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Abstract

Neural population coding can represent continuous informa-
tion by neurons with a series of discrete preferred stimuli,
and we find that the bell-shaped tuning curve plays an impor-
tant role in this mechanism. Inspired by this, we incorporate
a bell-shaped tuning curve into the discrete group convolu-
tion to achieve continuous group equivariance. Simply, we
modulate group convolution kernels by Gauss functions to
obtain bell-shaped tuning curves. Benefiting from the modu-
lation, kernels also gain smooth gradients on geometric di-
mensions (e.g., location dimension and orientation dimen-
sion). It allows us to generate group convolution kernels from
sparse weights with learnable geometric parameters, which
can achieve both competitive performances and parameter ef-
ficiencies. Furthermore, we quantitatively prove that discrete
group convolutions with proper tuning curves (bigger than 1x
sampling step) can achieve continuous equivariance. Experi-
mental results show that 1) our approach achieves very com-
petitive performances on MNIST-rot with at least 75% fewer
parameters compared with previous SOTA methods, which
is efficient in parameter; 2) Especially with small sample
sizes, our approach exhibits more pronounced performance
improvements (up to 24%); 3) It also has excellent rotation
generalization ability on various datasets such as MNIST, CI-
FAR, and ImageNet with both plain and ResNet architectures.

Introduction

Deep neural networks (DNNs) have exhibited great poten-
tial in the past decade, achieving excellent performance on
a variety of visual tasks, including classification(Lin, Chen,
and Yan 2013), detection(Girshick 2015; Ren et al. 2015;
He et al. 2017), segmentation(Kamnitsas et al. 2016; Chen
et al. 2014; Ronneberger, Fischer, and Brox 2015), etc. Com-
pared with fully connected networks(Hsu, Li, and Psaltis
1990), convolutional neural networks(CNN)(Lecun et al.
1998; Krizhevsky, Sutskever, and Hinton 2012; He et al.
2016) have intrinsic decoupling ability for translation, which
allows the network to learn essential features regardless of
the position. Besides the parameter efficiency by sharing
weights in different locations, CNN also reduces the latent
learning space due to the built-in translation symmetry. In
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Figure 1: Population coding. (a) A standard model of neural
population coding(Pouget, Dayan, and Zemel 2000). Upper
figure shows the tuning curves of 20 neurons with different
preferred orientations. Blue points in the bottom figure are
responses of the 20 neurons to an orientation of 0.157. The
red solid line is the posterior distribution of the orientation
(Gauss fitting) estimated from the responses of neurons. The
red arrow is the decoded orientation, which is in continuous
space. (b) Group convolution with bell-shaped tuning curve.
Solid lines are the orientation tuning curves of the kernels
in group convolution. With proper tuning curves, the group
convolution can achieve continuous equivariance.

order to take advantage of more symmetries and further im-
prove the decoupling ability of the network, the group equiv-
ariant theory and the group equivariant CNN (G-CNN) were
proposed (Cohen and Welling 2016). G-CNN constructed
rotation group convolutions by rotating the convolution ker-
nels to multiple orientations, thereby establishing the intrin-
sic rotation symmetry.

The manner of group convolution is similar to neural pop-
ulation coding(Averbeck, Latham, and Pouget 2006) that
represents information by a group of neurons with a series
of different preferred stimuli. For example, the ‘place cells’,
neurons of orientation, color and direction in visual cortical
areas, and many other neurons all encode the information
in a population coding manner(Borst and Theunissen 1999;
Usrey and Reid 1999; Zemel, Dayan, and Pouget 1998).
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Due to the practical limitation, the preferred stimuli of neu-
rons and group convolution are both in discrete space, while
the information to encode is usually in continuous space. In
group equivariant networks, some works adopted interpola-
tion approximation to achieve continuous equivariance, such
as Taylor expansion(Shen et al. 2020) and B-spline(Bekkers
2019). However, these methods usually constructed elab-
orate basic kernels(Weiler, Hamprecht, and Storath 2018;
Weiler and Cesa 2019), and some(Shen et al. 2020) were
under the assumption that the input is smooth. In biologi-
cal nervous system, there is a simple and robust mechanism
called population coding to solve this problem. Figure 1(a)
demonstrates a standard model of neural population coding
for orientation(Pouget, Dayan, and Zemel 2000). The left
figure shows the bell-shaped tuning curves of 20 neurons
with different preferred orientations. In the right figure, the
blue points are the responses of the 20 neurons. The red solid
line shows the Gauss fitting of the responses, and the peak
(red arrow) is the decoded orientation. Though the preferred
orientations are discrete, the population pattern with proper
tuning curves can robustly encode and decode information
in continuous space.

Inspired by the population coding, we propose a novel
group convolution with bell-shaped tuning curves. As Fig-
ure 1(b) shows, we use a set of sparse weights with learn-
able geometric parameters to generate group convolution
kernels, which has great parameter efficiency. At the end of
the generation, a Gaussian modulation is adopted to gener-
ate kernels with bell-shaped tuning curves. We prove that
discrete group convolutions can achieve continuous equiv-
ariance with proper tuning curves (bigger than 1x sam-
pling step). And we quantitatively analyze the equivariant
errors with different widths of tuning curves. Practically, we
construct Continuous Rotation Group Equivariant Networks
(CRGEN), and experimental results show that the proposed
CRGEN can achieve very competitive performance with less
than 25% parameters compared with previous SOTA ro-
tation group equivariant networks on MNIST-rot. Further-
more, CRGEN exhibited excellent rotation generalization
and small sample learning abilities on multiply datasets(e.g.
MNIST, CIFAR, ImageNet) with various network architec-
tures(i.e. plain and ResNet architectures).

Related Works

There are plenty of explorations of invariance in the field of
computer vision such as ScatNet(Bruna and Mallat 2013),
PCANet(Chan et al. 2015), and TIRBM(Sohn and Lee
2012). In some works, networks achieved rotation-invariant
by data augmentation during the training phase(Xi et al.
2018; Luo et al. 2020). However, these methods mainly
paid attention to invariant features. By decoupling the trans-
formation from the object, equivariant networks(Cohen and
Welling 2016) can preserve both invariant features and the
information of the transformation itself. In addition to the
translation equivariance of CNN, equivariant networks on
more groups such as rotating groups(Cohen and Welling
2016; Dieleman, De Fauw, and Kavukcuoglu 2016; Cheng
et al. 2018), scaling groups(Worrall and Welling 2019; Sifre
and Mallat 2013), mirror groups(Cohen and Welling 2016),
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and general Lie group(Finzi et al. 2020) have been proposed.
G-CNN(Cohen and Welling 2016) proposed a group convo-
Iution framework and designed the rotation group equivari-
ant network. Due to the limitation of sampling lattices, only
some specific symmetries of convolutional kernel such as 4
or 6 orientation symmetries(Cohen and Welling 2016; He
et al. 2021; Hoogeboom et al. 2018) can be achieved di-
rectly. To exploit more symmetries, SFCNN(Weiler, Ham-
precht, and Storath 2018), E2CNN(Weiler and Cesa 2019)
and PDO-eConvs(Shen et al. 2020) designed some basic
kernels to generate the group convolution kernels. PDO-
eConvs and B-Spline CNN (Bekkers 2019) achieved contin-
uous equivariances by interpolation methods such as Taylor
expansion and B-spline approximation. SWSL(Chen et al.
2022) replaced shallow layers of CNN by the group convo-
lution, and achieved better performances with much fewer
parameters and no extra computations in shallow layers.
Furthermore, E*-Net(He et al. 2021) can achieve both pa-
rameter and computational efficiencies. Besides equivari-
ant convolutions, some works also studied the equivariance
of subsampling(Xu et al. 2021) and nonlinearity(Franzen
and Wand 2021) layer. Recently, equivariant networks were
applied to much more domains such as graph CNN(Puny
et al. 2021), reinforcement learning(Wang, Walters, and
Platt 2022), protein docking(Ganea et al. 2021), RNA struc-
ture prediction(Townshend et al. 2021), and so on, which
showed a great potential of the equivariant networks.

Prior Knowledge of Group Equivariant
Networks

Group equivariance is defined as (Cohen and Welling 2016;
Shen et al. 2020):
O[T, [f]] = Ty[@[fl).9 € G, (D)
where T}, is a transformation operation with parameter g €
G, f is inputs and ® is a general feature mapping func-
tion. Equivariance means that transforming the inputs before
feature extracting is equal to transforming the outputs after
feature extracting. Invariance is a special case of equivari-
ance, where T} is identity. Compared with invariance, equiv-
ariance disentangles the invariant features while remaining
the transforming information. G-CNN proposed a general
method to construct group equivariant convolutions(Cohen
and Welling 2016). Figure2 (a) and (b) show the rotation
group convolutions. For the input image, group convolu-
tion is obtained by several rotations of the same kernel as
shown in Figure 2 (a). For the convolution of the hidden
layer, group convolution is obtained by several rotations and
cyclic shifts as shown in Figure 2 (b). It can be summarized
in a general mathematical form (Finzi et al. 2020). Conve-
niently, we use a function style representation to denote im-
ages, feature maps and kernels rather than a matrix style.
For example, the input image is denoted as y = f(x), where
x is the location of a pixel and y is the value of this pixel.
Formally, let f : Z?> — Rand h; : Z? x G — R be the
input images and the Ith layer feature maps with C; chan-
nels. Let 1 : Z? — R and ¢y : Z? x G — RC+1xC
be the convolution kernels in the /th layer. To simplify it, we
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Figure 2: Construction of group equivariant convolution. (a) The group convolution for the input image. The group convolution
kernels are obtained by several rotations for the same kernel. (b) Group convolutions for hidden layers. The group convolution
kernels are obtained by several rotations and cyclic shifts for the same kernel. In our approach, the kernels are generated from
a set of sparse weights in continuous location space. (c¢) shows that the group convolution kernels are obtained by directly
rotating the kernel 1)y. Each kernel has a sharp tuning curve, so it’s not equivariant when the rotation degree isn’t exactly on
the discrete rotation group. (d) shows the rotation group convolution kernels are generated by v, which is defined on the
continuous space, and are modulated by Gauss kernel. So the kernel can be rotated without the limitation of discrete mesh
grid, and has a tuning curve over the rotation. With wide tuning curve, the kernel group can obtain continuous rotation group

equivariance by population encoding.

set C; = 1, which does not influence the equivariance. Then

forany g € G = {i%%]i = 0,1,2,...,n — 1}, the group
convolution on G is given by:
hi(z,9) = [f ®@4o)(z,9) = f(z) * Yo(Ry @)
= D )Ry (@ - ),
z/ €72
hipa(z,9) = [ ® i) (z, 9)
= D hu(zg)xu(Ry ' g—g)
g'€eG
= > > g (R (@ —a),9—g),
g’ €G z’cz2
R o— (cos(g) sin(g))
! —sin(g) cos(g))’

@3]
where ® is the group equivariant convolution, * is conven-
tional convolution, and R, is a rotation matrix with degree
g € G. Here, x denotes the location, and ¢ denotes the de-
gree, which can be regarded as the index of each element in a
matrix. In equation 2, rotation and the cyclic shift are formu-
lated as R L2 and g— ¢/, respectively. In addition to rotation

11464

and mirror group equivariances in G-CNN, Eq. 2 can also be
applied to many other groups such as scaling, shearing, the
mix of scaling and shearing and 3D rotation(under homo-
geneous coordinates) transformation groups, provided that
the group satisfies Ry, Ry, v = Ry, 4, 2(Cohen and Welling
2016). See detailed proofs of the equivariance in Appendix'
A.

Continuous Group Equivariant Convolution

Conventional group equivariant convolution usually adopted
interpolation approximation to achieve continuous equivari-
ance. According to neural population coding, neurons with
discrete preferred stimuli with proper tuning curves can
achieve continuous equivariance as shown in Figure 1 (a).
Inspired by neural population coding, we propose a method
to incorporate bell-shaped tuning curves into the group con-
volution. In this section, we will show how to construct the
group convolution with tuning curves and how to achieve
continuous equivariance.

"https://gitee.com/chenzq/aaai_2024_appendix.git
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Group Convolutions with Tuning Curves

In Figure 2 (a) and (b), we show the general framework to
construct the group equivariant convolutions. Based on this
framework, we use a set of sparse parameters to generate
the group convolution kernels. Figure 2 (d) shows the de-
tails to generate the group convolution kernels with tuning
curves. Specifically, denote the sparse parameters on contin-
uous space as 1)’ and denote the generated kernels on dis-
crete mesh grid as ¢. Similar to Eq. 2, we represent them as
functional styles:

'(/16(1%) = wy,

3)
where x and g are location and orientation mesh grids on the
discrete space, respectively, and x;, x; and g; are location
and orientation parameters defined in continuous space. ¢ €
{1,2,...,mo},and j € {1,2,...,m;}, where mg and m; are
numbers of the sparse weights for ¢y and 1], respectively.
Here, ¢ and (’ are the Gaussian modulation function as:

( N 1 ez ==y
((zx—2")=—e 2% N:E e 2%
N ) )
xr
1 _lz—2'l? _H9792’H2
! !/ / 2
(la-a'g—g)=sze ** e ", @
z—=']2 _Hgfg2’H2
N/ — § E e 203, e 20'9 ,

where © € {(i,j)i,j € [~s,5] € Z},2' € R g €
{iZZ]i = 0,1,2,..,n — 1},¢' € [0,27). 2’ and ¢’ are the
continuous locations and orientations to encode, o, and o
are the standard deviations, and NV and N’ are normalization
factor. By the Gaussian modulation, each kernel has a tuning
curve and each weight w; has optimizable location x; and
orientation g;. In addition, the transformation on = and g can
be converted to x; and g;, which are in the continuous space
(see details in appendix B).

Continuous Group Equivariance

In population coding, population neurons can’t decode con-
tinuous stimulus well if the tuning curve is too sharp. Here,
we quantitatively measure the relationship between the stan-
dard deviation of the tuning curve and the equivariance of
group convolution. Group convolution can be regarded as
the composition of several equivariant convolutions of ¢’ (or
(). So we define the error D of the equivariance as the fol-
lowing:

_ 2Al[[L¢) @ G](0,9) — [Lr[G @ G110, 9)|
LG @ GJ(0, 9)I] + [[[L7[¢1 @ 3110, g)

D(o1,02,T) Ik
()
where r € [0,27),9 € G. o1 and o9 are the standard
deviations of ¢ and ¢} on orientation dimension, respec-
tively. L. is the rotation transformation, and [L].{'|(z, g) =
C'(R;*x,g — ). || - || is the length of vector. Figure 3 (a)
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Figure 3: (a) shows the maximum equivariant error vs. o
and o5, where o1 and o9 are the standard deviations of the
tuning curves. (b) shows the maximum equivariant error vs.
o*, where o™ is the minimum of o; and 5.

shows the maximum error as oy and oy vary. It shows that
the maximum error is small when both o, and o are large.
In figure 3 (b), o* is the minimum of oy and o5 and D* is
the maximum of D(c1, 09, 7). When o* > 27 /n (1x of the
sampling step), D* < 10~*. We can neglect the error when
both o1 and o4 are bigger than 1x of the sampling step. In a
conclusion, when the standard deviation of the tuning curve
is proper, group convolution can achieve continuous equiv-
ariance, because group convolution is the composition of the
convolutions of ¢’ (or ¢) (detailed proof shown in Appendix
C). It holds true not only in the rotation group but also in the
translation group and other groups.

Experiments

We build Continuous Rotation Group Equivariant Networks
(CRGEN) by the group convolutions with tuning curves.
Firstly, we test the rotation equivariance in common used
benchmark MNIST-rot (Larochelle et al. 2007). Secondly,
we test the small sample learning ability on MNIST-rot. Fi-
nally, we test the rotation generalization ability on MNIST,
CIFAR, and ImageNet. See more details about datasets on
appendix D.

Model

CRGEN-T:CRGEN-T is a tiny network containing 6 lay-
ers with 10 kernels each layer, which is similar to G-CNN
(Cohen and Welling 2016). Each kernel has 16 orientation
with 3 sparse points (i.e., m; = 3 in Eq. 4), which has train-
able locations and orientations. The generated kernels have
a spatial size of 5 x 5.

CRGEN-S & CRGEN-L: CRGEN-S use lager networks
with 8,8,16,16,16,32,32 kernels for each layer, and CRGEN-
L has double kernels compared to. Each kernel has a spatial
size of 3 x 3 with fixed location and trainable orientation
parameters. More details about models and training setting
are on appendix D.

CRGEN-LN: For deeper networks, the stacks of the pro-
posed group convolution will cause blurring problem. To ad-
dress this problem, we use pair-wise learning manner and
add an equivariant loss to drive the whole network to learn
the continuous equivariance (CRGEN-LN). Figure 5 shows
the architecture of CRGEN-LN. We use the discrete rota-
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Models Err. (%) Para.
ORN-8 (Zhou et al. 2017) 2.25 0.53M
TI-Pooling (Laptev et al. 2016) 22 133M
CNN (Cohen and Welling 2016) 5.03 22k
G-CNN (Cohen and Welling 2016) 2.28 25k
PDO-eConv (Shen et al. 2020) 1.87 26k
E*-Net (He et al. 2021) 1.17 414K
SFCNN (Weiler, Hamprecht, and Storath 2018) 0.88 6.5M
CRGEN-T 1.16 6.2K
CRGEN-S 0.85 40K

Table 1: Errors on MNIST-rot without rotation augmenta-
tion.

Models Err. (%) Para.
H-Net (Worrall et al. 2017) 1.69 -
TIPooling (Zhou et al. 2017) 1.54 -
RotEgNet (Marcos et al. 2017) 1.09 -
PTN-CNN (Esteves et al. 2018) 0.89 -
E2CNN (Weiler and Cesa 2019) 0.716 6.5M
SFCNN (Weiler, Hamprecht, and Storath 2018) 0.714 6.5M
PDO-eConv (Shen et al. 2020) 0.709 650K
CRGEN-S 0.714 40K
CRGEN-L 0.706 150K

Table 2: Errors on MNIST-rot with rotation augmentation.

tion group equivariant convolution G-CNN as the backbone,
and use the proposed continuous rotation group equivariant
convolution on the final layer. Because the backbone is G-
CNN, the whole network does not have the continuous rota-
tion group equivariance. So we also add an equivariant loss
to drive CRGEN-LN to learn the continuous rotation group
equivariance.

Performance on MNIST-rot

Without Rotation Augmentation: In Table 1, we com-
pare the performance of the proposed CRGEN with pre-
vious methods. We do not apply rotation augmentation on
the training set of MNIST-rot. CRGEN-S has a similar ar-
chitecture to G-CNN and PDO-eConv. Benefiting from the
sparse parameters with flexible geometric parameters, the
total parameters of CRGEN-T are much fewer than G-CNN
and PDO-eConv (6.2K vs. 25K and 26K), while CRGEN-T
achieves a lower error (1.16% vs. 2.28% and 1.87%). Com-
pared with an efficient network £*-Net, CRGEN-S can still
achieve better performance (error of 0.85% vs. 1.17%) with
similar parameters (40K vs. 41.4K). CRGEN-T can achieve
similar performance (error of 1.16% vs. 1.17%) with much
fewer parameters (6.2K vs. 41.4K). Compared with SFCNN,
CRGEN-S can achieve a slightly lower error (0.85% vs.
0.88%) using much fewer parameters (40K vs. 6.5M). Ap-
pendix E.1 provides a plot of Table 1 to better display Para.
vs. Err..

With Rotation Augmentation: When adopting rotation
augmentation during training, the errors will be even lower.
As Table 2 shows, CRGEN-S can achieve a 0.714% er-
ror(lower is better) which is the same as the network
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SFCNN and slightly higher than PDO-eConv (0.709% er-
ror). CRGEN-S needs only 40K parameters, while SFCNN
and PDO-eCouv need 6.5M and 650K parameters, respec-
tively. This means that our approach only uses 1/160 pa-
rameters of SFCNN and 1/16 parameters of PDO-eConv
to achieve the same or competitive performance. When we
double the filters of CRGEN-S, the performance can be
further improved. CRGEN-L surpasses the performance of
PDO-eConv with only a quarter of the parameters (150K vs.
650K).

Small Sample Learning: We also evaluate the perfor-
mance in the case of small samples. We use the architec-
ture of CRGEN-S without rotation augmentation. For com-
parison, we construct the conventional CNN and G-CNN
with the same architecture as CRGEN-S and scale the chan-
nel numbers to control the total parameters. The amount of
training samples varies from 100 to 12000. In the case of
100 samples, it means that each class only has 10 samples
on average. In Figure 4, (a) shows accuracies of CNN, G-
CNN, and CRGEN-S. (The detailed accuracies are in Ap-
pendix E.1). CNN and G-CNN have 92K parameters, which
are more than double parameters of the proposed CRGEN
(40K). Benefit from the rotation equivariance, G-CNN can
achieve better performance than conventional CNN. Com-
pared with G-CNN, CRGEN-S can achieve significantly bet-
ter performance. The performance improvements vary from
1.61% to 24.12%. With only 200 samples(20 samples for
each class on average), CRGEN can achieve an accuracy of
80.17%, while G-CNN can achieve only less than 60% and
CNN even less than 50%. It shows that CRGEN has a great
small sample learning ability.

Rotation Generalization Ability

We evaluated the rotation generalization ability of CRGEN
on both MNIST and natural image datasets. We test the ac-
curacy when the training set is non-rotated and the test set
is randomly rotated. For MNIST, we test it with CRGEN-S.
For the natural image, we construct a new network CRGEN-
LN. As shown in Figure 5, CRGEN-LN adds a popula-
tion coding based equivariant convolution layer at the end
of G-CNN, and it adopts a pair-wise-learning manner and
adds an equivariant loss to obtain equivariance of more ori-
entations. The equivariant loss is that Loss CLS +
AMSE([H[L, f]](x), [LL[H f]](x)), where f and L, f are
the pair-wise input images, H is the whole network, C'LS is
the loss of the classification loss, and M SE is the equivari-
ance loss with weight \. Benefited the population encoding
of the final layer, » of L!. can be any angle in continuous ro-
tation group. Practically, we utilize 8 orientation convolution
in the final layer for CRGEN-LN. The input training data are
rotated in k separate orientations. Each iteration we choose
two orientations of them and use the proposed loss to drive
the network to learn the equivariance. The k orientation is
setas (90° +90°/k) 4,4 =0,1,....k — 1.

Rotation Generalization Ability on MNIST: For the
training set, we apply rotation augmentation with a prob-
ability of p. p = 0 means no rotation augmentation, and
p = 1 means all training data is randomly rotated. For the
test set, all test data is randomly rotated. Figure 4 (b) show
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Figure 4: (a) Accuracies in small sampling learning on MNIST-rot. The number of training samples ranges from 100 to 12000.
The plot shows accuracies of CNN, G-CNN, and the proposed CRGEN-S. (b) Accuracies with different proportions rotation
training samples on MNIST. Training data are under rotation augmentated with probability p and test data are randomly rotated.
(c), (d), (e) are the accuracies on each angle with different p of CNN, G-CNN, and the proposed CRGEN-T, respectively.
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Figure 5: Architecture of CRGEN-LN. The backbone is G-
CNN, and the final layer is the proposed continuous rota-
tion group equivariant convolution. We use a loss function to
drive it to learn equivariance on continuous rotation group.

the performance of different networks with p ranging from
0 to 1. The proposed CRGEN significantly performs better
than CNN and G-CNN. When p = 0, networks are trained
all by upright digits, so networks need to generalize what
it has learned in arbitrary orientations. The conventional
CNN lack this ability and it only achieves an accuracy of
44.70%. G-CNN can perform better than CNN (84.04% vs.
44.70%) benefiting from the equivariance of rotation, while
the proposed CRGEN can achieve an even higher accuracy
of 93.38% using only 6.2K parameters (21.7K for G-CNN).
As p increases, CRGEN always performs better than CNN
and G-CNN. When the training set is fully augmentated by
rotation (p = 1), CRGEN and G-CNN achieve similar ac-
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curacy (99.29% vs. 99.32%) and still perform better than
CNN (98.05%). (See detailed accuracies of Figure 4 (b) in
Appendix E.2)

We also test the accuracy in each orientation. Figures 4(c),
4(d) and 4(e) shows the detailed accuracies at each angle
for CNN, G-CNN, and CRGEN, respectively. Each line is
a model with a specific p and each point in the line rep-
resents the accuracy when the test samples are rotated by
a specific degree (from 0° to 360°). In Figure 4(c), CNN
works well near the rotation angle of 0 degrees, but its per-
formance drops rapidly (even less than 20%) away from O
degrees. It shows that conventional CNN has a poor rotation
generalization ability. In Figure 4(d) and 4(e), G-CNN and
CRGEN show much better rotation generalization abilities.
When p = 0, G-CNN can still achieve above 65% accu-
racy at any angle, while CRGEN-T can even achieve above
90% accuracy. We also test the rotation generalization abil-
ity with different rotation ranges of angle in training phrase,
and the results also demonstrate the excellent rotation gener-
alization of the proposed method. The detailed experimental
results and analysis are in Appendix E.2.

Rotation Generalization Ability on Multi-datasets:
Secondly, we also test on multiple datasets and network ar-
chitectures. In Table 3, we set the pair-wise inputs as the
same images of 0° and 135° (k = 2). For each dataset
and network architecture, the models of CNN, G-CNN and
CRGEN-LN all utilize similar architectures. For CRGEN-
LN, we set the weight of the equivariant loss A = 0.1. Com-
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MNIST
Arch. Model Depth  Para.  Acc.(%)
CNN 7 20.0K  60.27
Plain G-CNN 7 217K 96.23
CRGEN-LN 7 18.6K  97.82
CIFARI10
Arch. Model Depth  Para.  Acc.(%)
CNN 6 1.14M  50.76
Plain G-CNN 6 029M 7741
CRGEN-LN 6 0.29M  79.66
CNN 110 162K 50.27
ResNet G-CNN 110 46K 61.98
CRGEN-LN 110 44K 66.34
ImageNet-100
Arch. Model Depth  Para.  Acc.(%)
CNN 18 2.78M  54.56
Plain G-CNN 18 0.75M  72.42
CRGEN-LN 18 0.72M  72.75
CNN 18 3.16M  57.80
ResNet G-CNN 18 0.84M  50.83
CRGEN-LN 18 0.81IM  72.34

Table 3: Accuracies on multiple datasets (i.e., MNIST, CI-
FARI10, and ImageNet-100) and multiple architectures (i.e.,
plain and ResNet architectures). Training data are rotated
with only two specific angles 0° and 135°. The test data are
randomly rotated.

pared with CNN, CRGEN-LN achieves accuracy increments
ranging from 14.54% to 37.55% with much fewer parame-
ters on MNIST, CIFAR10, and ImageNet-100. For plain ar-
chitectures, CRGEN-LN works slightly better than G-CNN,
and the accuracy increments ranges from 0.33% and 2.25%.
For ResNet architectures, CRGEN-LN works significantly
better than G-CNN, and it achieves accuracy increments of
4.36% and 21.51% on CIFAR10 and ImageNet-100, respec-
tively. Especially on ImageNet-100, G-CNN with ResNet
architecture does not work well, which is even worse than
CNN (50.83% vs. 57.80%). By adding a population coding
based equivariant convolution layer and an equivariant loss,
CRGEN-LN with ResNet architecture works significantly
better with an accuracy of 72.34%. Furthermore, we also
carry out experiments on ResNet architectures with differ-
ent depths and widths, and the results all shows that the pro-
posed CRGEN-LN has better rotation generalization than
both G-CNN and vanilla ResNet. (See detailed results and
analysis in Appendix E.3)

Parameter Analysis

In Table 4, we analyze parameters of 7, my, 0, and 0. 7 is
the number of orientations and m; is the number of sparse
points in each kernel. o, and o are the standard deviations
on spatial and orientation dimensions, respectively. We use
the CREGN-T on MNIST-rot as the baseline network. And
we change the 4 parameters to analyze the influence of each
parameter. For different r, the error is lower when r is larger.
For different m;, the error is lower when m; increases from
2 to 7. And the parameters increase approximately linearly
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r &8 12 16 20
Error(%) 272 164 125 116 1102
m 2 3 5 7 9
Para. 38K 62K 11.IK 160K 20.8K
Error(%) 126 116 1.05 0998 1.10
op@nd ;%) | 05 075 1 125 15
Error(%) 129 117 116 128 148

Table 4: Parameter analysis of CRGEN-T on MNIST-rot.

as my increases. For o, and o4, we set them as multiple
times of their sampling steps (sampling steps: 1 on spatial
dimension and 27/16 on orientation dimension). When we
set them as about 1x of their sampling steps, the error is
the lowest. If we set it too large or too small, the error will
increase, which is consistent with the analysis in theory. We
also carry out the experiments of CRGEN-LN with different
k and A on MNIST. When A = O(without equivariant loss),
CRGRN-LN still works better than CNN and GCNN. See
detailed results and analysis in Appendix E.3.

Limitations and Future Works

The proposed group convolution is generated from sparse
weights, which is parameter efficient. If we share the Gauss
modulation by applying the Gauss convolution for the in-
put features first and then applying a sparse convolution,
it’s also computional efficient (see details in Appendix F).
However, sparse convolutions need additional works for en-
gineering, we leave it for future works. Tuning curves help
discrete group convolutions to achieve continuous equiv-
ariance. However, it also reduces the resolution especially
for deep stacks of the proposed group convolutions. We
solve it by adopting fewer proposed layers and imposing an
equivariant loss to keep continuous equivariance. In the fu-
ture works, learning-based equivariant networks still leave
a huge room to study, and we believe that the idea of the
tuning curve is still helpful.

Conclusion

Inspired by neural population coding, we propose a novel
group equivariant convolution with tuning curves, which can
achieve continuous equivariant by discrete group convolu-
tion. We use sparse weights with learnable geometric param-
eters to generate the group kernels, and it can achieve both
competitive performance and parameter efficiency. Quanti-
tative analysis shows that the equivariant error can be ne-
glected when the standard deviation of the tuning curve is
large enough(i.e., bigger than 1x of the sampling step).
We construct Continuous Rotation Group Equivariant Net-
works(CRGEN) by group convolutions with tuning curves.
The experimental results demonstrated that CRGEN can ob-
tain much competitive performance on the MNIST-rot with
much fewer parameters (less than 25%) compared with pre-
vious SOTA methods. More experiments also show that the
proposed CRGEN also has better small sample learning and
rotation generalization abilities than the conventional CNN
and discrete rotation group equivariant networks.
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