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Abstract

In this paper, we find that the training of Normalizing Flows
(NFs) are easily affected by the outliers and a small number
(or high dimensionality) of training samples. To solve this
problem, we propose a Kullback—Leibler (KL) divergence
regularization on the Jacobian matrix of NFs. We prove that
such regularization is equivalent to adding a set of samples
whose covariance matrix is the identity matrix to the training
set. Thus, it reduces the negative influence of the outliers and
the small sample number on the estimation of the covariance
matrix, simultaneously. Therefore, our regularization makes
the training of NFs robust. Ultimately, we evaluate the perfor-
mance of NFs on out-of-distribution (OoD) detection tasks.
The excellent results obtained demonstrate the effectiveness
of the proposed regularization term. For example, with the
help of the proposed regularization, the OoD detection score
increases at most 30% compared with the one without the
regularization.

Introduction

Normalizing flows (NFs) provide a general mechanism for
defining expressive probability distributions only requiring
the specification of a base (usually simple) distribution and
an invertible neural network fy. Due to their effectiveness,
NFs have been widely applied in a range of applications,
such as providing posterior for VAEs (Ardizzone et al. 2020;
Mackowiak et al. 2021; Rudolph, Wandt, and Rosenhahn
2021), image generation (Yao et al. 2023; Zhang, Zhang, and
McDonagh 2021), and out-of-distribution detection (Gu-
dovskiy, Ishizaka, and Kozuka 2022; Rudolph, Wandt, and
Rosenhahn 2021), etc.

It is well known that deep neural networks (DNNs) thrive
on a large volume of training samples. In the case of lim-
ited training samples, leveraging prior information becomes
vital for improving performance. An effective approach is
initializing the parameters of DNNs using pre-trained mod-
els on extensive image datasets. However, this technique is
challenging for NFs due to the lack of available pre-trained
models, primarily because of the complexity of training NFs
on large datasets. Notably, NFs’ progress is often demon-
strated using simpler datasets like Cifar10/100 or MNIST.
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Thus, the task of economically providing prior information
to NFs is crucial. Alongside pre-trained models, regulariza-
tion on learnable parameters stands out as a feasible and ef-
fective method (Liu et al. 2018; Dai et al. 2019) for enhanc-
ing Neural Network training. Therefore, we aim to explore
regularization techniques to enhance NFs.

In this paper, we unveil that the training process of NFs
is sensitive to both the quantity (dimensionality) of training
samples and the presence of outliers. This inherent sensi-
tivity poses challenges for NFs when dealing with a small
number of samples or datasets containing outliers, which of-
fers us insights for providing prior information to enhance
its performance.  For better demonstrating the aforemen-
tioned sensitivity issue, we use the example of a linear nor-
malizing flow (§ = (U, b), fo(x) = UTx+b) with Gaussian
target distribution as an example. For linear NFs, U is solved
by maximum likelihood estimation (MLE) which performs
Singular Value Decomposition (SVD) on the inverse of the

of train samples, i.e., vul =171 Consequently, we
can deduce that the training of linear NFs is affected by two
key factors. First, when the sample number NN is smaller than
the dimension d, T lacks an inverse matrix, resulting in the
failure to calculate U. Second, outliers significantly bias the
estimation of the covariance matrix T from its true value, as
their contribution to T outweighs normal samples. Conse-
quently, without prior information to address the sensitivity
issues, the solution of U will be compromised significantly.

As for the non-linear case, the sensitivity problem re-
ferred still exists. We explain this using the conclusion ob-
tained from a linear model. As well known, a complex dis-
tribution can be approximated by a Gaussian mixture model
(GMM). Because a linear projection is enough to connect
two Gaussian distributions, training non-linear NFs can be
approximated by finding a series of linear projections pa-
rameterized by non-linear NFs, which project each Gaus-
sian component to the target Gaussian distribution. If the
non-linear NFs are powerful enough, those linear projec-
tions for different Gaussian components may be less related.
In this way, we can consider that samples in each neighbor-
hood only contribute to their own projection. Suppose that
there is an outlier, it can be considered a Gaussian compo-
nent consisting of one sample. Thus, the linear projection for

estimated covariance matrix T
Rdxd
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Figure 1: Illustration of the covariance matrix. The two axes
of the ellipse correspond to the magnitudes of the eigenval-
ues of the covariance matrix. As observed, even a single out-
lier can change the covariance matrix significantly.

this one-sample component only has one sample to train. In
this case, the NFs suffer from the lack of training samples.
For a non-strict analysis, this assumption is reasonable be-
cause deep neural networks with ReLu activation are piece-
wise linear projections. We have experimentally validated
this claim, and the results are presented in the Supplemen-
tary material.

To address this issue, we introduce a regularization that
uses the Kullback-Leibler (KL) divergence between the Ja-
cobian matrix V fy and a specified positive definite matrix
G to regulate the training of NFs. This regularization term
is equivalent to introducing a set of samples with a covari-
ance matrix G into the training datasets. Consequently, by
appropriately selecting G, these supplementary samples re-
duce the impact of outliers on the covariance matrix estima-
tion while increasing the number of training samples. This
mitigates the sensitivity to outliers and the scarcity of train-
ing samples simultaneously. If we opt for G as an identity
matrix, our proposed regularization is computationally effi-
cient to implement on various types of NFs.

Furthermore, we proceed to conduct experiments to eval-
uate the efficacy of our approach, particularly in the context
of out-of-distribution (OoD) detection. Our regularization
term yields a performance improvement of 30% at most. Ex-
tensive ablation experiments validate our analysis and show
the effectiveness of the introduced regularization term.

Sensitivity Problem of Normalizing Flows
Normalizing Flow

Given an invertible neural network f, : R — R?, NFs aim
at finding the parameters 6 that project an arbitrary distri-
bution p,(x) to a base distribution (such as the normal dis-
tribution) p,(z) where z = fy(x). By using the change of
variables formula, the probability of a sample x € R? ex-
tracted from the complex distribution can be calculated as

pr(x) :pz(fe(x))‘detvfﬂ()‘”a (1)

where V f(x) € R?*4 is the jacobian matrix of the projec-
tion fp(x).

Using the maximum likelihood estimation, the above
equation can also be used to train NFs. Given N training
samples {x;}¥ ,, the objective of NFs can be described as
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follows,

N
Z [log p.(fo(x;)) + log| det V fo(x;)]]
i=1 likelihood  function

+ alog(q(9))
———r

prior

)

In Eq.(2), the first term is the likelihood and the second
term is the prior information of 8, which is considered as a
set of random variables described by the distribution ¢(8).
In MLE, ¢(6) is useful because it can prevent the overfitting
of outliers and make the calculation of the solutions tractable
in ill-conditions (Mackowiak et al. 2021). For deep learning,
there are mainly two methods to provide such prior infor-
mation, i.e., pre-trained models on large dataset (Qiu et al.
2020) or designing regularization terms (Girosi, Jones, and
Poggio 1995; Blanc et al. 2020; Liu et al. 2018). In this work,
we focus on the last, and design a regularization term suit-
able for NFs.

Shortcomings of Normalizing Flows

Linear NFs. We begin with solving a linear NFz = UTx+b
without prior information, which transforms a set of sam-
ples X = {x; € R4}¥, to a standard Gaussian distribution
z ~ N(0,1). The optimal U and b can be obtained by mini-
mizing the following objective function:

N
L(U,b) = > |(U"x; +b)[3/2 — Nlog(det(U))  (3)

i=1
Theorem 1. If the estimated covariance matrix of X, i.e,
_ X iR

T = N

linear normalizing flow z = UTx satisfies (UUT)
PORED
=

, is full rank, the solution of the

andb = UTx where X =

The proof is provided in the Supplementary material.

Theorem 1 indicates that the solution of U depends on
the estimation of the covariance matrix T of X'. The covari-
ance matrix estimation is a typical high dimension and small
sample size (HDSS) problem (Wang et al. 2020; Daniels and
Kass 2001; Donoho, Gavish, and Johnstone 2018). There-
fore, the shortcomings of estimating the covariance matrix
also become the ones of linear NFs. We call them the sensi-
tivity problems, which consists of two aspects:

o If the dimension of samples d is larger than the num-
ber of samples [V, the estimated covariance matrix T be-
comes a low-rank matrix, leading to a failure to calculate
U. This shortcoming prevents NFs from applications in
which the number of samples is smaller than the dimen-
sionality. This condition is very common in computer vi-
sion (Wang et al. 2017, 2019).

As shown in Figure 1, the covariance matrix T is easily
disturbed by outliers (corrupted by noises), which may
cause the singular values of T larger than its true value.
According to Theorem 1, the singular values of U would
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be smaller than ground truth, and the distribution estima-
tion of X presents a larger bias.

Deep NFs. As described in the introduction, we can convert
the sensitivity problem of NFs to outliers into the problem
of the low-rank covariance matrix in the linear case by using
a GMM. In the following, a detailed analysis is provided.

Firstly, we introduce how to approximate the deep neural
network to linear projections. For a deep NF fy, we per-
form the Taylor expansion on it, i.e. fo(x;) = fo(X0) +
Ofo(x)

(x; — xp) where x; € O(xp). This means fp can

ox
be considered as a linear projection in the neighborhood
O(x9) = {x||x — x0/3 < a} with the projecting matrix
L(xp) = %}EX)(XO). A powerful neural network can fit com-

plex functions, therefore, the values of Jacobian matrix L(x)
in different neighborhoods could be quite different. Thus,
the Jacobian matrix may only describe the information of
samples in its own neighborhood. Considering that outliers
are far away from the other samples, the dependence of out-
liers on other samples is minimum. So, if one Gaussian com-
ponent belongs to an outlier, the Jacobian matrix converting
this component to the target distributions will only depend
on the outlier itself. Thus, the training of this Jacobian ma-
trix suffers from the low-rank problem.

Because the sensitivity problem with outliers is described
by the Jacobian matrix, the regularization of deep NFs to
solve the sensitivity problem should be implemented on the
Jacobian matrix for each sample. To the best of our knowl-
edge, there is no work approaching the sensitivity problems
of NFs. This motivates us to design a regularization that en-
hances the training of NFs.

Regularization for Deep Normalizing Flows
Motivation

Following the above analysis, we use the linear models to
design a regularization term for NFs. First, we consider the
problem where the covariance matrix T is low-rank. For
easy analysis, we convert the objective function into the one
whose learnable parameters are eigenvalues of T and UUZ .

According to Theorem 1, suppose 25\7:1 x;/N = X,
the term |(UTx; + b)3 = (x; — x)TUUT (x; — X) where
b U’k Here, we replace UU”T with WI‘WT, where
WW? = T and I is a diagonal matrix with positive diag-
onal elements. Then, we reformulate the objective function
for linear NFs and present it as follows,

J(T)= max Tr(TWTrW)—1 log(det(W'T'W))
WWT =1 2
[C)

where T = + Zf\il (x; — X)(x; — X)T is the estimation of
the covariance matrix of X.

Theorem 2. maxyyr_; Tr(TW TW) = Tr(AT), where
W and A are the results of the eigen-decomposition of T,
i.e, WAW=T.

The proof can be found in the Supplementary material.
Denote the diagonal elements in A and I" as A;; = \; and
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I';; = ~;, we can rewrite the objective function as

d d
L) = Xevi— Y log(v:) ®)
i=1 i=1

Thus, v; > 0 can be solved by the equation \; = % Be-
cause W are made of the eigenvectors of T, the solution of
Eq.(5) is the same as the one of Eq.(3), if \; > 0. This im-
plies that the solution to {v;}%_, in Eq.(5) are independent.
Therefore, we can ignore the solutions of \; if v; = 0, and
give any positive number to them.

One way of solving low-rank problems is to find the zero
eigenvalues of T. However, this cannot be done in this case
due to two reasons. First, this is impractical for NFs as they
are solved by gradient descent. To approximate this solution.
we can adopt the regularization strategy. For example, if we
use the Lo-norm regularization, i.e., reg(U) = ||U||%, the
solution of U equals performing an inverse matrix operation
onT =T+ al, where « is the regularization coefficient.
The deduction is presented in the Supplementary material.
When we set any positive number to \; for v; = 0, there is
a new covariance matrix T = T + Do /\%ululT It means
extracting samples from the orthogonal space of the one
spanned by X', whose covariance matrix is ) . /\iuzuTT This
motivates us to solve the outlier problem by drawing some
in-distribution samples from the space of X to reduce the
impact of outliers. Suppose we can select N7 samples de-
noted by X = {x,}V, which have the same center of X To
ensure X being in-distribution, the variance of X should be
small. Thus the influence of the outliers in the new sample
set X + X would kept small. Because the covariance matrix

of X is calculated as T = 25\21 (X; — X)(%; — x)T /Ny, the

covariance matrix of X + X’ denoted by T is expressed as

]\/v>i<T-{—]\f1Tg
N+ N,

According to the above analysis, if T® is full rank, there is
no need to find the zero eigenvalues of T. Considering the
new solution is robust to outliers, this strategy can solve the
sensitivity problems at the same time.

Theorem 3. Suppose M UU?, by adopting the KL-
divergence KL(M,G™") = Tr(MG) — log(det(MG)) as
the regularization to the linear normalizing flows, the solu-
tion of Eq.(3) is:

T= (6)

N xT+ oG
Mli="""°-""-
N+«

where « is the coefficient of the regularization term.

)

The proof is attached in the Supplementary material.

Because by setting « = N; and G = T?, Eq.(6) equals
Eq.(7). This indicates that our regularization on M = UU”
can robustly estimate the covariance matrix of samples even
the number is small and there are some outliers.

Remark 1. As both, the KL divergence regularization and
Lo regularization have closed-form solutions for linear NF,
one can calculate the estimated probability according to
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Figure 2: The probability estimated by linear normalizing
flows solved with KL divergence regularization and L, regu-
larization. 4 is the variance of the original distribution. When
the coefficient parameter increases, Lo regularization makes
the estimation collapse. The four black dot lines (different
0) are the probability without regularization, i.e., & = 0.

the change of variables in Eq.(1). We use one dimension
Gaussian distribution to demonstrate the difference between
both regularizations. The results for different regularization
coefficients o are presented in Figure 2. We can find that Lo
regularization lets the distribution estimation collapse. This
validates the effectiveness of the proposed KL divergence
regularization.

Remark 2. In the linear case, our regularization term
is similar to the objective function used in information-
theorem distance metric learning (ITML) (Davis et al.
2007). However, ITML only highlights the linear invariant
property of KL divergence between two matrices; it does not
provide a perspective to explain why its objective function
is good or bad. Our paper obtains the KL divergence
regularization from a completely different motivation from
ITML. We prove that the regularization term solves the
sensitivity problems on the number of training samples
and the outliers. This explains why our method is so good.
Besides, our work provides a regularization term valid on
deep neural networks rather than only for linear models.

Regularization on Deep NFs

Because the sensitivity problem analysis approximates deep
NFs as a set of linear projections, the KL divergence regular-
ization of deep NFs should be implemented on the jacobian
matrix L(x) = V fy. However, we can not do this in practice
for two reasons:

(1) L(x) is the Jacobian matrix of the whole neural net-
work at x, which is computational expensive. Suppose
the jacobian matrix of the i-th layer is L;(x), there is
L(x) = vazl L;(x). For a small image, the Jacobian
matrix is very large. For example, the size of Cifarl0 is
size 3 x 32 x 32, the corresponding Jacobian matrix is
3072 x 3072. Therefore, multiplications of L(x) are very
expensive.

(2) Many works (Allen-Zhu, Li, and Liang 2019; Razin and
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Cohen 2020; Cooper 2018; Liu et al. 2018) attributes the
success of deep learning to the combination of the over-
parameter property of neural networks and the stochastic
gradient descent optimizer. For the same target, it is bet-
ter to design objectives in the over-parameter way. For
example, for a desirable matrix W = Wi WoW3 - - - W,
(Arora et al. 2019) proves that directly solving a ma-
trix W is worse than solving the decomposed matrices
{Witioi.
In this way, we should regularize the Jacobian matrix of
each layer rather than the whole neural network. We suppose
there are R coupling blocks in the considered invertible
neural network. Because 7r(L(x)L(x)T) = ||L(x)||% and
det(L(x)L(x)?) = (det(L(x)))?, the regularization term
can be formulated as

R

KL =Exp) Y (ILi(x)[[ 3 — 2log (| det(Li(x))]) (8)

i=1
In this paper, we adopt the coupling structure-based NFs to
formulate our proposed KL divergence regularization.

As seen from Figure. 3, the jacobian matrix of the -th
coupling block is a lower triangle matrix presented as fol-
lows,

_ |diag(s}) ©

where s; € R%/2*1 is the output of the first neural networks

NN and the L; € R¥/2xd/ 2 is the jacobian matrix of the
second neural networks N N{. As discussed before, the cal-

culation of L; is computationally complex if the dimension
of inputs and the number of layers of NV are large. In this
way, we should find an efficient way to estimate it. Suppose
the number of layers of NN} is Ry, L; = J1J?---Ji,
where J f is the jacobian matrix of the k-th layer of IV V;. Be-
: R ;
cause [AB|7 < [|A|[%[IB||%. then [[Lil|7 < T2, 97113
Suppose the weight matrix of k-th layer is Wf, the jaco-
bian matrix J¥ = ¢’ ((WH)Tx)W¥, where ¢ is the activa-
tion. Normally, ¢/(t) < 1, thus ||J¥||2 < ||[W¥||%. There-
fore, there is an upper bound: ||L;[|% < []x, _; [WF|[3.
The update of gradient of the term Hf;l |W¥|2, is cum-
bersome, another upper bound can be obtained by the in-
R
equality: Hf:ll a; < (%ﬁai)m. Thus, reducing the term

ZkRil |[WE[2., the term ||L;||% is also reduced. Therefore,
the KL divergence regularization can be reformulated as:

R T R
KLI =By 7 3 (S IWEZ) + 3 Isil?
=1

=1 k=1
——
Ra

Y (10)

— 2log (| det(L(x))|)
—_—
R3
where 7 is a coefficient to mitigate the impact of the bound-

ary relaxation. Ry can be achieved by tuning the weight de-
cay parameter. R3 equals the second term in objectives of
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Figure 3: The illustration of the structure for implementing
our regularization. Our regularization requires NFs to return
the output of NN_s.
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the normalizing flow. Only Ry needs to calculate. Since the
dimension of s; is d, the computation is very cheap. Thus,
the objective of the coupling-based NFs can be formulated

as
)) (11

Remark 3. Although the above discussions are about the
coupling structure-based deep normalizing flows. The pro-
posed regularization can be easily applied to other forms
of NFs. This is because the term is log(det(L(x))) can be
efficiently obtained on normalizing flows.

J=L0,X) + (Z sil% — 2log (| det(L(x))]

i=1

Experimentation Details

We evaluate our proposed regularization on the generative
classification task, as normalizing flows are proven to be
one of the state-of-the-art techniques for building generative
classifiers (GC) (Ovadia et al. 2019). Therefore, OoD detec-
tion using GC is an ideal task to validate the effectiveness of
our proposed regularization. Code is available on GitHub'.

Experimental Setting

In brief, we construct an invertible structure using Glow
affine coupling blocks (Kingma and Dhariwal 2018) com-
bined with random permutation layers?. The model is com-
prised of 60 coupling blocks performing convolutional op-
erations. A detailed description of the architecture is pre-
sented in the Supplementary material. The classical class-
conditional negative log-likelihood (¢cNNL) and the infor-
mation bottleneck (IB) (Ardizzone et al. 2020) objective are
adopted to test the model’s OoD detection capabilities.

¢ Class-NLL objective. As a GC objective, the class-
conditional negative log-likelihood (cNLL) loss is a com-
mon loss function for NF-based generative models. It
is defined as L.y = —Elog(ge(z|y)) where z is
the training samples and the y is the class conditioned.
Many works in the literature, out the pure GC model can
not deal with the complex distribution (Mackowiak et al.
2021).

"https://github.com/Optimization-and-Machine-Learning-
Lab/NFs_InformationBottleneck

>The model is implemented using the Framework for Easily
Invertible Architectures (FrEIA) (Ardizzone et al. 2018).
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* Information Bottleneck. The IB objective (Tishby and
Zaslavsky 2015; Alemi et al. 2016) balances between
discriminative and generative properties (Ng and Jordan
2001; Bernardo et al. 2007). It attempts to maximize
the mutual information I(Y, Z) between Y and the la-
tent space Z, while minimizing the mutual information
I(X, Z) between X and Z. This forces the model to ig-
nore irrelevant aspects of the input that can lead to over-
fitting. The IB objective was formulated for INNs gener-
ative models in (Ardizzone et al. 2020), which is proved
to overcome the shortcomings of GCs. The loss func-
tion L1 = Ly(x,z) — 7Lr1(z,y) the accuracy of DC
models and the better uncertain estimation of GC models
balances with the parameter . According to (Ardizzone
et al. 2020), we set v = 1 in this paper, empirically. We
also evaluate v — oo, which corresponds to a discrimi-
native objective.

Datasets. We follow the experimental protocols
in (Ardizzone et al. 2020). The models are trained in
CIFAR10/100, featuring colored images of 3x32x32 pixel
distributed across 10/100 categories, respectively. To exam-
ine the model’s OoD capabilities, four additional datasets
were employed. The first two are derived from CIFARI10:
one incorporates random rotations and color shift, while the
other integrates uniform random noise. The third dataset
included is QuickDraw (Ha and Eck 2017), which consists
of hand-drawn objects filtered to match the categories in
CIFAR10. Lastly, the Tiny-ImageNet (Deng et al. 2009)
validation dataset is also tested.

Metrics. We measure the OoD detection capabilities of
the model as described in (Nalisnick et al. 2019). This work
sets a threshold on the estimated likelihood to identify the
OoD samples. Varying the detection threshold we obtain an
ROC-AUC curve that it is used as a proxy for OoD detec-
tion. We also evaluate the entropy the model outputs on
OoD samples, particularly, we measure the ratio between
OoD entropy and in-distribution (ID) entropy measured as
(H(Y|Xoop) — HY|Xp))/H(Y|Xp), which is more
robust to the discrete entropy of class prediction outputs
H(Y|Xoop) (Ardizzone et al. 2020). Finally, the model’s
ID accuracy is also reported.

Results

A summary of the results for the different objectives is pre-
sented in Table 1. For those experiments, we set the coeffi-
cient parameter of the proposed regularization to o = 0.01
since it produces the best outcome. As seen from Table 1,
we observe that our proposed regularization term consis-
tently enhances the OoD detection capabilities across dif-
ferent objectives and different testing datasets. For the in-
formation bottleneck, if v = 1, our regularization improves
the OoD detection score on 8.3% on Rot-RGB at most and to
4.6% at least on TinyImageNet. If y = oo, the best improve-
ment is 36.5% achieved on QuickDraw, and the smallest im-
provement is 8.2% achieved on TinyImaget. For cNLL, our
regularization term can achieve an increment at most 6.5%
on Rot-RGB. This demonstrates the effectiveness of our
proposed regularization. Overall, our regularization shows
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Figure 4: OoD detection score for the different testing datasets. The model is trained on CIFAR10 using the IB objective
varying -y to balance the generative versus discriminate capabilities of the model. Different levels of « for KILLJ regularization
are plotted. We find the regularization term increases the detection score significantly.

00D DETECTION SCORE (1)

METHOD Rot Qui Tin Noi Ace.
IB(y=1) 78.0 68.7 714 77.4 89.3
IB+KLJ (v =1) 853 755 76.0 84.9 85.6
IB (v — 00) 67.7 50.5 66.1 48.7 92.0
IB+KLJ (v — c0) 882 87.0 743 69.1 88.6
cNLL 69.7 84.7 73.8 91.7 47.1
cNLL+KLJ 76.2 869 76.4 91.2 43.2

O0D/ID ENTROPY RATIO ()

METHOD Rot Qui Tin Noi
IB(yv=1) 1.45 0.76 2.30 0.15
IB+KLJ (v =1) 1.69 1.11 245 0.31
IB (v = oc0) -0.07 -042 0.32 -0.23
IB+KLJ (v = c0) 0.03 -0.13 0.07 -0.19
cNLL 0.09 -0.29 0.11 0.19
cNLL+KLJ -0.06 -0.10 -0.19 0.12

Table 1: The model’s OoD capabilities were assessed
through training on the CIFAR10 dataset. The same invert-
ible neural network based on Normalizing Flows was used
in all domains. Results are reported for o = 0.001 in the
KILJ regularization.

the best results when applied to the discriminant classifier
(7 = 00), achieving state-of-the-art results on two datasets.
This may be because the discriminant classifier is more eas-
ily affected by the outliers.

On the other hand, although our regularization yields to
good detection scores, it reduces in-distribution accuracy,
which is a prevalent phenomenon in GC (Nalisnick et al.
2018). This may be because the discriminant classifier tends
to fit any information correlated to the labels, even if the in-
formation is provided by the noises in the data. However,
such information may not be good for the OoD detection,
because similar noises can be observed in the OoD samples.
The generative classifier tends to fit the inherent informa-
tion in the dataset. So our regularization prevents the fit on
noises and lets the discriminant classifier focus the inherent
information on the dataset. As a result, it improves the OoD
detection capabilities.

Specifically, the accuracy is calculated using a linear
decision boundary. However, the proposed regularization
is performed on the Jacobian matrix, which can be equiv-
alently transformed to a distance metric. For a learnable
distance metric, it prefers the decision boundary of K-
nearest neighbor decision rule. To validate this, we also
conduct experiments on distance metric learning. Due to the
lack of space, we present the results in the Supplementary
material. In that setting, the results show that our proposed
regularization can enhance the discriminant information
among the different classes.

Finally, we quantify the uncertainty of the model by
studying the entropy of the model’s prediction. Consistent
with the findings in (Ardizzone et al. 2020), we observe
nearly identical levels of entropy in ID and OoD predictions
when training on the IB(y — o) and cNLL objectives.
Worthy of note, our regularization term can increase the
entropy noticeably on IB( = 1) on all datasets (see Figure 5).

Ablation Experiments

Parameter determination. As the coefficient parameter
« is important, we show the results on different o, which
are presented in Fig. 4. In the experiments, we set o =
{0,1073,1072,10~*}. As seen from Figure 4, we change
the v = {0.03,0.17,1,5.62,31.6} (Tishby and Zaslavsky
2015) to control the generative and discriminant, and ob-
serve the performance with different «v. From the results, we
can find that the perfect « varies with the different datasets.
But the method with regularization achieves the best perfor-
mance in the searching grid of «, which indicates « is stable
in the search grid. This gives the instruction to search a.

Outliers. We also test our regularization under noise con-
ditions. Table 2 shows the OoD detection score for different
levels of outliers which are corrupted by Gaussian additive
noise 0 = 1 in the training dataset. » means the percent-
age of the outliers in the training datasets. We observe that
under relatively large levels of outliers, the performance of
our methods is relatively stable. The methods without our
regularization are easier to be influenced by the outliers, es-
pecially when IB(y = o0). Such observations support our
claim that our proposed algorithm makes the model robust
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r=0.05 r=20.1 r=0.15
METHOD

Rot Qui Tin Noi ACC. Rot Qui Tin Noisy ACC. Rot Qui Tin Noisy ACC.
IB=1 75.9 67.6 66.4 74.1 859 70.6 63.4 67.8 73.1 80.5 74.6 66.6 59.7 61.4 65.0
IB+KLJ(v=1 84.7 749 75.6 83.2 84.8 83.5 743 742 83.5 83.5 79.2 82.8 729 71.9 79.7
IB (v — o0) 64.9 59.3 63.1 46.2 89.2 60.5 57.4 62.7 47.8 851 779 544 549 574 46.5
IB + KLJ(y - ) 86.8 86.1 74.3 68.4 87.1 86.5 85.6 72.2 66.8 84.6 80.3 84.0 83.2 70.8 62.6
cNLL 67.9 82.3 73.8 90.2 45.0 62.5 77.7 70.6 87.1 46.7 43.8 574 753 658 71.5
c¢NLL + KILJ 75.8 85.2 76.4 90.1 41.4 72.8 84.6 753 88.1 39.5 394 71.6 81.5 73.1 849

Table 2: OoD detection score on the four testing datasets and ID accuracy across various levels of Gaussian noise ¢ added to
the training images. Results are reported for o = 0.01 in the KLJ regularization.
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Figure 5: Entropy ratio between the out-of-distribution and
in-distribution domains. Results are depicted for the IB loss
with v = 1 under different levels of KILJ regularization.

to noises (or outliers).

Number of training samples. Because we claim our pro-
posed regularization can prevent the negative influence of
insufficient training samples, we test our regularization term
for different training sample sizes. As seen from Figure 6,
the models are trained with on a reduced percentage of the
initial training dataset p = {0.2,0.4,0.6,0.8}. We find that,
when the training number is small, the methods with our reg-
ularization surpass the methods without the regularization.
For example, in Rot-RGB, the results of and v = oo without
regularization is very bad at p = 0.2. But, if it adopts our
regularization, the performance increase significantly. For
Noise Cifarl0, we can also observe the same phenomenon.
For example, our regularization increases v = 1 about 10%
and v = oo about 5% at p = 0.2, respectively. Although the
incrase on the method v = oo is not too much, our regular-
ization lets its performance increase when training samples
increase. Because the generative classifier is more robust
than the DC for OoD detection, the performance increase
may be caused by our regularization to prevent the negative
influence of nosies. This may be the evidence to support our
regularization makes the methods robust to outliers. Based
on the perspective of robust to outliers, we can explain why
the performance of methods with our regularization terms
is stable in Figure 6, and the methods without our regular-
ization tend to drop their performance when the number of
training sample increase.
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Figure 6: OoD detection score for different sizes on the train-
ing CIFAR10 dataset, indicated as the ratio w.r.t. the original
size.

Conclusions

In this paper, we reveal that the training of the normaliz-
ing flows is sensitive to the number of training samples and
outliers. Especially, when the number of training samples
is very small, the training of NFs may fail. This is because
the Maximal likelihood strategy needs prior information on
the learnable parameters. To solve this problem, we propose
a regularization term based on the KL divergence to regu-
larize the learnable parameters. The regularization term lets
estimated covariance matrix close to a given distribution. In
this way, if the given distribution is selected well, the outliers
and the low-rank problem will be addressed simultaneously.
At last, we conduct extensive experiments to validate the ef-
fectiveness of the proposed regularization term.

This demonstrates that the value of our regularization
term can be used to detect overfitting. And as proposed in
this paper, this term can be used to successfully regularize
the DML loss function to overcome overfitting.
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