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Abstract

Answer Set Programming (ASP) is a generic problem model-
ing and solving framework with a strong focus on knowledge
representation and a rapid growth of industrial applications.
So far, the study of complexity resulted in characterizing hard-
ness and determining their sources, fine-grained insights in
the form of dichotomy-style results, as well as detailed pa-
rameterized complexity landscapes. Unfortunately, for the
well-known parameter treewidth disjunctive programs require
double-exponential runtime under reasonable complexity as-
sumptions. This quickly becomes out of reach. We deal with
the classification of structural parameters for disjunctive ASP
on the program’s rule structure (incidence graph).
First, we provide a polynomial kernel to obtain single-
exponential runtime in terms of vertex cover size, despite
subset-minimization being not represented in the program’s
structure. Then we turn our attention to strictly better structural
parameters between vertex cover size and treewidth. Here, we
provide double-exponential lower bounds for the most promi-
nent parameters in that range: treedepth, feedback vertex size,
and cliquewidth. Based on this, we argue that unfortunately
our options beyond vertex cover size are limited. Our results
provide an in-depth hardness study, relying on a novel reduc-
tion from normal to disjunctive programs, trading the increase
of complexity for an exponential parameter compression.

Introduction
Answer Set Programming (ASP) (Brewka, Eiter, and
Truszczyński 2011; Gebser et al. 2012) is a prominent declar-
ative modeling and solving framework, enabling to efficiently
solve problems in knowledge representation and artificial
intelligence. Indeed, in the last couple of years, ASP has
been extended several times and it grew into a rich modeling
language, where solvers like clasp (Gebser, Kaufmann, and
Schaub 2009) or wasp (Alviano et al. 2019) are readily avail-
able. This makes ASP a suitable target language for many
problems, e.g., (Balduccini, Gelfond, and Nogueira 2006;
Niemelä, Simons, and Soininen 1999; Nogueira et al. 2001;
Guziolowski et al. 2013; Schaub and Woltran 2018; Abels
et al. 2019), where problems are encoded in a logic program,
which is a set of rules whose solutions are called answer sets.

*Extended version at http://arxiv.org/abs/2402.03539
Copyright © 2024, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

Unfortunately, in terms of computational complexity, there
is a catch to ASP’s modeling comfort. Indeed, while there
exist NP-complete fragments (Bidoı́t and Froidevaux 1991;
Marek and Truszczyński 1991; Ben-Eliyahu and Dechter
1994), the consistency problem of deciding whether a dis-
junctive program admits an answer set is inherently hard,
yielding ΣP

2 -completeness (Eiter and Gottlob 1995), even if
we restrict rule body sizes to a constant (Truszczynski 2011).

How do we deal with this high complexity? Parameterized
complexity (Cygan et al. 2015; Niedermeier 2006; Downey
and Fellows 2013; Flum and Grohe 2006), offers a frame-
work, enabling to analyze a problem’s hardness in terms of
certain parameter(s), which has been extensively applied to
ASP (Gottlob, Scarcello, and Sideri 2002; Gottlob, Pichler,
and Wei 2010; Lackner and Pfandler 2012; Fichte, Kronegger,
and Woltran 2019). For ASP there is growing research on
the prominent structural parameter treewidth (Jakl, Pichler,
and Woltran 2009; Calimeri et al. 2016; Bichler, Morak, and
Woltran 2020; Bliem et al. 2020; Eiter, Hecher, and Kiesel
2021). Intuitively, the measure treewidth enables the solving
of numerous combinatorially hard problems in parts. This
parameter indicates the maximum number of variables of
these parts one has to investigate during problem solving. Un-
fortunately, there is still a catch: Under the Exponential Time
Hypothesis (ETH) (Impagliazzo, Paturi, and Zane 2001), the
evaluation of disjunctive programs is prohibitively expensive,
being inherently double exponential in its treewidth (Hecher
2022). Indeed this is a bad worst case; 22

k

is larger than the
(est.) number of atoms in the universe, already for k=9.

This motivates our search for preferably small structural
parameters that enable single-exponential runtimes, i.e., we
aim for structural properties strong enough to be significantly
more exploitable than treewidth. We thereby consider the
program’s rule structure (incidence graph representation) and
we only study parameters smaller than the vertex cover size,
which is the number of vertices needed to cover every edge
of a graph. We focus on the following structural parameters
that are more generally applicable than treewidth, but smaller
than vertex cover size, and state their intuitive meaning1.

• Treedepth: How close is the structure to being a star?
• Feedback vertex number: How many atoms or rules need
to be removed to obtain an acyclic graph structure?

1For formal definitions, see the preliminaries.
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• Pathwidth: How close is the structure to being a path?

Our results will also have consequences for the parameters

• Bandwidth: How “far” do structural dependencies reach,
assuming atoms and rules are linearly ordered?
• Cutwidth: How well can we linearly order atoms and rules,
aiming for minimizing structural dependencies between
predecessors of an atom/rule and their successors?
• Cliquewidth: How close is the structure to being a clique?

This paper thereby asks the following:

• Can we evaluate disjunctive ASP in single-exponential
time for structural measures more general than treewidth?
• What makes a disjunctive program’s structure harder to
exploit than the structure of normal programs?
• Can we leverage the hardness of disjunction by translating
from normal programs, thereby trading for an exponential
decrease of structural dependencies (parameters)?

Contributions. We address these questions via algorithms
and novel reductions, thereby establishing the following.

• First, we show a single-exponential upper bound when
considering vertex cover size as a parameter. This is chal-
lenging, since our algorithm works despite the implicit
subset-minimization required by disjunctive ASP, which
is, however not directly manifested in the structural repre-
sentation of the program. We present a polynomial-sized
kernel for disjunctive ASP, which then yields a single-
exponential algorithm for computing answer sets.

• Then, we show how to reduce from normal ASP to
(full) disjunctive ASP, thereby exponentially decreas-
ing the program’s cyclicity (feedback vertex size) from k
to log(k). To the best of our knowledge, this is the first re-
duction that exponentially reduces structural dependency
of logic programs, at the cost of solving a harder pro-
gram fragment. This reduction leads to ETH-tight double-
exponential lower bounds for feedback vertex size.2

• The idea of this reduction technique has many further con-
sequences. Indeed, by a generalization of this concept we
obtain tight double-exponential bounds for the structural
parameter treedepth. Even further, with this idea, we rule
out single-exponential algorithms for the structural mea-
sures pathwidth, bandwidth, cliquewidth, and cutwidth.
Unfortunately, given these lower bounds for most promi-
nent measures between vertex cover and treewidth as well
as the observations of our algorithm for vertex cover we
do not expect significantly better parameters yielding bet-
ter runtimes – disjunction limits structural exploitability.

Related Work. For disjunctive ASP, algorithms have been
proposed (Jakl, Pichler, and Woltran 2009; Pichler et al. 2014)
running in time linear in the instance size, but double expo-
nential in the treewidth. Hardness of problems has been stud-
ied by means of runtime dependency in the treewidth, e.g.,
levels of exponentiality, where triple-exponential algorithms
are known (Lokshtanov, Marx, and Saurabh 2011; Marx and

2The results even hold for the smallest number of atoms that,
upon removal from the program, yields a structure of (almost) paths.

Mitsou 2016; Fichte, Hecher, and Pfandler 2020). For quanti-
fied Boolean formulas (QBFs) parameterized by vertex cover
size, a single-exponential runtime result is known (Lampis
and Mitsou 2017). However, this result does not trivially
transfer to ASP, as a direct encoding of subset-minimization
causes an unbounded increase of vertex cover size. Also,
lower bounds for QBFs and some of our considered param-
eters are known (Pan and Vardi 2006; Lampis and Mitsou
2017; Fichte, Hecher, and Pfandler 2020; Fichte et al. 2023).
We strengthen these results for ASP, providing ETH-tight
bounds for many measures. Programs of bounded even or odd
cycles have been analyzed (Lin and Zhao 2004). Further, the
feedback width has been studied, which depends on the atoms
required to break large SCCs (Gottlob, Scarcello, and Sideri
2002). For SAT, empirical results (Atserias, Fichte, and
Thurley 2011) involving resolution-width and treewidth yield
efficient SAT solver runs on instances of small treewidth.

Preliminaries
We assume familiarity with propositional satisfiability
(SAT) (Biere et al. 2009; Kleine Büning and Lettman 1999).
Answer Set Programming (ASP). We follow standard
definitions of propositional ASP (Brewka, Eiter, and
Truszczyński 2011; Janhunen and Niemelä 2016). Let ℓ,
m, n be non-negative integers such that ℓ ≤ m ≤
n, a1, . . ., an be distinct propositional atoms. More-
over, we refer by literal to an atom or the negation
thereof. A program Π is a set of rules of the form
a1 ∨ · · · ∨ aℓ ← aℓ+1, . . . , am,¬am+1, . . . ,¬an. For a
rule r, we let Hr :={a1, . . . , aℓ}, B+

r :={aℓ+1, . . . , am},
and B−

r :={am+1, . . . , an}. We denote the sets of atoms oc-
curring in a rule r or in a program Π by at(r) :=Hr ∪B+

r ∪
B−

r and at(Π) :=
⋃

r∈Π at(r). Further, pos(r, x) refers to the
unique position of x ∈ at(r) in r. The rules, whose head
contain a ∈ at(Π) are given by H(a) :={r∈Π | a∈Hr}.
We define the completion C(Π) by Π ∪ {rh1 ∨ . . . ∨ rhℓ ←
h | h∈ at(Π),H(h)= {r1, . . . , rℓ}}∪{← rh,¬a, ← rh, b,
| r ∈ Π, a ∈ B+

r , b ∈ B−
r ∪Hr, b ̸= h} (Clark 1977). Pro-

gram Π is normal if |Hr| ≤ 1 for every r ∈ Π; Π is normal-
ized if for every r ∈ Π, |Hr ∪B+

r ∪B−
r | ≤ 3. Normaliza-

tion preserves hardness for known fragments (Truszczynski
2011). The dependency graph DΠ of Π is the directed graph
on the atoms

⋃
r∈Π Hr ∪ B+

r , where for every rule r ∈ Π,
two atoms a ∈ B+

r and b ∈ Hr are joined by an edge (a, b).
Program Π is tight if DΠ is acyclic.

An interpretation I is a set of atoms. I satisfies a rule r
if (Hr ∪ B−

r ) ∩ I ̸= ∅ or B+
r \ I ̸= ∅. I is a model of Π

if it satisfies all rules of Π, in symbols I |= Π. The Gelfond-
Lifschitz (GL) reduct of Π under I is the program ΠI obtained
from Π by first removing all rules r with B−

r ∩ I ̸= ∅ and
then removing all ¬z where z ∈ B−

r from the remaining
rules r (Gelfond and Lifschitz 1991). I is an answer set of a
program Π, denoted I |= Π, if I is a minimal model of ΠI .
A tight program Π is fully tight if for every model M of Π,
there is a unique model M ′ of C(Π) and vice versa, such that
M =M ′ ∩ at(Π). Intuitively, this means that for computing
answer sets it is sufficient to compute the models of Π. De-
ciding whether an ASP program has an answer set is called
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Figure 1: (Left): The primal graph GΠ1
of program Π1 of

Example 1. (Right): The incidence graph IΠ1
of Π1.

consistency, which is ΣP
2-complete (Eiter and Gottlob 1995).

If the input is restricted to normal programs, the complexity
drops to NP-complete (Marek and Truszczyński 1991).
Graph Representations. We assume familiarity with stan-
dard notions in computational complexity (Papadimitriou
1994) and graph theory, cf., (Diestel 2012). For parameterized
complexity, we refer to standard texts (Cygan et al. 2015).

We need graph representations to deploy structural mea-
sures (Jakl, Pichler, and Woltran 2009). The primal graph
GΠ of a program Π has the atoms of Π as vertices and an
edge {a, b} if there exists a rule r ∈ Π with a, b ∈ at(r). The
incidence graph IΠ of Π has as vertices the atoms and rules
of Π and an edge {a, r} for every rule r ∈ Π with a ∈ at(r).

Example 1. Consider the tight program Π1={r1, r2, r3, r4},
where r1 = b←¬a; r2 = b← a, c; r3 = a∨d←; and r4 =
c← a,¬d. Then, Π1 admits two answer sets {b, d}, {a, b, c}.
Figure 1 shows graph representations of Π1. Program Π2 =
Π1∪{rb1∨rb2 ← b;← rb1, a;← rb2,¬a;← rb2,¬c;← a, d;←
c,¬a;← c, d} is fully tight.

Treewidth & Pathwidth. A tree decomposition (TD)
(Robertson and Seymour 1986) of a given graph G=(V,E)
is a pair T =(T, χ) where T is a tree rooted at root(T ) and χ
assigns to each node t of T a set χ(t) ⊆ V , called bag, such
that (i) V =

⋃
t of T χ(t), (ii) E ⊆ {{u, v} | t in T, {u, v} ⊆

χ(t)}, and (iii) for each r, s, t of T , such that s lies on the
path from r to t, we have χ(r) ∩ χ(t) ⊆ χ(s). For every
node t of T , we denote by chldr(t) the set of child nodes of t
in T . We let width(T ) :=maxt of T |χ(t)|−1. The treewidth
tw(G) of G is the minimum width(T ) over all TDs T of
G. If T is a path we call T a path decomposition (PD). The
pathwidth is analogously defined to treewidth, but only over
PDs T . For a node t of T , we say that type(t) is leaf if t
has no children; join if t has exactly two children t′ and t′′

with t′ ̸= t′′; inner if t has a single child. If for every node
t of T , type(t) ∈ {leaf, join, inner}, the TD is called nice. A
TD can be turned into a nice TD (Kloks 1994)[Lem. 13.1.3]
without width-increase in linear time.
Bandwidth & Cutwidth. Let G = (V,E) be a given graph
and f : V → {1, . . . , |V |} be a bijective (one-to-one) or-
dering that uniquely assigns a vertex to an integer. The
bandwidth of G is the minimum max{u,v}∈E |f(u)− f(v)|
among every ordering f for G. The cutwidth of G is the
minimum max1≤i≤|V | |{{x, y} ∈ E | f(x) ≤ i, f(y) > i}|
among every ordering f for G.
Cliquewidth. The cliquewidth of a graph G is the minimum
number of labels needed to construct G via labeled graphs
over the following 4 operations: (1) create a new vertex with
label ℓ, (2) disjoint union of two labeled graphs, (3) create
new edges between all vertices with label ℓ and those with ℓ′,
and (4) rename label ℓ to ℓ′.

{a, b, c}t1 {a, c, d} t2

a c b

d

Figure 2: (Left): A TD (PD) T of GΠ1
of Figure 1. (Right):

A Trémaux tree of GΠ1
.

Feedback Vertex Size. A set S is a feedback vertex set (FVS)
of a graph G, if the graph obtained from G after removing S
is acyclic. S is sparse (for a program Π) if (i) G ∈ {GΠ, IΠ},
and (ii) for every two atoms a, b ∈ at(Π) \ S, Π contains at
most one rule over both a, b. The feedback vertex size of G is
the smallest |S| among every FVS S of G.
Treedepth. A Trémaux tree T of a graph G = (V,E) is a
rooted tree such that for every edge {u, v} ∈ E, either u is
an ancestor of v in T or vice versa. The treedepth of G is the
minimum height among all Trémaux trees of G.
Vertex Cover Size. A vertex cover of a graph G = (V,E) is
a set S ⊆ V such that for every {u, v} ∈ E, we have u ∈ S
or v ∈ S. The vertex cover size of G is the smallest |S| over
all vertex covers S of G.
Example 2. Recall Π1 from Example 1. Figure 2 (left)
depicts a PD of GΠ1

, whose width is 2, corresponding to
the pathwidth, treewidth, and bandwidth of the graph. The
cutwidth of GΠ1

is 3 and its cliquewidth is 2, as two labels are
sufficient to construct GΠ1

. The smallest FVSs of GΠ1
are {a}

and {c}; the smallest sparse FVS is S1 = {a, c}. Further, S1

is the smallest vertex cover of GΠ1 . Figure 2 (right) shows a
Trémaux tree of GΠ1 of height 2 (treedepth of GΠ1 ).

Vertex Cover Limits the Cost of Disjunction
In (Lampis and Mitsou 2017), the authors showed that satisfi-
ability of quantified Boolean formulas (QBFs) ϕ is possible
in single exponential time in the size of the smallest ver-
tex cover of the primal graph of ϕ, if the size of clauses is
bounded by a constant independent of ϕ.

This begs the question of whether the same is possible
for ASP. The first idea that comes to mind, is to translate
programs Π to QBFs ϕ(Π). However, using the standard
translation (Egly et al. 2000), the smallest vertex cover of the
program ϕ(Π) has at least size |at(Π)|, and thus, cannot be
bounded in the size of the smallest vertex cover for Π.

We show something stronger instead, namely, for programs
with bounded rule size c, e.g., c = 3 for normalized programs,
we give a polynomial kernel in terms of vertex cover size.
Theorem 1 (Polynomial VC-Kernel). Let Π be a program
such that for every rule r ∈ Π we have |Hr|+|B−

r |+|B+
r | ≤

c for c ∈ N. Further, let S ⊆ at(Π) be a vertex cover of GΠ.
Then there is a program Π′ where we have (i) |at(Π′)| ≤
4c
(|S|

c

)
and (ii) Π is consistent iff Π′ is consistent.

Proof (Sketch). The role of an atom a ̸∈ S in the program is
defined by the rules where it occurs in. Since S is a vertex
cover of GΠ, all other atoms in the rules that contain a must
be in S. Because the rule size is bounded by c, we can bound
the number of different roles. However, we can show that if
two atoms have the same role, then we can remove one of
them without changing consistency of the program.
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A similar result holds if the primal graph does not di-
rectly represent the structure of type 1 and type 2 rules of the
form a ← ¬b or a ∨ b ←, respectively. This is important,
as these rules are oftentimes required to model “guesses” or
use the full power of ASP semantics, respectively. Indeed,
this will otherwise be the source of a large vertex cover size.
To this end, let the GiΠ, for i = 0, 1, 2 be the primal graphs
consisting of the type i rules of a program Π, where type 0
rules are rules that are not of type 1 or 2.
Corollary 1. Let Π be a program such that for every rule
r ∈ Π we have |Hr| + |B−

r | + |B+
r | ≤ c for c ∈ N, where

every atom has at most one neighbor in G1Π or G2Π (that is not
a neighbor in G0Π). Furthermore, let S ⊆ at(Π) be a vertex
cover of I0Π. Then there exists a program Π′ such that (i)
|at(Π′)| ≤ 3 · 4 · (4c

(|S|
c

)
)2 +4c

(|S|
c

)
and (ii) Π is consistent

iff Π′ is consistent.
The algorithm above also works for the incidence graph.

Corollary 2. Let Π be a program such that for every rule
r ∈ Π we have |Hr| + |B−

r | + |B+
r | ≤ c for c ∈ N and

let S ⊆ at(Π) be a vertex cover of IΠ. Then there exists a
program Π′ such that (i) |at(Π′)| ≤ 4c

(|S|
c

)
cc and (ii) Π is

consistent iff Π′ is consistent.
The polynomial kernels above immediately give rise to the

following runtime result.
Corollary 3. Let Π be a program such that for every rule
r ∈ Π we have |Hr| + |B−

r | + |B+
r | ≤ c for c ∈ N and

vertex cover size k of the primal graph. Then we can decide
consistency of Π in time O(22·4c(kc) poly(|at(Π)|)).

Decrease Cyclicity and Treedepth by the Power
of Disjunction

In this section we show how to translate a (tight) logic pro-
gram to a disjunctive program, thereby exponentially decreas-
ing the program’s cyclicity, i.e., it’s feedback vertex size and
explicitly utilizing the structural power of disjunctive ASP.
The reduction uses head-cycles and disjunction in order to
carry out the exponential parameter decrease, which will
yield new lower bounds for disjunctive ASP. In fact, we even
prove a stronger lower bound, which already holds for (i)
normalized fully tight programs and (ii) sparse FVS size.

The idea of this reduction Rfvs is as follows. We take
a normalized fully tight program Π and a sparse feedback
vertex set S of GΠ of size |S| = k. From this we construct
a disjunctive program, where we decouple the atoms of Π
and we model three pointers to S to check satisfiability of Π.
Since Π is normalized, i.e., ever rule contains at most three
atoms, indeed three pointers are sufficient to refer to all the
atoms of a rule. These three pointers can be expressed by
using 3 log(k) many atoms, which will allow us to achieve the
desired compression of feedback vertex size from k to log(k).

This reduction Rfvs constructs a disjunctive program,
thereby relying on the atoms at(Π) of the given (normal-
ized) fully tight program Π and the following additional
auxiliary atoms. We use atoms sat to indicate satisfaction
for the interpretation over at(Π) of the program. Further, for
every r ∈ Π, if satr holds, satisfaction of r shall be checked.

Further, we require bit atoms of the form bij for three pointers
(1 ≤ j ≤ 3), which indicates that the i-th bit of pointer j is
set to one, and we need ⌈log(|S|)⌉ many of these bits, i.e.,
0 ≤ i < ⌈log(|S|)⌉. In order to also unset these atoms (i.e.,
set the bits to zero), we require corresponding inverse copies
of the form bij , with the intended meaning that the i-th bit of
pointer j is set to zero. Intuitively, a subset over these atoms
of cardinality ⌈log(|S|)⌉ for a fixed j addresses exactly one
atom that is contained in S. We briefly need to define auxil-
iary notation. For every atom x ∈ S, we let [[x]]j be the set
of these bit atoms for pointer j of cardinality ⌈log(|S|)⌉ that
uniquely addresses x. To this end, one may assume that the
elements in S are given in any arbitrary, but fixed order and
that [[x]]j then binary-encodes the ordinal position of x in S.
Finally, in addition to the capability of referring to atoms
in S, we also need to set the value for the target of the three
pointers, resulting in atoms v1, v2, and v3.
The Reduction. We are ready to proceed with the formal
description of our reduction, as given in Figure 33. To this
end, we take our normalized fully tight program Π and the
feedback vertex set S of GΠ and construct a program Π′

according toRfvs as follows. For improved readability, re-
duction Rfvs is split into four different groups. In the first
group, consisting of Rules (1),we guess the interpretation, the
bits that will form pointers, the pointer target’s values, as well
as the rules of Π that shall be checked. The atoms appearing
under disjunction will be subject to saturation, so any answer
set can only contain all of these atoms, which is ensured by
Rules (2)–(3) of the second group, where (3) requires sat to
be in every answer set. So, whenever we check an answer set
candidate M , for every combination of these atoms under dis-
junction, there must not exist a ⊆-smaller model of ΠM , i.e.,
intuitively, these atoms are implicitly universally quantified.

The remainder boils down to synchronizing pointers and
their values, which is achieved in the third group of rules,
and checking rules in the fourth group. Rules (4) ensure that
whenever we need to check rule r, i.e., in case satr holds,
as soon as any bit of the three pointers is not in accordance
with the bit combination addressing the three atoms of r, we
obtain sat. In other words, as soon as we refer to the atoms
of r incorrectly, we just skip those interpretations. Similarly,
by Rules (5), we have that whenever the j-pointer refers to
an atom x that is contained in S and the pointer value vj
is contained in the answer set candidate, but x is not (or
vice versa), we also obtain sat. Note that it is crucial for the
feedback vertex set of the resulting program that satr does
not appear in any of the two rules.

Finally, a rule r is satisfied if the pointer value vj for the
j-th atom is set accordingly, ensured by Rules (6) and (7), or
if any of those rule atoms not in S are set accordingly, see
Rules (8) and (9). The only remaining rule is (10), which is
required to avoid ⊆-smaller reduct models containing every
atom of the form satr and none of the form satr. Intuitively,
this is essential, since not checking any of these rules r would
lead to a ⊆-smaller reduct model.

Before we discuss the consequences of this rule in more
details, and we briefly demonstrate the reduction below.

3For brevity, ḃ for atom b refers to bij if b=bij and to bij if b=bij .
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Guess Interpretation, Pointers, and Values

x ∨ x← satr ∨ satr ← bij ∨ bij ← vj ∨ vj ← for every x∈ at(Π), r∈Π, 0 ≤ i < ⌈log(|S|)⌉, 1 ≤ j ≤ 3 (1)

Saturate Pointers and Values

bij ← sat bij ← sat vj ← sat vj ← sat for every 0 ≤ i < ⌈log(|S|)⌉, 1 ≤ j ≤ 3 (2)

satr ← sat satr ← sat ← ¬sat for every r ∈ Π (3)
Synchronize Pointers and Values

sat← satr, ḃ for every r ∈ Π, 1 ≤ j ≤ 3, x ∈ S ∩ at(r), j = pos(r, x), b ∈ [[x]]j (4)

sat← b0, . . . , bn, vj , x sat← b0, . . . , bn, vj , x for every 1 ≤ j ≤ 3, x ∈ S, [[x]]j = {b0, . . . , bn} (5)
Check Satisfiability of Rules
sat← satr, vj for every r ∈ Π, x ∈ S ∩ (Hr ∪B−

r ), j = pos(r, x) (6)

sat← satr, vj for every r ∈ Π, x ∈ S ∩B+
r , j = pos(r, x) (7)

sat← satr, x for every r ∈ Π, x ∈ (Hr ∪B−
r ) \ S (8)

sat← satr, x for every r ∈ Π, x ∈ B+
r \ S (9)

sat← satr1 , . . . satrn where Π = {r1, . . . , rn} (10)

Figure 3: The reductionRfvs that takes a normalized fully tight program Π and a sparse feedback vertex set S of GΠ.

b

rb2

d S

a

c

rb1

b sat1

sat2

rb2
rb2

b
sat5

d
d

sat7

sat8

sat11

sat3
sat4

sat9
S′

sat6sat10 a

c

rb1

b01 b03

b11 . . . b13

v1 v3sat

Figure 4: Visualization of the structure of Rfvs for some
normalized fully tight program Π. (Left): Primal graph GΠ
together with a sparse FVS S that connects GΠ. (Right): GΠ′

(simplified) and a sparse FVS S′ of Π′, obtained byRfvs.

Example 3. Recall program Π2 over 6 atoms and 11 rules,
and S1 from Example 1. Observe that, e.g., S2 = S1 ∪
{rb1} is a sparse FVS of GΠ2

. Below we list selected rules
ofRfvs(Π2, S2). Since |S2| ≤ 3, we require 3·⌈log(|S2|)⌉ =
6 bit atoms b0j , b

1
j and 3 values vj (1 ≤ j ≤ 3), to simultane-

ously address and assign up to 3 atoms in a rule of Π2.

Assuming pos(r4, a) = 1 and pos(r4, c) = 2, as well
as [[a]]1 = {¬b01,¬b11} and [[c]]2 = {¬b02, b12}, we construct
these rules for r4: Besides Rules (1)–(3) and (10), Rules (4)
ensure that if satr4 holds, we address a and c by sat ←
satr4 , b

0
1; sat ← satr4 , b

1
1; sat ← satr4 , b

0
2; and sat ←

satr4 ,¬b12. Pointer values are in sync with atoms in S by
Rules (5). Rules (6)–(9) ensure satisfiability of r4 by sat←
satr4 ,¬v1; sat← satr4 , v2; and sat← satr4 , d.

Figure 4 visualizes the relation between a primal graph GΠ
and the resulting primal graph GRfvs(Π,S), along the lines
of our running example where Π = Π2 and S = S2.

Results. First, we show runtime results and correctness.

Lemma 1 (Runtime & Correctness). Let Π be any normal-
ized fully tight program, S be any sparse FVS of GΠ, and
let Π′=Rfvs(Π, S). Rfvs runs in time O(|at(Π)| + |Π| ·
log(|S|) + |S|) and it is correct: Any answer set M of Π
can be extended to an answer set M ′ of Π′. Further, for any
answer set M ′ of Π′, M ′ ∩ at(Π) is an answer set of Π.

Leaving Rule (10) aside, we can show that the reduction
significantly decreases the feedback vertex size. Interestingly,
while the disjunction over atoms at(Π) in Rules (1) is not
required for saturation, it serves in preserving sparsity.

Theorem 2. Let Π be any normalized fully tight program, S
be any sparse FVS of GΠ, and let Π′ = Rfvs(Π, S). Then,
there is a sparse FVS of GΠ′′ of sizeO(⌈log(|S|)⌉), where Π′′

is a normalized program of Π′ \ {r}, with r being Rule (10).

We do not expect that this result can be improved without
excluding Rule (10). Intuitively, the problem is that normal-
izing this rule significantly incrases the feedback vertex size.
However, for a given sparse feedback vertex set S of the pri-
mal graph GΠ, we have a direct relationship between |S| and
the feedback vertex size of the natural incidence graph IΠ′

of the resulting program Π′. We obtain the following result.

Lemma 2 (Compression). Let Π be a normalized fully tight
program, S be a sparse FVS of GΠ, and Π′=Rfvs(Π, S).
Then, there is a sparse FVS of IΠ′ of size O(⌈log(|S|)⌉).

Proof. We define S′′ := S′ ∪ {r}, where S′ is defined in
Lemma 2 and r refers to Rule (10), which will be a FVS
of IΠ′ for the program Π′. Obviously, S′′ breaks-up the cy-
cles in IΠ′ caused by Rule (10). Further, since by Theorem 2,
S′ is a sparse FVS of GΠ′ , we follow that removing S′′ from
IΠ′ results in an acyclic graph.
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Note that Rules (5) can be easily normalized without in-
creasing the feedback vertex size. The result above allows us
to directly prove the following lower bound.

Theorem 3 (FVS LB). Let Π be any disjunctive program.
Under ETH the consistency of Π cannot be decided in time
22

o(k) · poly(|at(Π)|) for (sparse) FVS size k of IΠ.

Proof. Assume towards a contradiction that despite ETH, we
can decide Π in time 22

o(k) ·poly(|at(Π)|). Then, we take any
3-CNF formula F and transform it into a normalized fully
tight program Π′ := {a ← ¬a, a ← ¬a | a ∈ var(F )}
∪ {← ℓ̂1, ℓ̂2, ℓ̂3 | (ℓ1 ∨ ℓ2 ∨ ℓ3) ∈ F}, where ℓ̂ :=¬ℓ
if ℓ∈ var(F ) and ℓ̂ := ℓ otherwise. We compute a sparse
FVS S of GΠ′ in time 3.619O(k) ·poly(|at(Π′)|) (Kociumaka
and Pilipczuk 2014). We apply our reduction and construct
Π :=Rfvs(Π

′, S), running in polynomial time. By Lemma 2,
there is a FVS of IΠ of size k :=O(k) with k := log(|S|).
Solving Π in time 22

o(k) · poly(|at(Π′)|) implies solving F
in time 2o(|S|) · poly(|var(F )|), which contradicts ETH.

We get a similar result for the primal graph, assuming that
just a single rule is not represented in this graph.

The lower bound can be strengthened to the distance k to
almost paths, even if the path lengths are linear in k. This
distance counts the number of vertices that need to be re-
moved from a graph, to obtain disconnected paths, where
every vertex may have one additional degree-1 neighbor.

Theorem 4. Let Π be any disjunctive program. Under ETH,
the consistency of Π cannot be decided in time 22

o(k) ·
poly(|at(Π)|) for distance k to almost paths of IΠ. The result
still holds if the largest path length is in O(k).

Even further, we also get a tight lower bound for treedepth.

Theorem 5 (TDP LB). Let Π be any disjunctive program.
Under ETH the consistency of Π cannot be decided in time
22

o(k) · poly(|at(Π)|) for treedepth k of IΠ.

A Note on Normal Programs. Our reductions still work for
non-tight programs, assuming that besides Clark’s comple-
tion (Clark 1977), a suitable technique for treating positive
cycles (Lin and Zhao 2003), e.g., a treewidth-aware (Hecher
2022) level ordering (Janhunen 2006), and normalization,
has been applied. However, for separating disjunctive from
normal programs regarding structural hardness, normalized
fully tight programs are aready sufficient.

Hardness for Bandwidth and Cutwidth
The reduction of the previous section can be further general-
ized to work also for other parameters more general than
treewidth. To show double-exponential lower bounds for
these parameters, we design a reduction on tree decomposi-
tions. Then we will obtain stronger results by tweaking the
reduction and considering more restricted decompositions.

For the ease of presentation, we rely on the following TDs.

Definition 1 (Annotated TD). Let Π be a program, GΠ be a
graph representation of Π, and T =(T, χ) be a nice TD of
GΠ such that T =(V,E). Further, let φ : (at(Π) ∪Π)→ V

be an injective mapping such that (i) for every a ∈ at(Π),
we have a ∈ χ(φ(a)) and (ii) for every r ∈ Π, we have
at(r) ⊆ χ(φ(r)). Then, we call (T, χ, φ) an annotated TD.

Note that an annotated TD ensures that every atom and
rule get assigned a unique node, whose bag contains the atom
and the rule’s atoms, respectively. Any TD can be annotated
by greedily assigning suitable atoms and rules to a node and,
if necessary, duplicating this node to ensure injectivity.
The Reduction. Conceptually, the ideas of our reductionRtd

for exponentially decreasing treewidth are similar to above.
However, we require different auxiliary atoms. To this end,
consider a normalized fully tight program Π and an anno-
tated nice TD T =(T, χ, φ) of GΠ. Then, we use bit atoms
of the form bit,j and bit,j , i.e., we require three pointers for
each node t of T , where 1≤ j≤ 3 and 0≤ i< ⌈log(|χ(t)|)⌉.
A consistent subset over these bit atoms for a fixed t and j
addresses (targets at) exactly one atom contained in χ(t).
Hence, to represent the value of this target, we require corre-
sponding value atoms vt,j .

In order to avoid unintentional increases of treewidth, we
implicitly split Rule (10) and guide it along T , from the
leaves towards the root of T . In addition to atoms satr, satr
for a rule r ∈ Π, atoms satt store the evaluation of parts of
Rule (10) up to t. So, we do not need atom sat and instead
use satt∗ where t∗=root(T ). Finally, for every atom x ∈
χ(t), we let [[x]]t,j be the set of bit atoms for the j-th pointer
that uniquely addresses x, assuming (as above) that [[x]]t,j
uniquely binary-encodes the ordinal position of x in χ(t).

ReductionRtd is given in Figure 5. Compared to the pre-
vious reduction, we synchronize atoms x with pointer values
in Rules (15) and (16), where, assuming that t=φ(x), we
preserve the exponential decrease of treewidth by synchroniz-
ing only one atom in χ(t) (i.e., not more than log(k) bits) at
once. Further, Rules (17) synchronize neighboring pointers
(bit atoms) and bit value atoms. Satisfiability of a rule is veri-
fied per bag, using Rules (18), (19). Finally, Rules (20) guide
Rule (10) along T , thereby evaluating whether all atoms satr
hold for rules r ∈ Π, where φ(r) maps to a node below t.
Results. As above, we prove runtime and correctness next.
Lemma 3 (Runtime & Correctness). Let Π be any nor-
malized fully tight program, T be an annotated nice TD
of GΠ of width k, and let Π′ = Rtd(Π, T ).Rtd runs in time
O((|at(Π)|+ |Π|) ·k) and is correct: Any answer set M of Π
can be extended to an answer set M ′ of Π′. Also, for any
answer set M ′ of Π′, M ′ ∩ at(Π) is an answer set of Π.

Indeed,Rtd exponentially decreases treewidth.
Lemma 4 (TW Compression). Let Π be any normalized fully
tight program, T = (T, χ, φ) be any annotated TD of GΠ of
width k, and Π′=Rtd(Π, T ). There is a TD of GΠ′′ of width
O(⌈log(k)⌉), where Π′′ is a normalized program of Π′.

Since compression works for tree decompositions, it also
works for path decompositions, yielding the following result.
Theorem 6 (PW/CLW LB). Let Π be any normalized dis-
junctive program. Under ETH the consistency of Π cannot
be decided in time 22

o(k) · poly(|at(Π)|), where k is the path-
width or the cliquewidth of GΠ or IΠ.
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Guess Interpretation, Pointers, and Values

x ∨ x← satr ∨ satr ← bit,j ∨ bit,j ← vt,j ∨ vt,j ← for every t in T, r∈Π, x∈at(Π), 0≤i<⌈log(|χ(t)|)⌉, 1≤j≤3 (11)

Saturate Pointers and Values

bit,j ← satroot(T ) bit,j ← satroot(T ) ← ¬satroot(T ) for every t in T, 0≤ i< ⌈log(|χ(t)|)⌉, 1≤ j≤ 3 (12)

vt,j ← satroot(T ) vt,j ← satroot(T ) satr ← satroot(T ) satr ← satroot(T ) for every t in T, r ∈ Π, 1 ≤ j ≤ 3 (13)

Synchronize Pointers and Values

satroot(T ) ← satr, ḃ for every t in T, t = φ(r), x ∈ at(r), j = pos(r, x), b ∈ [[x]]t,j (14)

satroot(T ) ← b0, . . . , bn, vt,j , x for every t in T, t = φ(x), 1 ≤ j ≤ 3, [[x]]t,j = {b0, . . . , bn} (15)

satroot(T ) ← b0, . . . , bn, vt,j , x for every t in T, t = φ(x), 1 ≤ j ≤ 3, [[x]]t,j = {b0, . . . , bn} (16)

satroot(T ) ← b0t , . . . , b
n
t ,

˙bt′ for every t in T, t′ ∈ chldr(t), x ∈ χ(t) ∩ χ(t′), 1 ≤ j ≤ 3,

satroot(T ) ← vt,j , vt′,j satroot(T ) ← vt,j , vt′,j [[x]]t,j={b0t , . . . , bnt }, bt′∈[[x]]t′,j (17)

Check Satisfiability of Rules
satroot(T ) ← satr, vt,j for every t in T, t = φ(r), x ∈ (Hr ∪B−

r ), j = pos(r, x) (18)

satroot(T ) ← satr, vt,j for every t in T, t = φ(r), x ∈ B+
r , j = pos(r, x) (19)

satt ← satt1 , . . . , satto , satr1 , . . . , satrm for every t in T, chldr(t)={t1, . . . , to}, {r∈Π | t=φ(r)}={r1, . . . , rm} (20)

Figure 5: The reductionRtd that takes a normalized fully tight program Π and an annotated nice TD T = (T, χ, φ) of GΠ.

Further, we can show stronger bounds than pathwidth by
linking a more restricted variant of pathwidth to bandwidth.
Lemma 5. Let G=(V,E) be a graph, T =(T, χ) be a PD
of G of width k, s.t. every vertex in V occurs in at most two
bags of T . Then, the bandwidth of G is bounded by 2k − 1.

Theorem 7 (BW/CW LB). Let Π be any normalized disjunc-
tive program. Under ETH, consistency of Π cannot be de-
cided in 22

o(k) · poly(|at(Π)|) for bandwidth k of GΠ (IΠ).

While bandwidth bounds the degree to obtain a tight bound
for cutwidth, we require a constant degree (independent from
cutwidth). However, we add auxiliary atom copies to ensure
constant degree while linearly preserving the parameter.
Theorem 8 (CW LB). Let Π be any normalized disjunctive
program. Under ETH the consistency of Π cannot be decided
in time 22

o(k) · poly(|at(Π)|) for cutwidth k of GΠ or IΠ.

Discussion and Conclusion
In this paper we discussed the computational effort of dis-
junctive ASP in terms of structural measures. Unfortunately,
for treewidth, under reasonable assumptions (ETH), there
is no hope for a runtime significantly better than double-
exponential in treewidth. What about other parameters?

It turns out that for normalized programs and if we take a
vertex cover of the program’s rule structure (incidence graph),
we obtain a kernel that is polynomial in the vertex cover’s
size. Note that this even holds despite the implicit subset-
minimization, which, when translating into a logical formula
causes the duplication of atoms, i.e., the formula admits only
huge vertex covers. Hence, we achieve a single-exponential
algorithm for disjunctive ASP. While this is good news,

some practical programs admit only huge vertex covers in
their structure. Is there a useful measure smaller than vertex
cover that still admits a single-exponential algorithm?

We develop a new technique that allows us to reduce from
non-disjunctive ASP to disjunctive ASP, thereby exponen-
tially reducing structural dependencies. With this approach
we trade a significantly simpler structure for additional com-
putational hardness. Unfortunately, under ETH, we give nega-
tive answers by excluding most prominent structural parame-
ters between vertex cover and treewidth: treedepth, feedback
vertex size, cliquewidth, pathwidth, bandwidth, and cutwidth.

These results yield insights into the hardness of disjunction,
thereby providing simple program structures that are already
“hard”. Indeed, from a practical point of view, this renders
disjunction significantly harder, already for simple structural
dependencies. In fact, disjunction allows us to simplify struc-
ture. So, how much does structure really help? We hardly
expect better results for measures smaller than a vertex cover.
Future Work. This paper opens up several questions for fu-
ture research. Combining structural and non-structural mea-
sures may be strong enough to better confine disjunction. This
paper provides a starting point towards a modeling guideline
for limiting the cost of disjunction. We expect progress in this
direction in the future. Further, seeing how our bounds persist
for stronger versions of ETH, e.g., SETH, is interesting. Do
our reductions pay off in practice? Since the ones in Figures 3
and 5 preserve answer sets, we expect use cases for counting-
like problems. For neuro-symbolic applications, where, (al-
gebraic) counting is the basis for parameter learning, we
expect improvements by our ideas. Here, as demonstrated
by counting competitions (Fichte, Hecher, and Hamiti 2021;
Korhonen and Järvisalo 2021), using structure is crucial.
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