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Abstract

In robust Markov decision processes (RMDPs), it is assumed
that the reward and the transition dynamics lie in a given
uncertainty set. By targeting maximal return under the most
adversarial model from that set, RMDPs address performance
sensitivity to misspecified environments. Yet, to preserve
computational tractability, the uncertainty set is traditionally
independently structured for each state. This so-called
rectangularity condition is solely motivated by computational
concerns. As a result, it lacks a practical incentive and
may lead to overly conservative behavior. In this work, we
study coupled reward RMDPs where the transition kernel
is fixed, but the reward function lies within an «-radius
from a nominal one. We draw a direct connection between
this type of non-rectangular reward-RMDPs and applying
policy visitation frequency regularization. We introduce a
policy-gradient method and prove its convergence. Numerical
experiments illustrate the learned policy’s robustness and its
less conservative behavior when compared to rectangular
uncertainty.

Introduction

The Markov decision process (MDP) framework formalizes
sequential decision-making problems where the goal is
to find a policy that maximizes the agent’s performance
in a particular environment (Sutton and Barto 2018;
Puterman 2014). In most scenarios, the environment’s
dynamics and/or the reward function are partially known,
perturbed by noise, or attacked in an adversarial way.
For example, considering a self-driving car simulator, the
discrepancy between the idealized virtual environment and
unexpectedly varying weather, traffic, and road conditions
raises significant challenges during training. Ignoring such
model uncertainty can have detrimental effects on the
agent’s performance, potentially leading to catastrophic
failure (Mannor et al. 2004).

On the other hand, solving RMDPs with general
uncertainty sets is known to be NP-hard (Wiesemann, Kuhn,
and Rustem 2013). To address this issue, previous studies
have focused on identifying sub-classes of coupled RMDPs
that are still solvable in polynomial time (Mannor, Mebel,
and Xu 2016; Goyal and Grand-Clement 2023). Yet, the
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above studies have mostly focused on RMDPs with a known
reward model but uncertain dynamics. Hence, little attention
has been given to RMDPs with coupled reward uncertainty
and known transition.

Even when the model is comprehensively understood, the
challenge of obtaining a precise reward function persists
in many practical applications. This predicament can arise
when employing a reward model trained on a subset of
labeled data or when learning relies on human feedback
or preferences. Additionally, although allowing ambiguity
on the reward only can seem restrictive, it models a large
class of sequential decision-making problems, including
MDPs with deterministic transitions such as path planning.
Consider again our self-driving car example and assume
that its policy is deployed on real road conditions to
drive towards a destination point. In this setting, not
accounting for reward uncertainty during training could
lead the car toward a different destination. On the other
hand, a robust policy under rectangular reward uncertainty
could yield overly conservative behavior and prevent the
car from approaching its goal. The rationale behind this
is visually depicted in Figure 1, showcasing why opting
for a rectangular uncertainty set might lead to excessive
conservatism. This phenomenon is further elaborated upon
in Section within the context of a tabular model-based
setting.

In this work, we study a subclass of RMDPs where the
transition model is known and the reward is uncertain but
coupled. We first characterize the nice properties induced
by this type of RMDP, as well as the challenges raised
by reward coupling. Specifically, we show that without
rectangularity, resorting to the common robust Bellman
recursion leads to an incorrect and overly conservative
value function. Then, under a (general) convex and compact
reward uncertainty set, we establish the sufficiency of
stationary policies to reach optimal robust return and prove
strong duality. For reward uncertainty sets that are further
specified as a norm ball centered around a nominal, we
explicitly formulate the worst-case reward. The norm of
interest being over the whole state-action space, the resulting
set is non-rectangular. In this setting, the robust return comes
out to be a regularized version of the non-robust return,
where the regularization function involves the visitation
frequency. This finding also enables us to: (i) devise an
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Figure 1: An illustrative example of conservatism in a lower-dimensional context: When faced with an unfamiliar coupled
uncertainty set (depicted in blue, see appendix for more info on this particular coupled set), we explore two potential modeling
approaches. One involves an s-rectangular uncertainty set with a constant radius parameter « for each state independently
(displayed in green). The other chooses a coupled uncertainty set (in red) with the same radius. By increasing o we are
increasing conservativness. The rectangular set encompasses the actual uncertainty more swiftly. Nevertheless, this approach
results in a rapid expansion of the uncertainty set to a considerable size. Conversely, the coupled set representation covers the
genuine uncertainty set at a later point, yet it exhibits a lower degree of conservatism.

efficient policy evaluation algorithm for coupled reward
RMDPs; (ii) introduce a robust policy-gradient method that
trains a reward robust policy with convergence guarantees.
Numerical experiments show the advantage of coupling the
reward uncertainty set and illustrate the applicability of our
method to high-dimensional environments. Moreover, our
approach is agnostic to the reinforcement learning (RL)
method being used, so it can be added on top of any learning
algorithm.

Contributions. To summarize, we make the following
contributions: (1) We explicitly formulate the worst-case
reward when the reward uncertainty set is a norm ball
centered around a nominal, and show that it induces
a regularized return whose regularizer is given by state
visitation frequency; (2) We provide tractable solutions to
this type of reward RMDPs and numerically test their robust
behavior against relevant baselines. The proofs of all our
theoretical statements can be found in the appendix at
(Gadot et al. 2023).

Related Work

Since the work of Wiesemann, Kuhn, and Rustem (2013),
uncertainty sets in RMDPs are commonly assumed to be s-
rectangular, besides being convex and compact (Ho, Petrik,
and Wiesemann 2018, 2021; Derman, Geist, and Mannor
2021). In fact, except for those considered in (Mannor,
Mebel, and Xu 2016; Goyal and Grand-Clement 2023)
which are locally coupled, s-rectangular uncertainty sets
represent the largest class of tractable RMDPs. On the
other hand, if not the studies (Xu and Mannor 2010;
Mannor, Mebel, and Xu 2016; Derman, Geist, and Mannor
2021; Kumar et al. 2023) that treat both reward and
transition uncertainty, RMDP literature has mostly focused
just on transition uncertainty. We believe this is due to
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the greater challenge it represents, as the repercussions of
transition ambiguity are epistemic and can lead to a butterfly
effect: a small kernel deviation at some state can have an
unpredictable effect on another state so we are no longer
able to track how local kernel uncertainty propagates across
the state space.

Recent works have established a formal connection
between reward robustness and policy regularization
(Husain, Ciosek, and Tomioka 2021; Brekelmans et al.
2022; Eysenbach and Levine 2022), while others have
generalized the robustness-regularization equivalence to
general RMDPs to facilitate robust RL (Derman, Geist,
and Mannor 2021; Kumar et al. 2022). All these studies
focused on a rectangular uncertainty set, whereas we tackle
the robust problem induced by coupled reward uncertainty.
This coupling leads us to derive a regularization function
involving the visitation frequency, which we leverage in our
policy gradient method.

In that respect, the robust policy gradient methods
recently introduced in (Wang and Zou 2022; Kumar et al.
2023; Li, Zhao, and Lan 2022) assume the uncertainty
set to be rectangular. Although Wang and Zou (2022)
did prove convergence in the non-rectangular case, their
analysis exclusively focused on transition uncertainty while
they assumed oracle access to the policy gradient. To the
best of our knowledge, our work is the first to propose
a provably converging policy gradient method for general
reward RMDPs.

A different line of works addresses the problem of
corrupted reward signals (Everitt et al. 2017; Wang, Liu, and
Li 2020; Rakhsha et al. 2020; Huang and Zhu 2020, 2022;
Nika, Singla, and Radanovic 2023). There, the question is
how to modify the reward so that the agent is misled to a
prescribed policy, but does not detect the attacking signal. In
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(Rakhsha et al. 2020), the latter criterion is thought of as a
budget constraint, which is formalized as the same coupled
norm bound as ours. Although related to the robust setting,
the two problems are complementary: a robust agent asks
how to cope with an adversary while knowing its deviation
level, whereas an attacker asks how to deviate the least from
the observed reward so the agent is fooled and chooses a
prescribed policy. Moreover, besides tackling the problem
from the attacker’s viewpoint, this type of study generally
focuses on stealthy attacks, i.e., the attacking reward value
stays the same across multiple visits of the same state-action
pair (Everitt et al. 2017; Huang and Zhu 2020). In the robust
setup, the agent can deal with arbitrary time-varying rewards
within the uncertainty set.

Preliminaries

Notations

For a set S, |S| denotes its cardinal. (u,v) := > g usvs
denotes the dot product between functions u,v : & — R

1

while [[v]|Z = (> ,|v(s)[P)? is the L, norm of function
v. For p € [1,00], its Holder conjugate ¢ € [1, ] is the
(extended) real number such that % + é = 1. Finally, we

denote the probability simplex over S by Ag := {a : § —
R esas=1,a,>0 Vs}.

Markov Decision Processes

A Markov decision process (MDP) is a tuple
(S, A, P,R,~, 1) such that S, A are state and action
spaces respectively, P : S x A — Ag is a transition kernel,
R : 8 xA — R areward function, 0 < p € Ag an initial
distribution over states and v € [0,1) a discount factor
ensuring that the infinite-horizon return is well-defined.
At step ¢, the agent is in some state s; € S, executes an
action a; according to a decision rule m; that maps past
information to a probability distribution over the action
space, receives a reward R(st,at), and transits to another
state sy41 ~ P(-|s¢,a).

A decision rule can be history-dependent or Markovian,
and randomized or deterministic. A policy m = (m;);>0 is
a sequence of decision rules whose type determines that of
the policy. If the decision rules are constant over time, i.e.,
7 = Ty forall ¢ > 0, then the corresponding policy is said
to be stationary, and we shall define it as 7 : S — A 4 with
a slight abuse of notation. We further denote by II := A‘j
the set of all stationary policies.

Let R™(s) := > ,ca7s(a)R(s,a) and P7(s'[s) :=
Y acaTs(a)P(s']s,a),Vs,s" € S, the expected reward and
transition, respectively, where 7w := (-|s) is a shorthand
notation for policy 7 at state s. The overall goal is to
maximize the following return over the policy space:

PR = (R, d") = (u,vE),

where d™ := ;" (Is — vP™)~! is the occupation measure
associated with policy 7 and v}, := (Is — vP™)"'R™ the
value function under policy 7 and model parameters (P, R).
In this setting, it is known that there exists a stationary
policy achieving maximal return (Puterman 2014). We thus
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denote the optimum by p}r;. In practice, the problem can
be solved through Bellman operators, respectively given by

gV = R" 4+ ~yP™ and Tgv := maxzen Tv, Wv €
R®. The subscript R in the operator notation indicates the
dependence on the reward function R, which will be useful
in the reward-robust setting we introduce next.

Reward-Robust MDPs

In a reward-robust MDP (reward RMDP), the reward
function R is unknown but lies in a given uncertainty set
‘R. This set is commonly assumed to be s-rectangular, i.e., it
can be decomposed over states as R = XscsRs, in which
case we denote it by R°. If it can further be decomposed
across states and actions, i.e., if R = Xses5,ac 4R (s,a)> W€
will denote it by R>2.

The objective is to maximize the robust performance
PR = minger pg over II. For any policy m € II, the
reward model realizing the worst return is denoted by R%, €
arg mingpcp p%. Its corresponding robust value and robust
Q-value functions are respectively defined as:

QR = QE%
Based on non-robust definitions, they are related through:

U%(S) = <7Ts; Q’TIFZ(& )>a

When the uncertainty set is s-rectangular, the above
value function coincides with the worst value, that is:
vE. = minger- vE. On the other hand, one needs (s, a)-
rectangularity for the same to hold for Q-values, i.e.,
Q%:: = mingers+ Q% (Nilim and El Ghaoui 2005; Iyengar
2005; Wiesemann, Kuhn, and Rustem 2013; Kumar et al.
2023).

The optimal robust return is defined as

(D

T o T
UR . UR%,

VseS.

* T
‘= max pl.
PR s PR

A standard way to solve RMDPs is through Bellman
recursion. The robust Bellman evaluation operator is

Tgv=min Tgv, Yve RS .
RER

Although non-linear, it is still a ~-contraction for any
uncertainty set R (Wiesemann, Kuhn, and Rustem 2013).
The same applies to the robust Bellman optimal operator
defined as

Thv = max TAv, YveRS.
well

In the s-rectangular case, the robust value function v7%.
(respectively, the optimal robust value function v}.) is the
fixed point of the robust Bellman evaluation operator (resp.,
of the robust Bellman optimal operator) (Wiesemann, Kuhn,
and Rustem 2013). Thus, these RMDPs can be solved using
policy iteration (Wiesemann, Kuhn, and Rustem 2013; Ho,
Petrik, and Wiesemann 2021; Derman, Geist, and Mannor
2021; Kumar et al. 2022).
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Analyzing Reward-Robust MDPs

In this section, we show that the above robust operators can
no longer be used for general (non-rectangular) uncertainty
sets R. Indeed, as stated in Prop. 1, the robust Bellman
evaluation operator (resp., the robust Bellman optimal
operator) does not admit the robust value function v% (resp.,
the optimal robust value function v%.) as a fixed point.

Proposition 1. For non-rectangular uncertainty set R, the
robust Bellman operator T (resp., T3 ) has U&R) (resp.,

Viry ) as its fixed point, where C(R) is the smallest s-
rectangular uncertainty set containing R, that is

C(R) = Nrcr-R°.

Hence, robust value iteration on a general (non-
rectangular) uncertainty set can lead to an overly
conservative solution, as C'(R) can be much larger than R
in large state spaces. This is illustrated in Fig. 1. Therefore,
other methods need to be used to solve coupled reward
RMDPs. Before introducing our solution, we begin by
presenting key overarching findings that apply to any convex
and compact reward uncertainty set.

Lemma 2 (Stationary policies are enough). Assume that R
is a compact and convex set. Then, there exists a stationary
policy m € 11 that achieves maximal robust return:

o0
glel%E ;’YtR(staat) ‘80 ~ A 7Tt(‘|st)a

St4+1 ™~ P(-|st,at),Vt 2 0] .

The aforementioned result establishes that even though
the optimal policy may be non-Markovian for general
RMDPs (Wiesemann, Kuhn, and Rustem 2013), in our
setting, we can focus on the set of stationary policies II,
similar to non-robust MDPs (Puterman 2014). Moreover,
strong duality holds, as stated below.

Lemma 3 (Duality). For all convex uncertainty sets R, the
order of optimization can be interchanged, that is
max min p% = min max pg
7€l RER' ™ RER mell | 1
In our framework, we examine particular constraints
on reward perturbations within the aforementioned setting.
Given a nominal reward denoted by Ry € RS*4 and a

positive radius o > 0, the uncertainty set we focus on is
an L,,-ball centered around this nominal:

Ry :={ReR%**||R - Ro, < a}.

We note that although this constraint is restricted to L,
norm balls, it is non-rectangular and still enjoys the benefit
of generality. L, norm balls encompass a wide range of
uncertainty patterns such as worst-case and probabilistic
uncertainties, by selecting appropriate values of p (Mannor,
Mebel, and Xu 2012; Delage and Mannor 2010).
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Remark 4. For the sake of simplicity and to enhance the
clarity of our expression, we limit our study to Ly-ball
constrained uncertainty sets. Nonetheless, our approach
readily holds for weighted Ly-norms. Further elaboration
on this extension can be found in the appendix.

Worst Reward Function

The ball structure enables us to derive the worst reward
function in closed form and illuminates its effect on the
occupation measure. This worst-case reward expression is
formalized below and in fact, represents a key component of
the robust learning methods introduced later on.

Theorem 5 (Worst-case reward). For any policy m € Il and
state-action pair (s,a) € S X A, the worst-case reward at

(s,a) is given by:
)

Thm. 5 highlights the adversarial strategy reward-robust
MDPs model. The occupation measure in the numerator
shows a diminution of the reward in states that the agent
frequently visits. As for the denominator, it can be thought of
as the entropy of the occupancy measure: evenly distributed
occupancy leads to a lower norm and a weaker adversary,
whereas concentrated occupancy leads to a higher norm and
a stronger adversary. Please refer to Tab. 1, for an example
of the worst reward penalties for different values of p.

d™(s,a)

R, (5.0) = Rafsa) —
: a1,

For simplicity, we will write R}} := R%p.

p R7(s,a) — Ro(s,a) Type of penalty
d” (s,a) a-1
P « (W) General norm penalty
0« Uniform penalty
2 « % a-normed frequency
1 %]1{(5, a) € X'} One-hot penalty
Table 1: Reward penalty induced by different

coupled-reward uncertainty sets. For

X" = argmax (g yes x 4 47 (8, a).

D 1,

Furthermore, Thm. 5 gives us one of our main findings:

Corollary 6 (Reward robust return). For a general L,, norm
uncertainty set, the robust return is given by:
PR, = PRy — alld™ g

The factor —a||d™||, behaves like an entropy. Indeed,
it increases as the occupation measure is more distributed
and vice versa. The preceding results unveil an intriguing
connection between reward-robust MDPs and regularized
MDPs that employ a variant of ‘frequency’ regularization.
This correlation mirrors earlier research efforts that
explored the relationship between policy regularization and
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robust RL, as demonstrated in prior studies (Eysenbach
and Levine 2022; Derman, Geist, and Mannor 2021;
Brekelmans et al. 2022). In the context of general L, norm
uncertainty sets, we establish an explicit formulation for
this regularizer and ascertain its reliance on the occupancy
measure. Consequently, the resolution of general reward
RMDPs becomes achievable by effectively addressing
regularized MDPs (Geist, Scherrer, and Pietquin 2019)
that encompass the aspect of ‘frequency’ regularization.
Tab. 2 in the appendix provides a comprehensive overview
of the regularization function for different L,-norm ball
uncertainty sets. It is evident that assuming different
levels of rectangularity can be likened to imposing distinct
budget constraints on an adversarial entity, or ‘world’.
In the case of (s,a)-rectangularity, the optimal strategy
is to account for the most adverse penalty associated
with each (s,a) pair. On the other hand, adopting s-
rectangularity permits the adversary to manipulate the
reward function independently for each state within certain
limits, thereby prompting the robust policy to distribute
its visitation more evenly across actions, yet independently
for each state. This requires the potential employment of
entropy-based regularization techniques. By relinquishing
the constraints of rectangularity and considering a more
general adversarial ‘budget’, a robust policy would strive
to distribute its visitation frequency across the entire
S x A space, which may involve implementing a form of
‘frequency’ regularization.

Policy Evaluation

As outlined in Prop. 1, utilizing the robust Bellman operator
in the non-rectangular setting might not yield the robust
value function. Nevertheless, Thm. 5 yields the formulation
of the ‘worst reward’” Bellman operator, as articulated below.

Theorem 7. Let an uncertainty set of the form R := R,
Then, for any policy € 11, the robust value iteration

2, ms(a)dm (s, a)7!
[ P

= [T2")(s), Vs €S,

Vnt1(8) = Tg,vn(s) —

converges linearly to the robust value function v%p.

This is nothing more than the non-robust Bellman
operator for the MDP with the worst reward function. The
new operator 7;2";“0 preserves the y-contracting property of
the non-robust Bellman operator. Thus, the sequence given
by vp41 = ’77{}’7“6% converges to v%p (as defined in
Eq. (1)).

A remaining question is how the robust Q-value Q“Rp
relates to the robust value function vﬁp, namely, to the
fixed point of the Bellman operator introduced before. The
theorem below establishes the connection between these
measures. It ties the robust ()-function to the robust value
function by the nominal non-robust Bellman operator and
the ‘frequency’ regularization term. Different expressions of
this regularizer are displayed in Tab. 1.
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Corollary 8. For the uncertainty set R, the robust Q-value
can be obtained from the robust value function via
d™(s,a)

qg—1
147 lq ) '

Complexity Analysis We note that the complexity of
computing an occupation measure of a given policy is
O(S?Alog(L)). This implies that the complexity of policy
evaluation in our algorithm is also O(S%Alog(1)) for
reward robust MDPs, similarly to non-robust MDPs (Sutton
etal. 1999), (s, a), and s-rectangular robust MDPs (Derman,
Geist, and Mannor 2021; Wang and Zou 2022). A detailed
analysis can be found in the appendix. Notably, the
tractability of robust policy gradient estimation for non-
rectangular convex kernel uncertainty sets is still an open
question.

QR (s.a) = T, vF (s) — o (

Reward-Robust Policy Gradient

As mentioned in Prop. 1, employing the optimal robust
Bellman operator within the non-rectangular setting may
not necessarily yield the optimal robust value function.
Furthermore, transforming the robust operator introduced
in Thm. 7 into an optimal robust operator is not
straightforward. Indeed, a greedy update in 7 also impacts
the ‘frequency’ regularization component. Hence, we cannot
utilize a value iteration method to achieve an optimal robust
policy. Alternatively, we introduce a policy gradient method
for this type of RMDPs and provide convergence guarantees.

As a main prerequisite, we first establish a policy-gradient
theorem for general reward RMDPs.

Theorem 9. The reward robust policy-gradient is given by:

D

(s,a)eS x A

apWRP us T
e d"(s)Q%, (s, a)Vs(a),
where Q%p is simply the non-robust Q-value under the worst
reward, i.e., Q% = Qp~ obtained using Cor. 8.
P

Global Convergence

We use the gradient derived in Thm. 9 to define our projected
policy gradient ascent rule as

The robust return can be non-differentiable for general
uncertainty sets (Wang and Zou 2022; Wang, Ho, and
Petrik 2023). However, the result below establishes the
differentiability of the robust return when it is constrained
by an L,-ball.

Lemma 10 (Smoothness). For all p € (1,00), the robust
return p%p is [B-smooth in w, where [3 is a constant that

depends on the problem parameters and is described in the
appendix.

8,0”72’;
or

Tht1 = pl‘OjH Tk + Mk

Taking step size ny
convergence result.

%, we have the following
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Theorem 11 (Convergence). The suboptimality gap at the
k" iteration decays as
* T0
PR, — PR
< ols|pe e
where c is a constant that depends on the discount factor ~y
and on a mismatch coefficient described in the appendix.

* Tk
PR, — PR

The outcome presented here establishes the global
convergence of the reward-robust policy gradient for the first
time. This convergence holds with an iteration complexity
of O(1) to attain an e-optimal policy, similarly to non-
robust MDPs (Agarwal et al. 2021; Xiao 2022). It is worth
noting that the aforementioned convergence result also holds
for (s,a) and s-rectangular L, constrained reward robust
MDPs, maintaining the same convergence rates. Differently,
under kernel uncertainty, robust policy gradient exhibits an
iteration complexity of O(Z) (Wang, Ho, and Petrik 2023).
Further comparison is detailed in the appendix.

Scaling Reward-Robust Policy-Gradient

We now propose an online actor-critic algorithm that
employs our method but is adaptable to high-dimensional
settings (see Alg. 1). To achieve this, we utilize Thm. 7
to approximate the robust value function, a key component
of Thm. 9. Estimating the occupancy measure is also
imperative for applying the ‘frequency’ regularizer. In this
regard, we introduce the following result:

Proposition 12. (Lemma 1 of (Kumar et al. 2023)) For all
policies  and kernels P, the iterative sequence given by

dpy1:=p+~vP"d,, VneN,
converges linearly to d”.
Experiments

This section is dedicated to two categories of experiments. In
Sec. , we illustrate the conservative nature of rectangularity
assumptions. In Sec. , we assess the efficacy of our proposed
algorithm in a high-dimensional setting. For reproducibility,
we have provided a link to our source code in the
appendix, along with comprehensive experiment details and
supplementary results.

Conservative Rectangularity

To further illustrate the conservatism inherent to the
rectangularity assumption, we explore a tabular problem.
Imagine a model-based scenario where we possess
knowledge of P, u, and Ry € RISIXIAl However, during
testing, the reward function is drawn from a multivariate
Gaussian distribution as follows: R ~ N'(Ry, %), where the
covariance matrix X is a non-diagonal positive semi-definite
matrix. It is crucial to note that the agent remains unaware
of this perturbation. To derive a robust policy, we tackle this
scenario using two types of uncertainty sets.

The first approach consists of treating this as an s-
rectangular reward-RMDP with an Le-norm uncertainty set,
where the radius around each state remains constant, that
is oy = a. The second approach adopts a coupled reward-
RMDP framework with an L, norm uncertainty set, where
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Algorithm 1: Actor-Critic for General Reward RMDPs
Input: Differentiable policy mp(als); Q-value Q,(s,a);
Frequency df (als), Step-sizes 7o, n.,7¢; Batch size N
Robustness radius «

1: fort=0,1,2,--- do

2:  Using current policy mg,, collect current batch
NN
{(Siv iy T, Si)}izl'
3:  Update policy parameters
0141 =0: + Mo Zi]il(Qw(Su a;)Vom(as|s;))
4:  Update robust Q function parameters
wir1 = Wi + Nwd V,Q, where §; = robust TD-error
5:  Update occupancy measure parameters

Git1 = G +ncAVede,
where A, is the visitation frequency error (Prop. 12)
6: end for

Output: Robust value @), ; Robust policy 7y

o
X 205
(et
S
>
o 210
N
=
o
3 25
Q
~

0

N

—— L, Uncertainty set s-rectangular
Uncertainty set

——— Nominal Value

Figure 2: C'VaRsy, results for different o

the radius pertains to the entire reward function, labeled as
a. For both models, a soft-max parameterization is applied,
and a model-based policy gradient (PG) is employed.

For the s-rectangular RMDP, we utilize the method
described in (Kumar et al. 2022). In the case of the
general RMDP, we employ Alg. 1 in its simplified model-
based version. Subsequently, we train the robust policy,
subject it to testing over 1000 samples drawn from the
unknown distribution, and measure the Conditional Value-
at-Risk (CVaR) for the worst-performing 5%. This process
is repeated across various « values. The results depicted
in Figure 2 underscore that the general model attains
superior ‘worst’ performance and exhibits greater stability
against radius estimation errors. This highlights that opting
for a rectangular uncertainty set can significantly reduce
the worst-case performance within the true uncertainty
framework. For more findings from this experiment, please
refer to the appendix.
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Figure 3: Evaluation results on both environments for different reward perturbations.

PG For High-Dimensional Setting

We now undertake experiments within the online robust
RL framework and evaluate the effectiveness of Alg. 1
for learning robust policies. This involves training the
agent using the nominal reward function and evaluating
its performance under perturbed reward functions. We
examine two continuous control tasks of high dimension
from OpenAI’s Gym (Brockman et al. 2016): ’Mountain Car
Continuous’ (Moore 1990) and Mujoco’s (Todorov, Erez,
and Tassa 2012) ’Ant-v3’ environment. As the baseline
RL algorithm, we opt for PPO (Schulman et al. 2017).
In addition, to compare our method with other robust
methods we consider another commonly-used robust RL
approach: domain randomization. Domain randomization
trains the agent across a range of scenarios by introducing
variations in the reward function during training. This
equips the trained agent with robustness against analogous
perturbations during testing. Notably, it is important to
acknowledge that domain randomization holds an advantage
over our proposed algorithm in that it can utilize multiple
perturbed reward functions during training. In contrast,
our algorithm remains entirely agnostic to such parameters
and solely necessitates samples from the nominal reward
function. To obtain stable results, we run each experiment
with 10 random seeds, and report the mean and 95%
stratified bootstrap confidence intervals (CIs) (Efron 1992).

In both environments, we introduce reward perturbation
by incorporating a ‘penalized’ segment marked by a single
range parameter. Whenever the agent is within this range,
it incurs a penalty proportional to its location in the area.
While the range remains consistent during training, it
varies during testing. The agent’s performance under diverse
perturbed rewards is illustrated in Figure 3. Both results
demonstrate that when the range significantly deviates from
the nominal reward, our method outperforms the baseline
PPO and the domain randomization method. While it
may appear surprising that our approach exhibited superior
performance compared to the non-robust algorithm under
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the nominal reward function, it is worth noting that previous
works have shown that applying regularization may also
enhance average performance (Liu et al. 2019).

Conclusion And Discussion

In this paper, we explore the often-overlooked realm of
coupled RMDPs. Our attention is directed toward the
context of reward uncertainty, wherein we demonstrate
that the challenges posed might be less formidable than
previously thought. Our study establishes that achieving
tractability does not necessitate adhering to rectangularity
assumptions. By drawing a direct connection between
coupled L, reward RMDPs and regularized MDPs with a
policy visitation frequency regularizer, we can prove the
convergence of reward robust policy gradient. We present
an online-based scalable algorithm for learning a robust
policy within this framework and empirically substantiate
our algorithm’s capability to learn a robust policy.
Furthermore, we provide a rationale for employing a
coupled uncertainty set. In the case where the uncertainty set
is unknown but needs to be learned from samples (Lim, Xu,
and Mannor 2016), our coupled approach greatly facilitates
learning, as it reduces the uncertainty set parameter to only
one radius size. It is also more interpretable in safe RL since
it can be thought of as the attacker’s budget. As such, one
interesting direction would be to extend our setting to the
case where the uncertainty radius is unknown but needs to
be inferred from trajectories.

One limitation of our work is that it is relevant for L,-
norm balls for p > 1. Engaging future avenues of research
could involve extending the framework to accommodate an
adaptive adversary or pursuing analogous outcomes within
the realm of coupled kernel uncertainty RMDPs, a domain
that currently remains largely unexplored.
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