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Abstract

Optimal transport is a fundamental topic that has attracted a
great amount of attention from the optimization community
in the past decades. In this paper, we consider an interest-
ing discrete dynamic optimal transport problem: can we effi-
ciently update the optimal transport plan when the weights or
the locations of the data points change? This problem is nat-
urally motivated by several applications in machine learning.
For example, we often need to compute the optimal trans-
port cost between two different data sets; if some changes
happen to a few data points, should we re-compute the high
complexity cost function or update the cost by some efficient
dynamic data structure? We are aware that several dynamic
maximum flow algorithms have been proposed before, how-
ever, the research on dynamic minimum cost flow problem is
still quite limited, to the best of our knowledge. We propose a
novel 2D Skip Orthogonal List together with some dynamic
tree techniques. Although our algorithm is based on the con-
ventional simplex method, it can efficiently find the variable
to pivot within expected O(1) time, and complete each piv-
oting operation within expected O(|V|) time where V' is the
set of all supply and demand nodes. Since dynamic modi-
fications typically do not introduce significant changes, our
algorithm requires only a few simplex iterations in practice.
So our algorithm is more efficient than re-computing the op-
timal transport cost that needs at least one traversal over all
|E| = O(|V|?) variables, where |E| denotes the number of
edges in the network. Our experiments demonstrate that our
algorithm significantly outperforms existing algorithms in the
dynamic scenarios.

Introduction

The discrete optimal transport (OT) problem involves find-
ing the optimal transport plan “X” that minimizes the to-
tal cost of transporting one weighted dataset A to another
B, given a cost matrix “C” (Peyré, Cuturi et al. 2019). The
datasets A and B respectively represent the supply and de-
mand node sets, and the problem can be represented as a
minimum cost flow problem by adding the edges between
A and B to create a biclique. The discrete optimal trans-
port problem finds numerous applications in the areas such
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as image registration (Haker et al. 2004), seismic tomog-
raphy (Métivier et al. 2016), and machine learning (Torres,
Pereira, and Amini 2021). However, most of these applica-
tions only consider static scenario where the weights of the
datasets and the cost matrix remain constant. Yet, many real-
world applications need to consider the dynamic scenarios:

* Dataset Similarity. In data analysis, measuring the sim-
ilarity between datasets is a crucial task, and optimal
transport has emerged as a powerful tool for this pur-
pose (Alvarez-Melis and Fusi 2020). Real-world datasets
are often dynamic, with data points being replaced,
weights adjusted, or new data points added over time.
Therefore, it is necessary to take these dynamically
changes into account.

Time Series Analysis. Optimal transport can serve as a
metric in time series analysis (Cheng et al. 2021). The
main intuition lies in the smooth transition of states be-
tween time points in a time series. The smoothness im-
plies the potential to iteratively refine a new solution
based on the previous one, circumventing the need for
a complete recomputation.

Neuroimage analysis (Gramfort, Peyré, and Cuturi
2015; Janati et al. 2019). In the medical imaging applica-
tions, we may want to compute the change trend of a pa-
tient’s organ (e.g., the MRI images of human brain over
several months), and the differences are measured by the
optimal transport cost. Since the changes are often local
and small, we may hope to apply some efficient method
to quickly update the cost over the period.

Denote by V' and E the sets of vertices and edges in the
bipartite network, respectively. Existing methods, such as
the Sinkhorn algorithm (Cuturi 2013) and the Network Sim-
plex algorithm (Orlin 1997), are not adequate to handle the
dynamic scenarios. Upon any modification to the cost ma-
trix, the Sinkhorn algorithm requires at least one Sinkhorn-
Knopp iteration to regularize the entire the solution matrix,
while the Network Simplex algorithm needs to traverse all
edges at least once. Consequently, the time complexities of
these algorithms for the dynamic model are Q(|V|?) in gen-
eral cases.

Our algorithm takes a novel data structure that yields an
O(s|V|) time solution for handling evolving datasets, where
s is determined by the magnitude of the modification. In
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practice, s is usually much less than the data size |V, and
therefore our algorithm can save a large amount of execution
time for the dynamic scenarios. !

Related Works

Exact Solutions. In the past years, several linear program-
ming based minimum cost flow algorithms have been pro-
posed to address discrete optimal transport problems. The
simplex method by Dantzig et al. (1955) can efficiently
solve general linear programs. Despite its worst-case expo-
nential time complexity, Spielman and Teng (2004) showed
that its smoothed time complexity is polynomial. Cunning-
ham (1976) adapted the simplex method for minimum cost
flow problems. Further, Orlin (1997) enhanced the network
simplex algorithm with cost scaling techniques and Tar-
jan (1997) improved its complexity to be O(|V||E|). Re-
cently, Van Den Brand et al. (2021) presented an algorithm
based on the interior point method with a time complex-

ity O(|E\ + |V|1'5), and Chen et al. (2022) proposed a

|E |1+0(1) time algorithm through a specially designed data
structure on the interior point method.

Approximate Algorithms. For approximate optimal
transport, Sherman (2017) proposed a (1+ €) approximation
algorithm in e~2|E|'*°(1) time. Pele and Werman (2009)
introduced the FastEMD algorithm that applies classic algo-
rithms on a heuristic sketch of the input graph. Later, Cuturi
(2013) used Sinkhorn-Knopp iterations to approximate the
optimal transport problem by adding the smoothed entropic
entry as the regularization term. Recently several optimiza-
tions on the Sinkhorn algorithm have been proposed, such
as the Overrelaxation of Sinkhorn (Thibault et al. 2021) and
the Screening Sinkhorn algorithm (Alaya et al. 2019).

Search Trees and Skip Lists. Our data structure also
utilizes high-dimensional extensions of skip lists to main-
tain a 2-dimensional Euler Tour sequence. Existing high-
dimensional data structures based on self-balanced binary
search trees, such as k-d tree (Bentley 1975), are not suit-
able as they do not support cyclic ordered set maintenance.
Skip lists (Pugh 1990) as depicted in Figure la, which are
linked lists with additional layers of pointers for element
skipping, is adapted in our context to form skip orthogo-
nal lists. This skipping technique is later generalized for
sparse data in higher dimension (Nickerson 1994; Eppstein,
Goodrich, and Sun 2005), but range querying generally re-
quires O(n?) time where n? is the number of points in the
high dimensional space. On the other hand, our data struc-
ture requires expected O(n) time when applied to simplex
iterations.

Overview of OQur Algorithm

Our algorithm for the dynamic optimal transport problem
employs two key strategies:

First, the dynamic optimal transport operations are
reduced to simplex iterations. Our technique, grounded on
the Simplex method, operates by eliminating the smallest

"Demo library is available at Github Repository:
https://github.com/xyxu2033/DynamicOptimal Transport
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(b) Our 2D Euler Tour Tree

Figure 1: Overview of Euler Tour Tree with Skip Lists

cycle in the graph. We assume that the modifications influ-
ence only a small portion of the result, requiring only a few
simplex iterations. It is worth noting that existing algorithms
like the Network Simplex Algorithm perform poorly under
dynamic modifications as they require scanning all the edges
at least once to ensure the correctness of the solution.

Second, an efficient data structure is proposed for per-
forming each simplex iteration within expected linear
time complexity. Our data structure, as shown in Figure 1b,
employs the Euler Tour Technique. We adapt skip lists to
maintain the cyclic ordered set produced by the Euler Tour
Technique and introduce an additional dimension to create a
Skip Orthogonal List. This structure aids in maintaining the
information about the adjusted cost matrix, which is a ma-
trix that requires specific range modifications and queries.

The rest of the paper is organized as follows. In the “Pre-
liminaries” section, we introduce several important defini-
tions and notations that are used throughout this paper. In the
“Skip Orthogonal List” section, we present the data struc-
ture Skip Orthogonal List, where “The Overall Structure”
subsection explains how the data structure is organized and
“The Update Operation: Cut” subsection uses cuf operation
as an example to demonstrate the updates on this data struc-
ture. In the “Dynamic Network Simplex Method” section we
elaborate on how to use our data structure to solve the dy-
namic optimal transport problem, where the “Dynamic Op-
timal Transport” subsection shows that the dynamic optimal
transport model can be reduced to simplex iterations, and
the “Details for Simplex Iteration” subsection shows how
our data structure could be used to improve the performance
of each simplex iteration.

Preliminaries
Optimal Transport

Let A and B represent the supply and demand point sets re-
spectively; the corresponding discrete probability distribu-

tions are o € Rgo and 8 € Rgm such that ., aq =
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> per Bp = 1. The cost matrix is C' € R4*5 with each en-
try cqp denoting the cost of transporting a unit of mass from
the point @ € A to the point b € B. The discrete optimal
transport problem can be formulated as (1).

W(Oé, Ba é min Z Z CabTab

XE]RAXB

acAbeEB (1)
= A
subject to {ZbeB Tap = Qg Va €
acATab = ﬂb Vbe B

Since Problem (1) is a standard network flow problem, it
can be transformed to the following Problem (2) by adding
infinity-cost edges (Peyré, Cuturi et al. 2019):

W(w,C) mlvnxv E E Cuw Tuw
€RY

ueV veV (2)
subject to Z Tuw — Z Loy =Wy YueV

veV veV
Caras = Cbiay= Cb by = T00 Val,ag S A bl,bg €B (3)

w — Qg ifu=acA
“7 -8, ifu=beB

We add the constraint (3), and also redefine the point
weights as (4). Note that in constraint (2), the input weight
w must always satisfy ZUEV w, = 0; otherwise, the con-
straints cannot be satisfied.

We use X to denote a given basic solution in the context
of using the simplex method to solve the Optimal Transport
problem. We notice that the basic variables always form a
spanning tree of the complete directed graph with self loops
G(V,V x V) (Cunningham 1976). Let the dual variables be
7 € RY, satisfying the following constraint:

“

Ty 1S a basic variable — 7w, — T, = Cyyp- (@)

We then define the adjusted cost matrix C™ € RV *V as
et = Cuv + Ty — Ty, Where cT, represents the simplex
multipliers for the linear program (Orlin 1997).

Euler Tour Technique

The Euler Tour Technique is a method for representing a
tree T" as a cyclic ordered set of linear length (Tarjan 1997).
Specifically, given a tree T'(V, E1), we construct a directed
graph Dp(V, Ep). The directed graph Dy shares the same
vertex, and the edge set E'p is defined as follows:

* For each vertex v € Vr, add the self-loop (v,v) to Ep;

* For each undirected edge (u,v) € FE, add two directed
edges (u,v) and (v,u) to Ep.

Following this definition, |Ep| = 2|Er| + |Vr|. Since T
is atree, |[Ep| = |V| — 1, and therefore |[Ep| = 3|V| -2 =
O(|V']). Since the difference of In-Degree and Out-Degree
of each vertex in Dp is 0, D should always contain an
Euler Tour.

Definition 1 (Euler Tour Representation) Given a tree T,
the Euler Tour representation is an arbitrary sequence of
Euler Tour of Dt represented by edges. That is, Ep with
circular order induced by the Euler Tour is an Euler Tour
representation.
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Figure 2: An Orthogonal List Example.

For the rest of the paper, E'p denotes the Euler Tour rep-
resentation of the tree in the context.

Through Definition 1, we can reduce edge linking, edge
cutting, sub-tree weight updating and sub-tree weight query-
ing to constant number of element insertion, element dele-
tion, range weight updating and range weight querying on
a circular ordered set (Tarjan 1997). We show in the “Dy-
namic Network Simplex Method” section that the dynamic
optimal transport can be reduced to the 2D version of these
four operations.

Orthogonal Lists and Skip Lists

Skip Lists are the probabilistic data structures that extend a
singly linked list with forward links at various levels, for im-
proving the search, insertion, and deletion operations. Fig-
ure la illustrates an example for skip list. Each level con-
tains a circular linked list, where the list at a higher level is
a subset of the list at a lower level and the bottom level con-
tains all the elements. The nodes at the same level have the
same color and are linked horizontally. The corresponding
elements in adjacent lists are connected by vertical pointers.
We apply this skipping technique to circular singly linked
lists in our work. Just as most self-balanced binary search
trees, Skip Lists support “lazy propagation” techniques, al-
lowing range modifications within O(logn) time, where n
is the sequence length maintained by the tree (Sleator and
Tarjan 1985). This technique is commonly used in dynamic
trees for network problems (Tarjan 1997).

A k-dimensional Orthogonal List has k orthogonal for-
ward links (it is a standard linked list when k& = 1). Orthog-
onal lists, which can be singly, doubly, or circularly linked,
can maintain the information mapped from the Cartesian
product of ordered sets, such as sparse tensors (Butterfield,
Ngondi, and Kerr 2016). Figure 2 demonstrates an orthogo-
nal list that maintains a 3 x4 matrix. Each node has 2 forward
links, denoted by row links (red) and column links (blue).
The row links connect the elements in each row into a circu-
lar linked list horizontally and the column links connect the
elements in each column into a circular linked list vertically.

Skip Orthogonal List

In this section we introduce our novel data structure
Skip Orthogonal List. In the “Dynamic Network Simplex
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Method” section , this data structure is used for dynamically
updating optimal transport. Formally, with the help of a Skip
Orthogonal List, we can maintain a forest F'(Vp, Er) with
at most two trees, and a matrix C™ € RYF*VF that supports
the following operations. The first two and the last opera-
tions are for the case that F' contains only one tree; the other
two operations are for the case that F' has two trees.

Cut. Given an undirected edge (u, v), remove edge (u, v)
from the tree, and split it into two disjoint trees. Let the
connected component containing v form the vertex set
V1, and the connected component containing v form the
vertex set 5.

Insert. Add a new node to F' that does not connects with
any other node. Let the original nodes form the vertex set
V1, and the new node itself form the vertex set V5.

Range Update. Given z, for each (u,v) € V xV, update
cn,, as equation (6).

0 (u,v)eVixW

T om —z (u,v) €Vi xVy

Cuv € Cuw z  (u,v) €VaxV ©
0 (wv)eVexV;

Link. Given a pair {u, v}, add the edge (u, v) to the for-
est; connect two disjoint trees into a single tree, if v and
v are disconnected.

Global Minimum Query. Return the minimum value of
C™ and its corresponding index.

For the remaining of the section, we construct a data struc-
ture with the expected O(|V|*) space complexity, where
each operation can be done with the expected O(|V|) time.
“The Overall Structure” section shows the query process on
this data structure and “The Update Operation: Cut” sec-
tion illustrates the cut operation as an example based on this
structure. For other operations (linking, insertion, and range
updating), we leave them to our full version (Xu and Ding
2023) due to the space limit.

The Overall Structure

As shown in Figure 3, a Skip Orthogonal List is a hierar-
chical collection of Orthogonal lists, where each layer has
fewer elements than the one below it, and the elements are
evenly spaced out. The bottom layer has all the elements
while the top layer has the least. Formally, it can be defined
as Definition 2.

Definition 2 Given a parameter p and a cyclic ordered set
S, a 2D Skip Orthogonal List L over the set S is an infinite
collection of 2 Dimensional Circular Orthogonal Lists L =
{Lo, Ly, -}, where

* {h(s)},cg is a set of |S| independent random variables.
The distribution is a geometric distribution with param-
eter p

e Foreach l € N, let Ly be an Orthogonal List whose key
contains all the elements in Sy x Sy, where Sy is the cyclic
sequence formed by Sy = {s € S | hy > £}
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Figure 3: An illustration for Skip Orthogonal List.

Note that for any pair u,v € S, we use (u,v) to denote
the corresponding element in S x .S; with a slight abuse of
notations, we also use “(u, v) at level £ to denote the corre-
sponding node at the ¢-th level in the Skip Orthogonal List.

We use this data structure to maintain several key infor-
mation of Ep x Ep. Since |[Ep| = O(]V]) as discussed
in the “Euler Tour Technique” section, similar to conven-
tional 1D Skip Lists, we know that the space complexity is
O(|V|?) with high probability (due to the space limit, we
place the proof in our full version).

Now we augment this data structure to store some ad-
ditional information for range updating and global mini-
mum query. Before that, the concept “dominate” needs to
be adapted to 2D case defined as Definition 3.

Definition 3 For any positive integer n, in a Skip Orthogo-
nal List L over the cyclic ordered set S, suppose (uy,v1) and
(ug,v2) are 2 elements in S x S. We say the node (u1,v1)
dominates (uz,v2) at level £ if and only if the following three
conditions are all satisfied:

* h(uy) >land h(vy) > £
* up = ug ormax,>, . h(u) <4
s v; = vy ormax,>, . h(v) <L

Here, for any element s in the cyclic ordered set S, we use
“s + 1” to denote the successor of s induced by the cyclic
order.

To better understand Definition 3, we illustrate the exam-
ples in Figure 4a and Figure 4b. In each figure, each blue
node dominates itself and all the yellow nodes, while the red
nodes dominate every node in the orthogonal list.

We now augment the Skip Orthogonal List of Defini-
tion 2. For each node (u,v) at orthogonal list L, beside
the two forward links and two backward links, we add the
following attributes:

* tag: maintains the tag for lazy propagation for all the
nodes dominated by it;

min_value: maintains the minimum value among all the
nodes dominated by it. Note that when ¢ = 0, it stores
the original value of ¢, following lazy propagation tech-
nique. That is, for any node x in the data structure, after
each modification and query, the data structure needs to
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(a) Domination in conventional
1D Skip List

(b) Domination in 2D Skip List

Figure 4: Illustrations of Domination in Skip Lists

assure

x.min_value +

>

y dominates x

y.tag

Uy
uv -

min
(u,v)€S XS,z dominates (u,v)

min_index: maintains the index corresponding to
min_value attribute.

child: points to (u, v) at the orthogonal list Ly, if £ > 0,
and it is invalid if £ = 0;

parent: points to the node that dominates it if L, is not
empty.

The Update Operation: Cut

In this subsection, we focus on the update operation “Cut”
for a 2D Skip Orthogonal List as an example. Figure 5a and
Figure 5b illustrate the basic idea of the cutting process.
Taking an undirected edge (3, j) that needs to be cut as the
input, the algorithm can be crudely described as follows:

1. Find the two rows and two columns representing the di-
rected edges (i,7) and (j,¢) in Ep, i.e. the transparent
nodes in Figure 5b and the shaded nodes in Figure Sa.
Push down the rag attribute of all the nodes alongside
the rows and columns, i.e. the red nodes and transparent
nodes in Figure 5b. A node x needs to be pushed down,
if some changes happen to the nodes dominated by z.
Cut the rows and columns, warping up the forward links
and backward links of points alongside, as illustrated in
Figure 5a. This operation cuts the original Skip Orthog-
onal List into four smaller lists.

. Update the min attribute of the remaining nodes whose
tag attribute was pushed down in step 2, i.e. the red nodes
in Figure 5b.

Return the four smaller lists that were cut out in step 3.

The generalized lazy propagation to our 2D data structure
ensures that only the nodes that are “close” to the two rows
and columns are modified, and consequently the updating
time is guaranteed to be low. Specifically, the expected time
complexity is O(|V|) upon each copy of procedure CUT.
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Figure 5: Illustrations of a “cut” operation

Dynamic Network Simplex Method

The simplex method performs simplex iterations on some
initial feasible basis until the optimal solution is obtained.
The simplex iterations are used for refining the current solu-
tion under the dynamic changes. In each simplex iteration,
some variable with negative simplex multiplier is selected
for a copy of procedure PIVOT, where one common strategy
is to pivot in the variable with the smallest simplex multi-
plier. In the “Dynamic Optimal Transport Operations” sec-
tion , we focus on defining the dynamic optimal transport
operations and using simplex iterations to solve this prob-
lem, while in the “Details for Simplex Iteration” section ,
we analyze the details in each simplex iteration. Our method
is presented in the context of the conventional Network Sim-
plex algorithm (Cunningham 1976; Orlin 1997).

Dynamic Optimal Transport Operations

In an Optimal Transport problem, suppose the nodes in node
set V' are located in some metric space X, e.g., the Eu-
clidean Space R¥. The edge cost c,, is usually defined as
the (squared) distance between u and v in the space. Let
w € RY denote the weight vector as defined in the equa-
tion (4). A Dynamic Optimal Transport algorithm should
support the following four types of update as well as online
query:

» Spatial Position Modification. Select some supply or
demand point v € V and move v to another point v’ € X.
This update usually results in the modification on an en-
tire row or column in the cost matrix C' € R4* 5,

» Weight Modification. Select a pair of supply or demand
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points u,v € V with some positive number § € R,.
Then update w,, < w, — ¢ and w,, < w, + 9.

Point Deletion. Delete a point v € V with w, = 0 (be-
fore performing deletion, its weight should be already
modified to be 0 via the above “weight modification”,
due to the requirement of weight balance for OT).

Point Insertion. Select a point v ¢ V; let w, = 0 and
insert v into set V' (after the insertion, we can modify
its weight from 0 to a specified value via the “weight
modification”).

Query. Answer the current Optimal Transport plan and
the cost.

These updates do not change the overall weights in the
supply and demand sets, and thus ) _,, w, = 0 and a fea-
sible transport plan always exists. Therefore we can reduce
these updates to the operations on simplex basis, and we ex-
plain the ideas below:

 Spatial Position Modification. The original optimal so-
lution is primal feasible but not primal optimal, i.e. not
dual feasible. We perform the primal simplex method
based on the original optimal solution. When moving
a point v, we first update the cost matrix C, the dual
variable 7 and the modified cost C™ to meet the con-
straint (5). After that, we repeatedly perform the simplex
iterations as long as the minimum value of the adjusted
cost C™ is negative.

Weight Modification. The original optimal solution is
dual feasible but not primal feasible. We perform the dual
simplex iterations based on the original optimal solution.
Suppose we attempt to decrease w,, and increase w,, by d.
To implement this, we send 6 amount of flow from u to
v in the residual network by the similar manner of the
shortest path augmenting method (Edmonds and Karp
1972). Specifically, we send the flow through basic vari-
ables. If some variable needs to be pivoted out before the
required amount of flow is sent, we pivot in the variable
with the smallest adjusted cost, and repeat this process.

Point Deletion & Point Insertion. As the deleted/in-
serted point has weight 0 (even if the weight is non-zero,
we can first perform the “weight modification” to mod-
ify it to be zero), whether inserting or deleting the point
does not influence our result. We maintain a node pool
keeping all the supply and demand nodes with 0 weight.
Each Point Insertion operation takes some point from
this pool and move it to the correct spatial location (i.e.,
insert a new point), while each Point Deletion operation
returns a node to the pool.

Our solution updates the optimal transport plan as soon
as an update happens, so we can answer the query for the
optimal transport plan and value online. If the number of
modified nodes is not large, intuitively the optimal transport
plan should not change much, and thus we only need to run
a small number of simplex iterations to obtain the OT so-
lution. Assume we need to run s simplex iterations, where
we assume s < |V|. Then the time complexity of our al-
gorithm is O(s - Timejte,) with Time;e, being the time of
each simplex iteration.
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Details for Simplex Iteration

As discussed in the “Dynamic Optimal Transport Opera-
tions” section the dynamic operations on OT can be effec-
tively reduced to simplex iterations. In this section, we re-
view the operations used in the conventional network sim-
plex algorithm, and show how to use the data structure de-
signed in the “Skip Orthogonal List” section for maintain-
ing C™. The conventional network simplex method relies on
the simplex method simplified by some graph properties. A
(network) simplex iteration contains the following steps:

1. Select Variable to Pivot in. Select the variables with the
smallest adjusted cost C™ to pivot in. Denote by z;, ;..

the selected one to be pivoted in.

. Update Primal Solution. Adding the new variable to the
current basis forms a cycle. We send the circular flow in
the cycle, until some basic variable in the reverse direc-
tion runs out of flow, through Graph Search (e.g. Depth
First Search) or Link/Cut Tree (Sleator and Tarjan 1981).
Denote that node as x;_, ;_.., which is to be pivoted out.

. Update Dual Solution. Update the dual variables 7 and
modified cost C™ to meet the constraint (5), as the new
basis, because C™ will soon be queried in the next sim-
plex iteration.

The selecting step performs a query on the data struc-
ture on C'™ for the minimum element, and the dual updating
performs an update on the data structure. Though the pri-
mal updating step can be done within time O(log |V|) (Tar-
jan 1997), the conventional network simplex maintains C™
through brute force. That is, the conventional network sim-
plex brutally traverses through all the adjusted costs and se-
lects the minimum, and updates the adjusted cost one by one
after the dual solution is updated. This indicates that the time

complexity of each simplex iteration is O(|V|?). Our goal is
to reduce this complexity; in particular, we aim to maintain
C™ so that it can answer the global minimum query and per-
form update when the primal basis changes. In the simplex
method, when we decide to pivot in the variable x;,_;, , we
update the dual variables as the following equation (7),

T
%inJin

0

u€eW

u € Vo @

T 4 Ty + {
where V] is the set of nodes connected to ;, and V5 is the
set of nodes connected to ji, after the edge x;_, ;... is cut;
7 and 7’ are respectively the dual solution before and after
pivoting, where ,, and 7/, are the entries corresponding to
the node u, foreachu € V.

Based on the definition of the adjusted cost matrix C'™,
the update objective can be formulated as below:

0 (u,v) € Vi x Wy

! - 7T 5 u v) (S Vl X ‘/2
T = 47— =" + TinJin (u,

" " b ’ * Tinjin (u,v) € Vo x Vi

0 (’LL,U) € V2 X Vv2

where C™ is the adjusted cost matrix with regard to the old

dual variables 7 while C™' regards the new dual variables 7/
We present the details for updating the adjusted cost matrix
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Algorithm 1: Adjusted Cost Matrix Update

Input: Adjusted cost matrix C™ corresponding to old solu-
tion 7, entering variable x;,_ ;. , leaving variable x;_ ;. ...
Output: Updated adjusted cost matrix c corresponding to
new dual solution 7’.

Lt <cf .
2: Cut the edge (iout, jous) in C™ and denote the 4 pieces
as C{rlv 0?2’ C%Tla 052

Range update on C7, with increasing all entries by —t.
Range update on C'J; with increasing all entries by ¢.
Link the pieces {CTy,CT,,CT,C5,} by the edge

T4, jin» and obtain the adjusted C™ as the output.

®

in Algorithm 1. Our Skip Orthogonal List presented in the
“Skip Orthogonal List” section is capable of performing the
operations cut, add and link in O(|V|) time. Therefore we
have the following Theorem 1.

Theorem 1 Each simplex iteration in the conventional net-
work simplex can be completed within expected O(|V'|) time.

Experiments

All the experimental results are obtained on a server
equipped with 5/2GB main memory of frequency 3200
MHz; the data structures are implemented in C++20
and compiled by G++ 13.1.0 on Ubuntu 22.04.3. The
data structures are compiled to shared objects by Py-
Bindl1 (Jakob, Rhinelander, and Moldovan 2017) to be
called by Python 3.11.5. Our code uses the Network Sim-
plex library from (Bonneel et al. 2011) to obtain an initial
feasible flow.

In our experiment, we use the Network Simplex algo-
rithm (Orlin 1997) and Sinkhorn algorithm (Cuturi 2013)
from the Python Optimal Transport (POT) library (Flamary
et al. 2021). We test our algorithm for both the Spatial Po-
sition Modification and Point Insertion scenarios as de-
scribed in the “Dynamic Optimal Transport Operations” sec-
tion. Due to space limit, we place the experiments on Weight
Modification and Point Deletion in our full version. We
take execution time to measure their performances.

Datasets. We study the performance of our algorithm on
both synthetic and real datasets. For synthetic datasets, we
construct a mixture of two Gaussian distributions in R7%4,
where the points of the same Gaussian distribution share
the same label. We also use the popular real-world dataset
MNIST (LeCun, Cortes, and Burges 2010). We partition the
labels into two groups and compute the optimal transport
between them.

Setup. We set the Sinkhorn regularization parameter \ as
0.1 and scale the median of the cost matrix C' to be 1. We
vary the the node size |V | up to 4 x 10%. For each dataset,
we test the static execution time of POT on our machine and
executed each dynamic operations 100 times to calculate the
means of our algorithm. For Spatial Position Modification,
we randomly choose some point and add a random Gaussian
noise with a variance of 0.5 in each dimension to it. For Point
Insertion, we randomly select a point in the dataset that is
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Figure 6: The ratio of the execution time of our dynamic
algorithm to that of the static algorithms.

outside the current OT instance to insert. We perform a query
after these updates and compare with the static algorithms
implemented in POT.

Result and Analysis. We illustrate our experimental re-
sults in Figure 6. In the dynamic scenarios, our algorithm is
about 1000 times faster than static Network Simplex algo-
rithm and 10 times faster than Sinkhorn Algorithm when the
size |V| reaches 40000, and reveals stable performance in
practice. As the number of nodes grow larger, the advantage
of our algorithm becomes more significant. This indicates
that our algorithm is fast in the case when the number of
simplex iterations is not large, as discussed in the “Dynamic
Optimal Transport Operations” section. Also, the execution
time of our algorithm is slightly higher than linear trend.
Though each simplex iteration in our method is strictly lin-
ear in expectation theoretically, this could be influenced by
several practical factors, such as the increment in number of
simplex iterations, or the decrement in cache hit rate as the
node size grows larger.

Conclusion and Future Work

In this paper, we propose a dynamic data structure for the
traditional network simplex method. With the help of our
data structure, the time complexity of the whole pivoting
process is O(|V]) in expectation. However, our algorithm
lead to several performance issues in practice. First, as our
algorithm stores the entire 2D Skip Orthogonal List data
structure, it may consume relatively high space in practice.
Second, as our algorithm is based on linked data structures,
the cache hit rate is not high. An interesting future work for
improving our implementation is to develop new algorithms
and data structures with similar complexity but being more
memory friendly.
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