ F'.

A tiny example is helpful to understand Lemma 8. Given
G = (V,E) with V = {u,v,w}, E = {(u,v), (u,w)},
and letting e = (u,v) and £’ = {(u,w)}, Lemma 8 says
that the event (u,w) ¢ Gsr makes the edge (u,v) less
likely to be live. The proof of this lemma is listed in the
full version of our paper. Intuitively, in the above example,
if knowing (u,w) is not live, u is more likely to recover at
earlier rounds, which decreases the chance that (u, v) is live.
In general, knowing a set of edges fails to be live makes an
edge less likely to be live.

Remark. The dependency exists only on the outgoing edges
[from the same vertex. It is obvious from the definition of SIR
that the events e; € Gsr and eo € Gsr are independent if
ey and es are not outgoing edges of the same vertex.

To show that IC dominates SIR given the same seed set
and with parameters satisfying Equation (1), a natural idea
is to couple the two spreading processes such that the set of
infected vertices in the SIR process is a subset of the set of
infected vertices in the IC process. However, in the follow-
ing example, we demonstrate that such a coupling is unlikely
to exist.

Consider a seed set with a single seed s that has many out-
going neighbors. In the IC model, the events that s success-
fully infects its neighbors are independent. In the SIR model,
due to Equation (1), s infects each neighbor with the same
probability as in the IC model. Thus, the expected number
of infected neighbors is the same in both models due to the
linearity of expectation. Intuitively, due to the positive corre-
lation, in the SIR model, the number of infected neighbors is



more likely to be either very small or very large. However,
because of the same expectation, it is impossible to find a
coupling such that the set of infected neighbors in SIR is a
subset of the set of infected neighbors in IC. In fact, from
this example, it is not even intuitively clear that IC is supe-
rior to SIR.

In the next section, we will use a coupling on sampling the
reverse-reachable sets of an arbitrary vertex v. We will show
that viewing the cascade in such a “backward” way helps us
better understand the relationship between the two models.

4.2 IC Dominates SIR

Given a directed graph G = (V, E), we rigorously prove
that the influence spread of any seed set in the IC model
dominates that of the SIR model, under the assumption that
the parameters satisfy Equation (1).

Theorem 9. Given any directed graph G = (V, E) together
with the diffusion models 1Cy, and SIR g  where the param-
eters satisfy Equation (1), we have for any set S C V,

o1c(S) = osr(S).

According to the linearity of the expectation and the
reverse reachable set characterization of the influence
spread Proposition 7, it suffices to show the following
lemma.

Lemma 10. Given any directed graph G = (V, E) together
with the diffusion models IC, and SIRg -, where the param-
eters satisfy Equation (1), we have for any seed set S C'V
and any node v € V,

Pr[SNRRc(v) # @] > Pr[SNRRgr(v) # 2].
The lemma above straightforwardly implies Theorem 9.

Proof of Theorem 9. According to Proposition 7, we have
o1c(S) = ZUEV Pr[S NRRc(v) # 2]
> =
> ZUEV Pr [S M RRSIR(’U) 7é @] O’S[R(S)
where the inequality follows from Lemma 10.

Some intuitions for the correctness of Lemma 10. To
prove Lemma 10, considering an arbitrary fixed v, we de-
fine a coupling between Gic and Gsir such that RRgr (v) C
RRyc(v). The existence of such a coupling immediately im-
plies the lemma. It then remains to define such a coupling.
We describe the high-level ideas here, and the full proof is
available in the full version of our paper.

The edges in both Gic and Ggr are revealed on a need-
to-know basis. Specifically, the edges are revealed in a re-
verse Breadth-First-Search process: let U denote the set of
vertices that can reach vertex v, initialized as U = {v}; in
each iteration, for every vertex x that has out-neighbors in U,
we reveal the corresponding outgoing edges of x; if one of
these outgoing edges is live, then z is included in U. In ad-
dition, the corresponding Breadth-First-Search tree forms an
in-arborescence (a directed tree rooted at v where each edge
is from the child to the parent): if the node z has at least one
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outgoing edge connecting to U that is live, we pick an ar-
bitrary such live edge and include it in the in-arborescence.
Notice that, after this process, unrevealed edges have no ef-
fect on RRic(v) or RRgr(v). We couple the two reverse
Breadth-First-Search processes for RRjc(v) and RRgr(v)
respectively such that the in-arborescence for the former is
a superset of the in-arborescence for the latter. The fact that
each node in an in-arborescence has an out-degree at most 1
ensures that this is always possible. This is better illustrated
by the following example.

Suppose at a certain stage of the Breadth-First-Search
process where, in both IC and SIR processes, U is the
set of vertices that are already in the in-arborescence,
and suppose now we are revealing the outgoing edges
of a vertex © ¢ U to see if x is in the in-arborescence.
Suppose, for example, y1,y2,y3 € U are all the outgoing
neighbors of z that belong to U. If at least one of (x,y1),
(z,92), and (z,ys3) is live in the SIR process, then x is
included in U in the next iteration. Our coupling ensures
that x is also included in U in the IC process. To see
this, taking an example where (x,y2),(x,y3) € Gsr
and (x,y1) ¢ Gsir, which happens with probability
Pr[(z,y1) ¢ Gs] - Pr((z,y2) € Gsir | (7,91) & Gsir] -
Pr(z,y3) € Gsir | (z,91) ¢ Gsr, (,y2) € Gsir].  The
live edge with the smallest index, which is (z,y2) in this
case, is included in the in-arborescence, and x is included in
U. We consider these three probabilities in the IC model. For
the first, we have Pr [(z,y1) € Gsir] = Pr[(z,y1) € Gic]
due to Equation (1). For the second, we have

Pr{(z,y2) € Gsr | (z,y1) ¢ Gsr]
<Pr[(z,y2) € Gsir] (Lemma 8)

[(z,y2)
=Pr[(z,y2) € Gic] (Equation (1))
[(z,y2)

=Pr[(z,y2) € Gic | (z,y1) ¢ Gic] -
(Independence in IC)

By coupling the events for the first two edges (z,y1)
and (x,y2), we already ensure that x is included
in U in the IC process as well. Notice that, for the
third probability, although the relationship between
Pr{(z,ys3) € Gsir | (z,y1) ¢ Gsr, (2, Y2) € Gsir] and
Pr{(z,y3) € Gic | (z,11) € Gic, (z,y2) € Gic] cannot be
implied by Lemma 8§, we have already included z in U
regardless of the status of (z,ys). Even if the conditional
probability that (x, y3) is live for SIR is higher than it is for
IC, this does not give SIR any advantages.

More generally, if x has many out-neighbors
Y1,Y2,...,Y, in U and ¢ is the smallest index such
that (z,y;) is live in the SIR process, by Lemma 8, the
event that (z,y1),...,(z,y,—1) are blocked reduces the
chance that (z,y;) is live in the SIR process, while this
event has no effect on the chance that (x,y;) is live in the
IC process. By coupling the event corresponding to the
status of the first ¢ edges, we can make = be included in
U for the IC process whenever this happens in the SIR
process. Although (z,y;) being live may increase the
chances of (z,¥y;t+1),...,(x,yr) being live in the SIR
process, this does not give SIR any advantages against IC
as x is already included in U due to the inclusion of (x, y;)



in the in-arborescence. The fact that we only need one live
edge from z to U and the correlation property described in
Lemma 8 make IC superior to SIR.

Notice that the main purpose of the example above is to
give readers some intuitions. A rigorous proof can be found
in our full version of the paper. In our paper’s full version,
we also show that, conditioned on the comparable spread-
ing ability of each edge, we also demonstrate that IC could
significantly dominate SIR in some special networks, and
this dominance further yields significantly different seeding
strategies under the two models.

5 InfMax in the SIR-based Models

In this section, we present algorithmic results for InfMax
in the SIR model. It is worth noting that InfMax in var-
ious diffusion models can be formulated as a submodular
optimization problem. In our case with the SIR model, the
expected influence spread function o(-) is also submodu-
lar. This follows from the fact that a diffusion model with a
live-edge graph formulation is always submodular (Kempe,
Kleinberg, and Tardos 2015). With submodularity, it is well-
known that the simple greedy algorithm achieves a (1—1/¢)-
approximation (Nemhauser, Wolsey, and Fisher 1978). The
same holds for the variant TSIR model (definition included
in the paragraph right before Section 3).

However, computing the function o(-) is a #P-hard prob-
lem (Kempe, Kleinberg, and Tardos 2015; Chen, Wang, and
Wang 2010). To apply the greedy algorithm, the influence
spread function o(-) is approximated by the Monte-Carlo
method, so we have a randomized algorithm that achieves a
(1 — 1/e — )-approximation with high probability. Notice
that this approximation ratio is optimal assuming P # NP,
as InfMax is NP-hard to approximate to within a factor of
more than (1 — 1/e) for the IC model (Kempe, Kleinberg,
and Tardos 2015), and the special case of the SIR model with
Y = 1 for every u € V is exactly the IC model.

Despite that the greedy algorithm runs in polynomial time
and provides a constant theoretical approximation guaran-
tee, greedy algorithms based on the Monte-Carlo are slow
in practice. Researchers have then focused on designing al-
gorithms that are fast in practice while keeping the theoreti-
cal approximation guarantee (Borgs et al. 2014; Chen, Peng,
and Lee 2012; Goyal, Lu, and Lakshmanan 2011; Tang, Shi,
and Xiao 2015; Leskovec et al. 2007; Kempe, Kleinberg,
and Tardos 2015). One of the most successful types of such
algorithms is based on reverse-reachable sets (Borgs et al.
2014; Tang, Xiao, and Shi 2014; Tang, Shi, and Xiao 2015),
which yields a nearly linear time algorithm with 1 — 1/e ap-
proximation ratio. Inspired by the success of these reverse-
reachable-set-based algorithms for the InfMax problem in
IC model, we design an IMM-based efficient algorithm for
the InfMax problem in SIR model.

The reverse-reachable-set-based algorithms are based on
the observation in Proposition 7. Our objective is to find S
that maximizes Pr [S N RRg # @]. This is done by sam-
pling a sufficient number of copies of RRg and finding S
that intersects as many copies as possible, which becomes a
classical k-max coverage problem. This type of algorithms

493

has been widely used for the IC model and proved success-
ful in terms of scalability. Below, we highlight how we adapt
them to the SIR model and its variants.

For the SIR model, one natural idea is to sample each
RRgr based on the live-edge graph definition in Section 3.1.
However, both R, and I, are sequences of infinitely many
random variables. To accurately and efficiently sample a re-
verse reachable set RRgr, we instead directly calculate the
probability that an edge is live. For example, Pr [e € Gsr]
can be computed by Equation (1), which is a geomet-
ric series that admits a compact formula. More generally,
for a vertex u with a set E! of u’s incident edges and
a particular incident edge e, the conditional probability
Prle € Gsr | £, NGsir = @] can also be expressed as a
geometric series by applying the law of conditional prob-
ability. With these, the reverse reachable set RRgg can be
sampled in a way similar to the proof of Lemma 10. Details
for our algorithms are available in the full version of our
paper. As for the time complexity, since (as we have seen)
the probability that an edge is live can be computed by the
sum of a geometric series, which takes O(1) time, the time
complexity for sampling an RR set for the SIR model is the
same as it is in the IC model. Therefore, the time complexity
of SIRIMM is the same as the original IMM algorithm for the
IC model.

Theorem 11. There exists an algorithm that takes as inputs
k. € Z* and € € RY, and a directed graph G = (V, F)
where |V| = n,|E| = m with the diffusion model SIRg .,
and outputs a (1 — 1/e — €)-approximately optimal expected
influence spread of k seeds with at least 1 —1/n* probability
inO ((k+1)-(n+m)-logn/e*) time.

The case with the TSIR model is more involved due to
the extra time-dependency. Intuitively, RRrsr (v) is a trun-
cated version of RRgr (v). In addition, we need extra infor-
mation in addition to the probability Pr [e = (u,v) € Gsr],
as it now matters in which round the infection across (u, v)
succeeds. Therefore, we have to apply the original defini-
tion in Section 3.1 to sample a reverse reachable set. Due to
the time-dependency feature, we need to truncate those ver-
tices in RRgr (v) that are too far away from v. This is done
by applying Dijkstra’s algorithm to build a reverse shortest
path tree rooted at v. Notice that we do not need to consider
infinitely many random variables for R, and I.: vertices
that are not recovered or edges that are not active for long
periods need not be considered due to the time-dependency
of the TSIR model. In our full version of the paper, we for-
mally define the live-edge graph formulation for the TSIR
model and present the details for our algorithm. Sampling
an RR set in the TSIR model is more time-consuming as we
need to flip a coin for each vertex and each edge at most
T times and we need to run Dijkstra’s algorithm. The time
complexity is increased by a factor of O(T log n).
Theorem 12. There exists an algorithm that takes as in-
puts k, 0, T € Z* and ¢ € R™, and a directed graph G =
(V, E) where |V| = n,|E| = m with the diffusion model
TSIRg,~, 1 and outputs a (1 —1/e — €)-approximate optimal
expected influence spread of k seeds with at least 1 — 1/n*
probability in O (T - (k +1) - (n +m) - log® n/c?) time.
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