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Abstract
Given a mapping from a set of players to the leaves of a com-
plete binary tree (called a seeding), a knockout tournament
is conducted as follows: every round, every two players with
a common parent compete against each other, and the win-
ner is promoted to the common parent; then, the leaves are
deleted. When only one player remains, it is declared the win-
ner. This is a popular competition format in sports, elections,
and decision-making. Over the past decade, it has been stud-
ied intensively from both theoretical and practical points of
view. Most frequently, the objective is to seed the tournament
in a way that “assists” (or even guarantees) some particular
player to win the competition. We introduce a new objective,
which is very sensible from the perspective of the directors
of the competition: maximize the profit or popularity of the
tournament. Specifically, we associate a “score” with every
possible match, and aim to seed the tournament to maximize
the sum of the scores of the matches that take place. We fo-
cus on the case where we assume a total order on the players’
strengths, and provide a wide spectrum of results on the com-
putational complexity of the problem.

1 Introduction
A knockout (or single-elimination) tournament is the most
popular competition format in sports (Horen and Riezman
1985; Connolly and Rendleman 2011; Groh et al. 2012).
Here, roughly speaking, the players are paired up to compete
against each other in rounds, where, at each round, the losers
are knocked out, until only one player (the winner) remains.
For an illustrative example, consider any major tennis tour-
nament or the knockout stage of the football world cup. No-
tably, knockout tournaments are common in other fields as
well, such as elections and decision-making (Suksompong
2021; Tullock 1980; Rosen 1986; Laslier 1997).

More formally, we are given n players (where, for sim-
plicity, n is a power of 2) and a seeding that determines how
to label the n leaves of a complete binary tree with the play-
ers. Given a seeding, the competition is conducted in rounds:
As long as the tree has at least two leaves, every two players
with a common parent in the tree play against each other,
and the winner is promoted to the common parent; then, the
leaves of the tree are deleted from it. Eventually, only one
player remains, and this player is declared the winner.
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Over the past decade, knockout tournaments have been
studied intensively from both theoretical and practical points
of view. Most of the attention has been given to the objec-
tive of making a specific player win, particularly by selecting
a seeding that is considered advantageous to this player, as
well as bribing some of the players (see, e.g., the surveys
by Suksompong (2021) and Williams and Moulin (2016)).
Here, to decide whether a seeding is advantageous, we as-
sume to possess predictions (deterministic or probabilistic)
on the winners of (all or some of) the possible games or
matches (we use these two terms interchangeably). In partic-
ular, when the aforementioned information is deterministic
and complete (i.e., for every possible match involving two
players, we “know” who will be the winner) and our only
influence on the competition is by picking the seeding, the
problem is known as the TOURNAMENT FIXING problem.
This problem and its various variations have been exten-
sively studied from the viewpoints of classical complexity,
parameterized complexity, and structural analysis (see, e.g.,
(Gupta et al. 2019, 2018a,b; Kim and Williams 2015; Aziz
et al. 2018; Vu, Altman, and Shoham 2009; Williams 2010;
Zehavi 2023; Ramanujan and Szeider 2017; Stanton and
Williams 2011b,a; Kim, Suksompong, and Williams 2017;
Manurangsi and Suksompong 2023); this list is illustrative
rather than comprehensive).

One aspect of our contribution is conceptual: we intro-
duce a new objective, which is, perhaps, more sensible from
the perspective of the directors of the competition: maximize
the profit or popularity of the tournament. Indeed, this is the
main reason behind commercials and promotions for sports
competitions and a subject of active discussion in the media.
More formally, the input consists of n players and, for ev-
ery possible match between two players, the winner of that
match. Additionally, for every possible match between two
players and the round in which it is to be conducted, we
have the value of that match in that round, represented by
an integer. Here, the value can correspond to the profit, pop-
ularity, or any other measure (or combination thereof) as-
sociated with the match in that round. We expect matches
conducted in later rounds to be more profitable/popular; yet,
when rounds do not affect this matter, the value function is
said to be round-oblivious. The latter is plausible in many
cases, such as local derbies or games between two rivaling
teams or players, which roughly maintain their excitement
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regardless of the tournament round in which it occurs (Hall,
O’Mahony, and Vieceli 2010; Chmait et al. 2020). The task
is to compute a seeding that maximizes the sum of the val-
ues of the matches that take place in all rounds. Clearly, this
problem can be naturally generalized to scenarios where the
predictions are probabilistic or/and partial, to maximize the
expected value.

Being the first study on the computational complexity
of this problem, we focus on the simplest and most basic
case, where the predictions correspond to a linear ordering
of the players, say, from weakest to strongest. This is also
the most realistic case in terms of existing inputs. Indeed, a
linear ordering can be simply obtained by taking an exist-
ing ranking of the players or calculating a number based on
their previous performances (e.g., as is done in tennis (ESPN
2023b,a)). However, in many cases, it is unclear how to ob-
tain more complicated, non-linear assessments of outcomes.
Moreover, intuitively, the deterministic model can serve as a
“reasonable approximation” for settings where linear player
rankings are available and the winning probabilities are ei-
ther unknown or assumed to be close to 1/0. Henceforth, we
refer to our problem—with a linear ordering of the players—
as TOURNAMENT VALUE MAXIMIZATION; a formal defini-
tion can be found in Section 2. We note that for the TOUR-
NAMENT FIXING problem, the case of a linear ordering
makes the problem trivial, since then, for any seeding, the
same player (being the strongest one) wins.

Other Related Works. There is a huge body of research
on TOURNAMENT FIXING and related tournament manipu-
lation problems; we gave an illustrative list in the introduc-
tion. However, to the best of our knowledge, there is no prior
work on TOURNAMENT VALUE MAXIMIZATION, with the
following exception. Dagaev and Suzdaltsev (2018) inves-
tigated a highly restricted case of our setting, where every
player has a distinct strength value, and the value of a game
is determined by (a linear combination) of its “quality” (the
sum of strengths of the involved players) and its “intensity”
(the absolute difference of the strengths of the involved play-
ers). They characterize cases where either a “close” seeding
is optimal, a “distant” seeding is optimal, or every seeding is
optimal. In particular, this implies that their restricted cases
are trivially solvable in linear time.

Our Contributions. We introduce TOURNAMENT
VALUE MAXIMIZATION and analyze its computational
complexity. Due to space constraints, the proofs of some
results (marked with ⋆) are deferred to the full version
of this paper (Chaudhary, Molter, and Zehavi 2023). In
Section 3, we prove that it is NP-hard (as well as APX-hard)
in two highly restricted scenarios: when all game values are
0 or 1, or when the game-value function is round-oblivious
and there are 3 distinct game values. Here, the proofs are
based on non-trivial reductions from MAX (2, 3)-SAT.

Nevertheless, we provide a wide spectrum of positive re-
sults in Section 4. First, we provide a simple (1/ log n)-
factor approximation algorithm based on the computation of
a maximum-weight matching in a graph. Second, we iden-
tify a large family of game-value functions that give rise to
efficient algorithms: a quasipolynomial-time algorithm (i.e.,

Restriction Hardness
Results

Algorithmic
Results

unrestricted

NP-hard and
APX-hard for
2 game values
(Theorem 5)

-

round-oblivious
NP-hard and
APX-hard for
3 game values
(Theorem 6)

(1/ log n)-factor
approximation
(Theorem 7)

FPT w.r.t. the size
of a minimum

influential set of
players

(Theorem 15)

win-count
oriented -

nO(logn)-time
algorithm

(Theorem 8)

player
popularity-based
(implies round
oblivious and

win-count
oriented)

-

linear-time
algorithm for 2
player values
(Theorem 10)

FPT w.r.t. the
disagreement
between the

player popularity
values and the

strength ordering
(Theorem 12)

Table 1: Table of Results.

with runtime nO(log n)). Intuitively, this family consists of
game-value functions that allow the total value of a tourna-
ment to be computed from the information on the number of
wins of each player. Here, our main tool is the introduction
of the concept of open and closed subtournaments (given a
partial seeding). We use it to design a dynamic programming
algorithm. Moreover, we identify a natural restriction that
facilitates a simple greedy algorithm. Here, each player is
assigned a popularity value, and the value of a game is equal
to the popularity value of the winning player. Additionally,
we assume that there are only two different player popular-
ity values. Intuitively speaking, players can be categorized
as either “popular” or “unpopular”.

Still regarding positive results, now at the parameterized
complexity front, our contribution is twofold. First, we con-
sider the setting where each player is once again assigned
a popularity value, and the value of a game is equal to the
popularity value of the winning player. Note that the popu-
larity values naturally define an ordering of the players, from
most to least popular. For this setting, we consider a natural
distance measure between the strength ordering and the or-
dering given by the popularity values of the players (for a
formal definition, see Section 4). For this setting, we present
a fixed-parameter algorithm (i.e., an algorithm with a run-
time of the form f(k) · nO(1) for a function f depending
only on k). The motivation for considering this parameter
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stems from the common observation that the popularity and
fascination surrounding players are often highly correlated
to their capabilities. Second, for (general) round-oblivious
value functions, we consider the parameter k as the mini-
mum size of a so-called influential set of players. Roughly
speaking, we define an influential set as a set of players such
that every match that does not involve any of them has value
0 (for a formal definition, see Section 4). We design a fixed-
parameter algorithm for this parameter as well. To this end,
we adapt the recent algorithm of Zehavi (2023) for TOUR-
NAMENT FIXING parameterized by the feedback vertex set
number of the prediction graph of the input, being the com-
plete digraph obtained by having an arc from a player a to
a player b if a is predicted to beat b. The motivation to con-
sider this parameter is that, quite often, only a small set of
players are truly profitable or popular.

Our main results are summarized in Table 1. We hope that
our work will open up the door for further studies of the
maximization of the profit or popularity of tournaments, and
present some directions for further research in Section 5.

2 Problem Setting and Preliminaries
In our tournament setting, we are given a set N of n = |N |
players (where, for simplicity, we assume that n is a power
of 2). Furthermore, we assume to possess deterministic pre-
dictions on the winners of all possible matches. Generally,
this is modeled by a so-called tournament graph, a directed
graph that has the set of players as vertices and where we
have one arc between each pair of players. As mentioned in
the introduction, our work focuses on the special case where
we have a linear ordering on the players that defines their rel-
ative strength. We assume that the ordering is from strongest
to weakest player. In other words, we consider the setting
where the tournament graph is acyclic. More formally, we
define players as natural numbers, and we say that a player
i beats a players j if i > j.

A seeding that determines how to label the n leaves of a
complete binary tree with the players. Given a seeding, the
competition is conducted in rounds as follows. As long as
the tree has at least two leaves, every two players with a
common parent in the tree play against each other, and the
winner is promoted to the common parent; then, the leaves
of the tree are deleted from it. Eventually, only one player
remains, and this player is declared the winner.

Formally, given a set N ⊆ N of players with |N | = n =

2n
′

for some n′ ∈ N, we define a tournament seeding for
N as an injective function σ : N → [n], where for k ∈ N
we denote [k] = {1, 2, . . . , k}. Informally speaking, σ(i) is
the seed position of player i and corresponds to the ordinal
position of the leaf player i is assigned to in a DFS-ordering
of the leaves of a complete binary tree with n leaves.

For some N ′ ⊆ N with |N ′| = 2n
′′

and a seeding σ for
N , we denote the function σ′ : N ′ → [|N ′|] as a partial
seeding for N ′, if for all players i, j ∈ N ′, we have that
σ′(i)− σ′(j) = σ(i)− σ(j). We use a game-value function
v : N × N × N → Z to quantify the value of a game. If
player i plays against player j in round r, the value of this
game is v(i, j, r). The value of the tournament is the sum of

the values of the games played. Formally:
Definition 1 (Tournament Value). Given a set of players N ,
a game-value function v : N×N×N→Z, and a tournament
seeding σ, the tournament value Vσ is defined as follows.
• If N = {i, j} with i > j, then for every tournament

seeding σ0 for players i, j the tournament value Vσ0 is
v(i, j, 1) and player i wins the tournament.

• Assume |N | = 2n for some n > 1. Let N1 ⊂ N with
|N1| = 2n−1 and let N2 = N \ N1 such that for all
i ∈ N1 and j ∈ N2 we have that σ(i) < σ(j). Let σ1

be the partial seeding for the players in N1 and let σ2

be the partial seeding for the players in N2. Let Vσ1
be

the value of the subtournament of players in N1 and let
i1 be its winner. Analogously, let Vσ2

be the value of the
subtournament of players in N2 and let i2 be its winner.
Then, the value of the tournament is Vσ = Vσ1 + Vσ2 +
v(i1, i2, n) and if i1 > i2, then i1 wins the tournament,
otherwise i2 wins the tournament.

The main problem we investigate asks whether we can
find a seeding that guarantees a certain minimal value of the
tournament. Our formal problem definition is the following,
where we assume that the set of players in the input is sorted
by the strength of the players (from strongest to weakest).

TOURNAMENT VALUE MAXIMIZATION

Input:
A set N ⊂ N of players with |N | = n = 2n

′

for some n′ ∈ N, a game-value function v :
N ×N × N → Z, and a target value V .

Question:
Is there a tournament seeding σ for the players
in N such that the tournament value Vσ is at
least V ?

We will consider some natural restrictions on the game-
value function. We call a game value v function home team
oblivious if for all pairs of players i, j and all rounds r we
have that v(i, j, r) = v(j, i, r). We call a game value v func-
tion round-oblivious if for all pairs of players i, j and all
rounds r, r′ we have that v(i, j, r) = v(i, j, r′).

Furthermore, we make the following observations.
Observation 1 (⋆). Let I be an instance of TOURNAMENT
VALUE MAXIMIZATION. Let I ′ be the instance obtained
from I by replacing the game-value function v with v′,
where for all i, j ∈ N and for all r ∈ N we have that
v′(i, j, r) = max{v(i, j, r), v(j, i, r)}. It holds that I is a
yes-instance if and only if I ′ is a yes-instance.

Observation 1 allows us w.l.o.g. to only consider TOUR-
NAMENT VALUE MAXIMIZATION instances with home
team oblivious game-value functions. Furthermore, we can
observe that we can add some constant to each game value
without significantly changing the tournament.
Observation 2 (⋆). Let I be an instance of TOURNAMENT
VALUE MAXIMIZATION. Let I ′ be the instance obtained
from I by replacing the game-value function v with v′,
where for all i, j ∈ N and for all r ∈ N we have that
v′(i, j, r) = v(i, j, r) + c for some c ∈ Z and by replac-
ing the target value V with V ′ = V + (n − 1) · c. It holds
that I is a yes-instance if and only if I ′ is a yes-instance.
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To find tractable cases, we investigate a restricted class
of game-value functions that we call win-count oriented. In-
tuitively speaking, such a game-value function allows one
to evaluate the value of the tournament by looking at each
player and the number of games they won.

Definition 2 (Win-Count-Oriented Game-Value Function).
A game-value function v : N × N × N → Z is win-count-
oriented if there is a player evaluation function p : N×N →
Z such that for every seeding σ the tournament value Vσ

equals
∑

i∈N p(i, wσ(i)), where wσ(i) denotes the number
of wins of player i ∈ N when tournament seeding σ is used.

We give an alternative characterization of win-count-
oriented game-value functions. We show that the game-
value function is win-count oriented if and only if the func-
tion value only depends on the round and the winning player.

Proposition 3 (⋆). A game-value function v : N×N×N →
Z is win-count oriented if and only if there exists a function
v′ : N×N→Z such that for all i, j, r ∈ N×N×N we have
v(i, j, r) = v′(max(i, j), r).

Another natural restriction is the setting where every
player has a popularity value, and the value of a game equals
the popularity value of the winning player. We call game-
value functions of this setting player popularity-based.

Definition 3 (Player Popularity-Based Game-Value Func-
tion). A game-value function v : N ×N ×N → N is player
popularity-based if there are player popularity values vi for
all players i ∈ N such that for all i, j ∈ N and r ∈ N, we
have v(i, j, r) = vmax(i,j).

We can observe that player popularity-based game-value
functions are exactly the win-count-oriented game-value
functions that are also round oblivious.

Observation 4. A game-value function is player popularity-
based if and only if it is win-count oriented and round-
oblivious.

3 Hardness Results
In this section, we consider computational hardness and
inapproximability for TOURNAMENT VALUE MAXIMIZA-
TION and its optimization version. To show the APX-
hardness, we give an L-reduction from MAX (2,3)-SAT,
which is known to be NP-hard and APX-hard (Ausiello et al.
2012). In MAX (2,3)-SAT, we are given a Boolean formula
ϕ such that each clause has exactly two literals and each
variable appears in at most three clauses, and we are asked
to find an assignment to the variables that satisfies the max-
imum number of clauses of ϕ.

Theorem 5 (⋆). TOURNAMENT VALUE MAXIMIZATION
is NP-hard and the optimization version of TOURNAMENT
VALUE MAXIMIZATION is APX-hard for game-value func-
tions that map to {0, 1}.

Theorem 6 (⋆). TOURNAMENT VALUE MAXIMIZATION
is NP-hard and the optimization version of TOURNAMENT
VALUE MAXIMIZATION is APX-hard for round-oblivious
game-value functions that map to three distinct values.

4 Algorithmic Results
A Polynomial-Time (1/ logn)-Approximation Algo-
rithm. Here, we show the existence of a (1/ log n)-
approximation algorithm for the optimization version of
TOURNAMENT VALUE MAXIMIZATION with a round-
oblivious game-value function that runs in polynomial
time.1 Formally, we prove the following theorem.

Theorem 7. The optimization version of TOURNA-
MENT VALUE MAXIMIZATION with a round-oblivious
game-value function admits a polynomial-time (1/ log n)-
approximation algorithm.

Proof. Consider Algorithm A that, given an instance T of
the optimization version of TOURNAMENT VALUE MAXI-
MIZATION with the player set N and with a round-oblivious
game-value function v, performs the following steps (1-5):

1. First, construct a complete undirected graph G that has
N as its vertex set and an edge-weight function w :
E(G) → N defined as follows:

w({i, j}) = max(v(i, j), v(j, i)).

2. Compute a maximum weight matching Mmax ⊆ E(G)
in G.

3. Let eℓ = {i, j} ∈ Mmax denote the ℓth edge in Mmax

and let w.l.o.g. v(i, j) ≥ v(j, i). Then, define a seeding
σ such that player i is seeded into position 2ℓ − 1 and
player j is seeded into position 2ℓ.

4. Let V max denote the set of vertices that are not saturated
by Mmax. For every i ∈ V max, seed player i arbitrarily
into any of the remaining seed positions of σ(which are,
{2|Mmax|+ 1, . . . , n}).

5. Return σ.

Now, we claim that if Wmax denotes the tournament
value of T corresponding to the seeding σ (returned by Al-
gorithm A), then Wmax is an (1/ log n)-approximation of
the maximum achievable tournament value of T. Before we
prove the approximation bound, note that Algorithm A runs
in polynomial time, as maximum weight matchings can be
computed in polynomial time (Galil 1986).

In the remainder, we show that Algorithm A is
a (1/ log n)-approximation algorithm for TOURNAMENT
VALUE MAXIMIZATION. Let V ⋆ denote the highest achiev-
able tournament value of T. Observe that we have

V ⋆ ≥ Wmax.

Now, let V ⋆
r denote the value of games played in round

r ∈ [log n] in the seeding that achieves tournament value
V ⋆. We have that

V ⋆
r ≤ Wmax,

since otherwise the games played in round r would corre-
spond to edges in G that form a matching with a weight
larger than Wmax (because the value of Wmax is exactly
equal to the weight of Mmax).

1Throughout this document, log refers to the base-2 logarithm.
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w∗

w∗

w∗

w∗

Figure 1: A tournament with n = 8 players where the win-
ning player w∗ is seeded into position one. The red vertices
represent the roots of the three subtournaments that open.

If follows that

V ⋆ =

logn∑
r=1

V ⋆
r ≤ log n ·Wmax.

Overall, we have that
1

log n
V ⋆ ≤ Wmax ≤ V ⋆,

and hence, the theorem follows.

We remark that the bound presented in Theorem 7 is in-
deed tight for the presented algorithm. We illustrate this in
the full version (Chaudhary, Molter, and Zehavi 2023).

A Quasi-Polynomial-Time Algorithm for Win-Count-
Oriented Game-Value Functions. For TOURNAMENT
VALUE MAXIMIZATION with a win-count-oriented
game-value function (see Definition 2), we present a
quasipolynomial-time algorithm.
Theorem 8. TOURNAMENT VALUE MAXIMIZATION with
a win-count-oriented game-value function can be solved in
nO(log n) time.

To describe the algorithm for Theorem 8, we introduce
some additional terminology and concepts. Intuitively, we
want to iterate through all players from the strongest to the
weakest. We know that the strongest player wins the tourna-
ment, so we can assume w.l.o.g. that it is seeded into some
fixed position, say one.

Once the winner of a tournament with n seed positions
is placed in the seeding, we say that log n subtournaments
open up, one for each round r ∈ [log n − 1] of the tour-
nament except the last one and one degenerate subtourna-
ment with only one player (if n > 1, for “round zero”).
The subtournament for round r has the 2r seed positions
{2r + 1, 2r + 2, . . . , 2r+1}. The degenerate subtournament
for “round zero” has seed position 2. The winner of each of
the subtournaments is seeded into the smallest seed position
of that subtournament and loses against the winner of the
overall tournament in the respective round. See Fig. 1 for an
illustration.

For each subtournament, we now have an analogous sit-
uation. Since we seed players iteratively and decreasingly
to their strength, we know that the first player seeded into
a subtournament wins the subtournament. Once a winning

player for a subtournament for some round r is seeded, we
say that the subtournament is closed, and r new subtour-
naments open up, one for each of the r − 1 rounds of the
subtournament for round r and one for “round zero”.

Now, after a prefix of the players is seeded (accord-
ing to their strength ordering), a certain set of subtourna-
ments is open. We classify subtournaments by their size or,
equivalently, by their number of rounds. We call a vector
X = (x0, x1, . . . , xlogn−1) ∈ Nlogn a subtournament pro-
file, where xr quantifies the number of open subtournaments
with r rounds.

We define the following dynamic program T :
Nlogn+1 → Z, where, intuitively, T [ℓ,X ] quantifies the
maximum value achievable by seeding the ℓ strongest play-
ers while obtaining subtournament profile X . Let N =

{1, 2, . . . , 2n′} be the set of players. Initialize T as follows.

T [1, x0, x1, . . . , xn′−1] ={
p(2n

′
, n′) if x0 = x1 = . . . = xn′−1 = 1,

−∞ otherwise.

The remaining entries are recursively defined as follows.

T [ℓ, x0, x1, . . . , xn′−1] =

max
r∈{0,1,...,n′−1}

(T [ℓ− 1, x0 − 1, . . . , xr−1 − 1,

xr + 1, xr+1, . . . , xn′−1] + p(2n
′
− ℓ+ 1, r)).

We first prove the correctness of the dynamic program.
Lemma 9. T [ℓ,X ] is the maximum value achievable by
seeding the ℓ strongest players while obtaining subtourna-
ment profile X .

Proof. We prove the statement by induction on ℓ. Initially,
for ℓ = 1, we have T [1, x0, x1, . . . , xn′−1] = p(2n

′
, n′) if

x0 = x1 = . . . = xn′−1 = 1, and T [1, x0, x1, . . . , xn′−1] =
−∞ otherwise.

Note that we start with the strongest player i = 2n
′
.

Hence, we have that i wins all games. It follows that for
each round r < n′, one subtournament with r rounds is
opened, and one degenerate tournament for round zero is
opened. Hence, the only achievable subtournament profile is
X = (1, 1, . . . , 1) and the value achieved is p(2n

′
, n′).

Now, assume that ℓ > 1 and let X = (x0, x1, . . . , xn′−1)
be a subtournament profile. Note that when seeding a player
as a winner of a subtournament with r rounds, one sub-
tournament with r rounds is closed, and r subtournaments
with 0, 1, . . . , r − 1 rounds, respectively, are opened. It
follows that to achieve the subtournament profile X =
(x0, x1, . . . , xn′−1) by seeding the ℓth player as a winner
of a subtournament with r rounds, the previous subtourna-
ment profile must be X ′ = (x0 − 1, x1 − 1, . . . , xr−1 −
1, xr +1, xr+1, xr+2, . . . , xn′−1). Seeding the ℓth strongest
player as a winner of a subtournament with r rounds in-
creases the tournament value by p(2n

′ − ℓ + 1, r). By in-
duction, we have that the optimal tournament value achiev-
able by seeding player ℓ as a winner of a subtournament
with r rounds and obtaining subtournament profile X is
T [ℓ− 1, x0 − 1, . . . , xr−1 − 1, xr + 1, xr+1, . . . , xn′−1] +
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p(2n
′−ℓ+1, r). It follows that the optimal tournament value

achievable by seeding the ℓ strongest players while obtain-
ing subtournament profile X is the maximum over all the
possibilities of how to seed the ℓth strongest player, which
is maxr∈{0,1,...,n′−1}(T [ℓ − 1, x0 − 1, . . . , xr−1 − 1, xr +

1, xr+1, . . . , xn′−1] + p(2n
′ − ℓ+ 1, r)). It follows that the

dynamic program is correct.

Finally, we are ready to prove Theorem 8.

Proof of Theorem 8. Consider the dynamic programming
table T : Nlogn+1 → N described above. By Lemma 9,
we have that we can find the optimal solution by computing
T [2n

′
, 0, 0, . . . , 0]; when all players are seeded, all subtour-

naments are closed. Each entry of the table can be computed
in time O(log n) time, since we compute the maximum over
O(log n) values, each of which can be looked up in constant
time. From the definition of the table, it follows that its size
is in nO(log n), since we consider O(log n) different sizes of
subtournaments and O(n) subtournaments of each size can
be open. Theorem 8 follows.

Algorithms for Player Popularity-Based Game-Value
Functions. We give a linear time greedy algorithm for spe-
cial cases of player popularity-based game-value functions
where there are two different player popularity values. Fur-
thermore, we give an FPT algorithm for the “disagreement”
between the player popularity values and the strength order-
ing, which, intuitively, measures how different the strength
ordering is from the ordering obtained by sorting the play-
ers (descending) by their player popularity value. We give a
formal definition when introducing the algorithms. The al-
gorithms presented here use the concept of open and closed
subtournaments introduced in the previous section.

Theorem 10 (⋆). TOURNAMENT VALUE MAXIMIZATION
is solvable in linear time if the game-value function is player
popularity-based and there are only two different player
popularity values.

Proof. Let a and b denote the two distinct player popularity
values with a > b. We call players with popularity value a
popular and all other players unpopular.

We provide a simple greedy algorithm for this case that
uses the concept of open and closed subtournaments. During
the execution of the algorithm, we keep track of how many
subtournaments of which size are currently open. Note that
since we are given a tournament with n players, initially,
one subtournament (with log n rounds) is open. Now, our
algorithm performs the following steps.

1. The initial tournament value is set to 0, and one subtour-
nament with log n rounds is open.

2. Starting with the strongest player, iterate through the
players in order of their strength.

3. Let player i be the player considered in the current itera-
tion. Let r denote the largest number of rounds of an open
subtournament, and let r′ denote the smallest number of
rounds of an open subtournament.

3.1 If player i is popular:

3.1.1 Close one open subtournament with r rounds and
open r new subtournaments as follows: for each
round r′′ ∈ [r− 1], we open one subtournament with
r′′ rounds. Furthermore, if r ̸= 0, we open one de-
generate subtournament for round zero.

3.1.2 Add r · a to the current tournament value.
3.2 If player i is unpopular:
3.2.1 Close one open subtournament with r′ rounds and

open r′ new subtournaments as follows: for each
round r′′ ∈ [r′−1], we open one subtournament with
r′′ rounds. Furthermore, if r′ ̸= 0, we open one de-
generate subtournament for round zero.

3.2.2 Add r′ · b to the current tournament value.

The running time analysis and the correctness proof of
the described algorithm are deferred to the full version of
this paper (Chaudhary, Molter, and Zehavi 2023).

Next, we give an FPT algorithm for the case where the
strength ordering of the players and the player popularity
value ordering agree for most players. Formally, we say that
the player popularity values agree with the strength ordering
if for all i, j ∈ N we have that if i > j then vi ≥ vj ,
where vi and vj are the player popularity values of i and
j, respectively. We say that the disagreement between the
player popularity values and the strength ordering is k if k is
the smallest integer such that there exists a player set N ′ ⊆
N with |N ′| ≤ k and for all i, j ∈ N \ N ′ we have that if
i > j then vi ≥ vj , where vi and vj are the player popularity
values of i and j, respectively. We call N ′ a minimum set of
disagreeing players.

We use the disagreement between the player popularity
values and the strength ordering as a parameter. Intuitively,
we guess for the disagreeing players how many wins they
should get, and then use the greedy algorithm of Theorem 10
treating the remaining players as if they were popular.

First, we show that we can compute a minimum set of
disagreeing players efficiently, since we are going to need
access to this set in our FPT algorithm.

Proposition 11 (⋆). Given an instance of TOURNAMENT
VALUE MAXIMIZATION with a player popularity-based
game-value function, we can compute a minimum set of dis-
agreeing players for that instance in O(k2k · n + n log n)
time, where k is the disagreement between the player popu-
larity values and the strength ordering.

Now, we are ready to present the FPT algorithm for the
minimum disagreement as a parameter.

Theorem 12 (⋆). TOURNAMENT VALUE MAXIMIZATION
with a player popularity-based game-value function is solv-
able in kO(k) · n1+o(1) time where k is the disagreement
between player popularity values and the strength ordering.

We point out that if k = 0, that is, the set of disagreeing
players is empty, then we can solve the problem in linear
time (rather than n1+o(1) time). We give more details on this
in the full version (Chaudhary, Molter, and Zehavi 2023).
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Corollary 13. TOURNAMENT VALUE MAXIMIZATION
with a player popularity-based game-value function is solv-
able in linear time if the player popularity values agree with
the strength ordering

We further remark that the corollary also follows from re-
sults obtained by Dagaev and Suzdaltsev (2018). Finally, we
remark that TOURNAMENT VALUE MAXIMIZATION is pre-
sumably not NP-hard in the restricted setting, which our FPT
algorithm is able to solve, since we have a quasi-polynomial
time algorithm for this case (Theorem 8).

An FPT-Algorithm for Parameter Size of Influential
Set of Players. In this section, we study the parameter-
ized complexity of TOURNAMENT VALUE MAXIMIZATION
when there exists a small influential set of players.

Definition 4. Given an instance of TOURNAMENT VALUE
MAXIMIZATION, a set F ⊆ N is influential if ∀ i, j ∈ N
and r ∈ N with v(i, j, r) ̸= 0, we have that i ∈ F or j ∈ F .

First, we observe that we can compute a minimum-sized
influential set of players efficiently, since we can easily re-
duce the problem to finding a minimum vertex cover in an
appropriately defined graph.

Observation 14. A minimum influential set F for an in-
stance I of TOURNAMENT VALUE MAXIMIZATION can be
computed in 1.2738|F | · |I|O(1) time.

This follows from the fact that an influential set of players
is a vertex cover of the graph that has the set of players N as
vertices and an edge between two players i, j ∈ N if there
exists an r ∈ N such that v(i, j, r) ̸= 0. VERTEX COVER
is fixed-parameter tractable when parameterized by the so-
lution size, and a minimum vertex cover can be computed in
the claimed running time (Chen, Kanj, and Xia 2010).

Formally, we show the following.

Theorem 15 (⋆). TOURNAMENT VALUE MAXIMIZA-
TION with round-oblivious game-value function is fixed-
parameter tractable when parameterized by the size of a
minimum influential set of players.

To show Theorem 15, we adapt an algorithm for TOUR-
NAMENT FIXING parameterized by the feedback vertex
number by Zehavi (2023). Due to the similarity of the al-
gorithms, we need to introduce many concepts of Zehavi
(2023). In TOURNAMENT FIXING, we are asked whether
a seeding exists that makes a specific player win the tour-
nament, given a set of players and a tournament graph that
defines the outcome of a game between each pair of play-
ers. The parameter is the feedback vertex number of said
tournament graph. Note that upon removing players corre-
sponding to the feedback vertex set, the remaining players
can be ordered linearly based on their strength, similar to
our setting. Informally, the main strategy of the algorithm of
Zehavi (2023) is as follows.

First, we “guess” a sufficient amount of information on
how the players corresponding to the feedback vertex set
perform in the tournament. Then, we find suitable oppo-
nents for the players corresponding to the feedback vertex
set. Recall that those players do not fit into the linear order-
ing defining the strength. For each of those players, there are

some games that they are supposed to win. For those games,
we have to select players as opponents that they are able to
beat. Similarly, for each of those players, there is at most one
game that they are supposed to lose. For that game, we have
to select a player as an opponent that beats them. Finally, we
make sure that we can fill up the rest of the tournament with
the remaining players.

We can solve our problem by following a similar ap-
proach. First, we want to “guess” a sufficient amount of in-
formation on how the players in the influential set of players
perform in the tournament. Then, we want to find suitable
opponents for the players in the influential set of players,
since those games are the only ones giving us value. Finally,
we want to make sure that we can fill up the rest of the tour-
nament with the remaining players.

We defer the detailed description of the algorithm to the
full version (Chaudhary, Molter, and Zehavi 2023).

5 Conclusion and Open Problems
In this paper, we formulated an objective of finding seed-
ings for a knockout tournament that maximizes the profit or
popularity of the tournaments. We provided a spectrum of
results, showcasing both negative and (mostly) positive re-
sults. Still, several intriguing open questions remain.

Given that we have a quasipolynomial-time algorithm for
TOURNAMENT VALUE MAXIMIZATION with a win-count-
oriented game-value function, it is natural to ask the follow-
ing: Is it possible to solve TOURNAMENT VALUE MAXI-
MIZATION for win-count-oriented game-value functions in
polynomial time, or can we establish a conditional lower
bound for the problem? What is the computational complex-
ity of TOURNAMENT VALUE MAXIMIZATION when the
game-value functions are player popularity-based and there
are more than two distinct player popularity values?

We have restricted the game-value functions in our paper
to be round oblivious extensively, as our primary aim was to
lay a theoretical groundwork to fully understand and inves-
tigate the simpler game-value functions first. It seems very
difficult, algorithmically, to handle game values that can ar-
bitrarily change in different rounds unless all possibilities
are checked, such as in our algorithm for win-count-oriented
game value functions (Theorem 8), which can be non-round-
oblivious. However, given the limitations of round oblivi-
ousness in real-world contexts, we believe that finding nat-
ural restrictions for non-round-oblivious game-value func-
tions that still allow for additional algorithmic results is a
promising future research direction.

Lastly, can we replace the parameter “size of the influ-
ential set of players” with a natural and smaller structural
parameter and obtain tractability?

As the field continues to evolve, our research might in-
spire further exploration in optimizing tournament seeding
strategies from the viewpoint of the organizers, including the
investigation of probabilistic models.
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