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Abstract

We address the problem of improving the worst-case effi-
ciency of pure Nash equilibria (aka, the price of anarchy) in
affine congestion games, through a novel use of signalling.
We assume that, for each player in the game, a most pre-
ferred strategy is publicly signalled. This can be done either
distributedly by the players themselves, or be the outcome of
some centralized algorithm. We apply this signalling scheme
to two well-studied scenarios: games with partially altruistic
players and games with resource taxation. We show a signif-
icant improvement in the price of anarchy of these games,
whenever the aggregate signalled strategy profile is a good
approximation of the game social optimum.

Introduction

The analysis of the inefficiencies caused by selfish uncoor-
dinated behaviour in multi-agent systems has been a fervent
research topic during the last twenty-five years. The cel-
ebrated notions of price of anarchy (Koutsoupias and Pa-
padimitriou 1999) and price of stability (Anshelevich et al.
2008) are the state-of-the-art measures for these degraded
performances. The former compares the social value of the
worst stable outcome, usually a Nash equilibrium (Nash
1950), against that of a socially optimal solution, while the
latter follows a best-case approach.

One of the most studied classes of games in the litera-
ture is that of (atomic) congestion games (Rosenthal 1973).
These are cost-minimization games defined by a set of n
players competing for the usage of a set of resources. The
cost that a player incurs when using a resource is given by
a resource-specific function, called latency function, which
only depends on the number of players using it. A par-
ticularly meaningful subclass of congestion games, called
affine congestion games (Fotakis, Kontogiannis, and Spi-
rakis 2005; Harks and Klimm 2012; Panagopoulou and Spi-
rakis 2006), focuses on the case of affine latency functions.
As congestion games are known to always possess pure
Nash equilibria (Rosenthal 1973), their price of anarchy and
price of stability are usually expressed with respect to this
solution concept. For affine congestion games, in particular,
the price of anarchy equals 5/2 (Awerbuch, Azar, and Ep-
stein 2005; Christodoulou and Koutsoupias 2005b) and the
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price of stability equals 1 + 1/4/3 ~ 1.577 (Caragiannis
et al. 2011; Christodoulou and Koutsoupias 2005a).

A fundamental question in this domain is whether bet-
ter performances can be obtained when applying plausi-
ble changes to the game model. Among these, we con-
sider two well-studied scenarios: partially altruistic players
(Bilo 2014; Caragiannis et al. 2010; Hoefer and Skopalik
2013) and resource taxation (Bildo and Vinci 2019; Cara-
giannis, Kaklamanis, and Kanellopoulos 2010; Paccagnan
et al. 2021; Paccagnan and Gairing 2021; Vijayalakshmi and
Skopalik 2020).

For a parameter § € [0, 1], a #-altruistic player seeks to
minimize 1 — 6 times her personal cost, plus 6 times the sum
of the personal costs of all other players. Thus, § = 0 recov-
ers the model of purely selfish players and, the more 6 in-
creases, the more players become altruistic. A surprising re-
sult by Caragiannis, Kaklamanis, and Kanellopoulos (2010)
shows that altruism has a negative impact on the worst-case
efficiency of pure Nash equilibria. In fact, the price of anar-
chy in games with #-altruistic players is never smaller than
5/2 and equals 5/2 only when § = 0. Although Caragiannis,
Kaklamanis, and Kanellopoulos (2010) proved that a better
price of anarchy holds in symmetric singleton games (i.e.,
games in which all players share the same strategy space
which is made of single resources only) as long as 6 < 0.7,
and Bilo (2014) showed that the price of stability improves
17+V3

as long as § < =5~ ~ 0.72, the question of whether other
forms of altruism can yield a better price of anarchy in gen-
eral (i.e., non-singleton and asymmetric) affine congestion
games remained open.

A taxation mechanism in congestion games adds an ex-
tra cost for using a resource, in the form of either a tax or
a toll, which is equal for all players. Taxes are usually dis-
tinguished in two types: refundable and non-refundable. In
the first case, players consider the presence of taxes when
determining their strategy, but, when considering the so-
cial cost of a realized profile, the cost yielded by taxes is
left out. That is, the efficiency of a strategy profile is still
measured by the sum of the personal tax-free costs of all
players. When assuming non-refundable taxes, instead, the
amount of taxes paid by every player is considered in the
equilibrium social cost, but left out from the social optimum.
Bildo and Vinci (2019) and Caragiannis, Kaklamanis, and
Kanellopoulos (2010) show that, through refundable taxa-
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tion, the price of anarchy of affine congestion games drops to
2 and Paccagnan and Gairing (2021) further prove that this
is the best-possible bound that can be achieved in polyno-
mial time, unless P = NP. For non-refundable taxes, instead,
no improvements have been achieved so far.

Our Contribution

We reconsider the impact of altruism and taxation in
affine congestion games enhanced by a novel use of sig-
nalling. Signalling (Kamenica and Gentzkow 2011) has
been adopted in a variety of stochastic scenarios, as a mean
for a centralized authority to persuade selfish agents to pur-
sue a desired behaviour. Recently, it has also been used in
congestion games with incomplete information to induce
selfish agents to play optimally (Bhaskar et al. 2016; Cas-
tiglioni et al. 2021; Griesbach et al. 2022). In such a set-
ting, the resource latency functions are assumed to depend
on possible outcomes of an uncertain state of nature, which
follows a publicly known probability distribution. A benevo-
lent authority publicly advertises a signalling scheme, which
is a distribution of possible signals for each state of nature.
When the state of nature is realized, the authority sends a
signal realized according to the chosen signalling scheme.
The players update their believes on the resource latency
functions according to the signal and use this information
to determine their strategy.

In this work, we look at signalling schemes in games
with complete information, where the resource latency func-
tions are publicly known. We assume that, for each player
in the game, a most preferred strategy is publicly signalled.
This can be done either distributedly by the players them-
selves, or be the outcome of some centralized algorithm sim-
ulating a benevolent authority. Under this assumption, we
consider affine congestion games in which players seek to
minimize 1 — 6 times her personal cost plus 6 times the
increase she causes in the cost of the signalled strategies
of the other players. For this reason, and for other techni-
cal reasons we better explain in the next section, this type
of players can be reinterpreted as #-altruistic players in
presence of signalled strategies. We show that, in this new
model, if the socially optimal solution is signalled, the price
of anarchy becomes equal to 5=2 when § € [0,1/2], to

=p2

862?/2(21{59()2—136) when 6 € [1/2,(3 — V/3)/2], to 0(9(1:6(90);2
when 6 € [(3 — /3)/2,2/3], and to -£; when 6 € [2/3,1]
(see Figure 1 for a pictorial representation of these bounds).
The most important consequence of this result is that, for
6 = 1/2, the price of anarchy drops to one, implying that
every pure Nash equilibrium is socially optimal. Moreover,
the price of anarchy improves upon the 5/2 value holding
for selfish players, as long as § < 5/7 ~ 0.714. More gen-
erally, whenever a &-approximation of the socially optimal
solution is signalled, these bounds degrade by a factor &.

The upper bounds on the price of anarchy are established
through the primal-dual method (Bild 2018; Bilo and Vinci
2023). This method relies on a pair of primal-dual formu-
lations and, in particular, exploits the fact that, usually, the
dual program possesses a very simple structure. This eases
the analysis and still provides good, and often tight, upper

9512

bounds on the price of anarchy. These formulations, how-
ever, are not fixed and need to be suitably (re)defined in each
setting of application, so as to incorporate the specific fea-
tures of the domain. Moreover, in order to obtain the best-
possible upper bound achievable through the defined pair of
programs, one has to determine the optimal solution of the
dual. However, the dual program has always an infinite num-
ber of constraints and so, in order to solve it optimally, one
has to fully and deeply understand the combinatorial prop-
erties of its constraints. So, with this respect, every different
pair of primal-dual formulations usually requires a different
analysis. For what concern the particular pair considered in
this work, we can highlight the fact that, differently from
previous applications of the method, a constraint modelling
some properties of the social optimum (inequality (4) de-
rived in Lemma 1) has been used for the first time in the
literature.

We then observe that the model of affine congestion
games with f-altruistic players under signalling is equiv-
alent to affine congestion games with certain personalized
(i.e., player-dependent) refundable taxes. As a consequence,
the same bounds on the price of anarchy hold under this ex-
tended form of taxation. This is in sharp contrast with non-
personalized taxes, for which the best known bound is equal
to 2. We must stress, however, that our results are of existen-
tial nature only, and so the lower bound given in (Paccagnan
and Gairing 2021), which requires P # NP, does not ap-
ply. We also consider the case in which our taxes are non-
refundable and provide the first improved bound on the price
of anarchy achievable by this type of taxes in affine conges-
tion games. Specifically, we show that, choosing § = 1/2,
the price of anarchy drops to 2.

Related Work

The application of signalling, as a mean for improving the
efficiency of congestion games with stochastic affine latency
functions, has been almost entirely considered in the model
of non-atomic routing games, where resources are links in a
traffic network and each player controls a negligible amount
of traffic. Bhaskar et al. (2016) show that the optimal sig-
nalling scheme cannot be approximated in polynomial time
up to a factor 4/3 — ¢, for any € > 0, unless P = NP. As
this negative result requires a huge degree of freedom in the
network structure and a very large number of states of na-
ture, Griesbach et al. (2022) provide a set of conditions for
which an optimal scheme can be devised. Vasserman, Feld-
man, and Hassidim (2015) define the notion of mediation ra-
tio, as the ratio between the expected social cost of the best
mediated equilibrium and the social optimum. Castiglioni
et al. (2021) consider a variant in which the players commit
to following the recommendation before receiving the sig-
nal and show that symmetry is necessary and sufficient for
polynomial time computation of optimal schemes.

The setting of atomic congestion games, as considered in
our work, is examined by Zhou, Nguyen, and Xu (2022)
under the hypothesis of singleton player strategies. They
show that, under both public and private signalling, opti-
mal schemes can be computed in polynomial time when the
number of resources is constant.
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Figure 1: The price of anarchy as a function of 6.

Paper Organization

The paper is organized in four sections as follows. The first
explains in full details our model, its motivations and con-
nections with previous approaches. In the second, we derive
the main result of the paper, that is, tight bounds on the price
of anarchy of altruistic games with signalling. The third sec-
tion discusses how to apply our framework to obtain person-
alized taxes with provably good performance. Finally, in the
last one, we conclude and discuss possible research direc-
tions. Because of space limitation, some proofs are omitted.

Cost Model and Motivations

A congestion game CG = (N, R, (S;)ien, (¢r)rer) is a
quadruple such that N = {1,...,n} is a set of n players,
R is a set of resources, S; C 27\ {()} is the strategy space
of player 7 and £, : N — R>( is the latency function of
resource r. In affine congestion games, each latency func-
tion is of the form ¢, (z) = a,x + B,, with o, 5, € R>o.
A strategy profile is a vector o = (o01,...,0,) such that
o; is the strategy chosen by player i. We denote by S =
S1 % ...x.S, the set of strategy profiles of CG. The cost that
player i pays in strategy profile o is defined as cost; (o) =
Yoreo, br(nr(o)), where n.(a) = {i € N : r € o}
denotes the number of players using resource r in o, also
called the congestion of r in o.

We consider a variant of affine congestion games in which
the cost function of each player is redefined as follows. Let
o = (61,...,0,) be a given strategy profile, which we shall
call the signalled strategy profile. This strategy profile can be
obtained either distributedly, by assuming that every player ¢
announces the strategy she would like to play (independently
of the choices of the others), or centralizedly, as the output
of some algorithm. Given a resource r and a player i, let
I,.(6;) be the indicator function which equals 1 if r € &; and
0 otherwise. For a real value § € [0, 1], the f-cost of player
i in strategy profile o = (071, ..., 0, ) is defined as:

O-costi(a) = (1—0) Y _ (ar (n,(o)) + Br)

rEo;

+0 > ap (n(6) —1,(53)) .

reo;

ey

The intuition behind this definition is based on a combina-
tion of signalling with players’ partially altruistic behaviour.
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To see this, observe that the first term of the cost function is
player i’s cost in CG, namely cost; (o), to which she assigns
a weight of 1 — 6. The second term, weighted 6, expresses
the increase in the cost of the signalled strategies of the other
players caused by player <. In fact, when using resource 7,
as player ¢ contributes for a unit to the congestion of r, she
causes an extra cost of «, to all players using r in their sig-
nalled strategy, with respect to the case in which ¢ does not
choose this resource. By summing this extra cost over all
players using r in their signalled strategies, and then over all
resources used by ¢, we get

Z Z o ZaT (ny(6) —1,.(6)) -

rE€o; jEITET; TET;

So, the smaller 6, the more players are selfish, the larger 6,
the more players will try to not interfere with the signalled
strategies of the others. For such a reason, we call an affine
congestion game coupled with the #-cost function defined
in (1), a O-altruistic affine congestion game with signalling.
For the case of § = 0, in which players are purely selfish,
we reobtain 0-cost;(o) = cost;(o). When § = 1, we say
that players are purely altruistic and, for 6 = 1/2, we say
that altruism is perfectly balanced.

Given a strategy profile o, a player 7 and a strategy s € .5,
let (o_;,s) denote the strategy profile obtained from o
when ¢ changes her strategy to s. A strategy profile o is
a pure Nash equilibrium for a #-altruistic affine conges-
tion game with signalling if, for each i € N and s € 5,
O-cost; (o) < B-cost;(o_;, s). We denote by PNE(CG) the
set of pure Nash equilibria of a #-altruistic affine congestion
game with signalling CG.

As usual in this setting, we measure the efficiency of a
strategy profile by the utilitarian social cost

USC(o) = Z costi(o) = Z (cyne(0)? + Brne (o)),

i€EN reR

which sums the cost of all players in the game. Observe that
we use the personal cost of a player, instead of her 6-cost,
in this definition. The reason is that we want to evaluate
whether, and by how much, altruism with signalling may im-
prove the efficiency of equilibria in affine congestion games.
Thus, we use the §-cost of a player as the cost function mod-
elling her behaviour, but then evaluate the final outcome of
the game with respect to the classical cost function. Denote
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by o*, called social optimum, any strategy profile minimiz-
ing the utilitarian social cost. The price of anarchy of a 6-
altruistic affine congestion game with signalling CG is de-
fined as PoA(CG) = max,eng(ca) %((;))

Let us now consider the inequality obtained when, starting
from a generic profile o, player ¢ deviates to her signalled
strategy &;. After observing that n.(o—;,5;) = n.(o) + 1
for each r € &, \ 04, n.(0_;,5;) = n.(o) — 1 for each
r € 0;\ 0y, and n,.(0_;, ;) = n,.(o) in any other situation,
we obtain:

0-cost;(o) — 0-cost;(o_;, 7;)
= (1-90) Z (arn. (o) + Br)
reoi\&;
—(1=0) > (ar(ne(o)+1)+5,)
regi\o;
+0| > e (6)— > an(n(e) - 1)
reo;\d; regi\o;

For a pure Nash equilibrium o and a signalled strat-
egy profile &, define k. := n,.(o), k. := n,.(6) and
sp :=|{i € N : r € 0g; N &;}|. By summing inequality
0-cost;(o) — b-cost;(o_;,5;) < 0 foreachi € N, we ob-
tain the following result.

Proposition 1 For a pure Nash equilibrium o and a sig-
nalled strategy profile &, it holds that

> an ((1

reR

— )k — OF2 + (1 — 20)(s, — Fy — kk))

- 9)2};& (ke —Fr) 0.
@)

Proof: We have
Z (0-cost;(o) — b-cost;(o_;,5;))

i€EN

- 9) Z Z (arkr + ﬂr)

i€EN reo;\o;

—0)> " > (ke +1)+5,)

€N reg;\o;
—l—HZ Z Ak, — HZ Z ozT(l;:T
€N reg;\o;

€N reo;\a;
(arkr + Br)

0. D,

r€ERIEN:r€o;\5;

—0>, D,

r€ERIEN:TrEG;\0;

+6 Z Z ak,

reR iEN:T‘G(Ti\&j,

-0y > ek 1)

r€ERIEN:TEG; \o;

0 =

(ar (b + 1) + Br)
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(1=0) (ke — s0)(arkr + B)

reR
—(1-9) Z(ifr —5;) (o (kr + 1) + )
rER
40> (k= sp)arky — 0 (ke — sp)ag (ke — 1)
reR reR

and the claim follows by summing all terms. ]

The model of altruism for congestion games previously
considered in the literature assumes that player ¢ minimizes
1 — 0 times her personal cost, plus 6 times the total personal
cost of the other players, i.e., the function (1 —6)cost;(o) +
0> ;4 costj(o). By incorporating the notion of signalling
within the classical definition of altruism, we may replace
the second term with 6 times the total cost of the other play-
ers in strategy profile (& _;, 0;). This means that, when eval-
uating the cost of the other players, player ¢ assumes that
they are all playing according to the signal and she is the
only one to deviate.

Denoting with A-cost; (+) this cost function, we have

O-costi(o) = (1—0) > _ (aynn(0) + Br)

reo;

+9 Z Z (arnr(&f’ia Ui) + ﬂ’f‘)

j#i rE;

3)

Although this cost function differs from (1), when com-
puting the difference 0-cost; (o) — 0-cost;(o—;,5;), we ob-
tain
O-cost;(a) — b-costi(o_;, 5;)

(1-19) Z (crny (o) + Br)

reo;\oi

+0y N

Jj#i rec;N(oi\&;)

+0y N

J#i r€G;N(G:\0s)

—(1=0) > (or(ne(o)+1)+ )

regi\o;

6>, X

J#i r€G;N(0i\Gs)

6>, X

J#i r€G;N(G:\0s)

(1 - 9) Z (arnr(a) + 67‘)

(ar(ny (o) +1) + Byr)

(ar(ny (o) = 1) + By)

(rn(0) + Br)

(rn(0) + Br)

rec;\o;
+6 Z ny(6)(ar-(ny () + 1)+ Br)
reo;\di
+0 Z (nr(6) — (o (ne(6) — 1) + Br)
rec;\oi
7(1 - 0) Z (OLT(TLT(U) + 1) + ﬂr)
redi\o;
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—0 Z n'r(&)(

reo;\o;

—GZ (n.(6

regi\o;

0-cost;(o) — O-cost;(o_;, ;).

an.(6)+ Br)

D(arne(0) + Br)

The first equality comes from the fact that all contribu-
tions coming from resources in o; N &; and not in o; U 7;
cancel out in the difference; the second equality is obtained
by exchanging the order of the summations and observing
that the set of players other than i using a resource r € 0;\;
in both (6_;, 0;) and & has cardinality n,.(& ), while the set
of players other than ¢ using a resource € &; \ o; in both
(6—_;,0;) and & has cardinality n,.(6) — 1; the last equality
comes by summing all terms.

As we shall formally see in the next section, since the
evaluation of the price of anarchy of our games only ex-
ploits the inequality stating that, in a pure Nash equilibrium,
no player improves by deviating to any other strategy, it fol-
lows that, from the perspective of the worst-case efficiency
of pure Nash equilibria, the two cost functions defined in
(1) and (3) generate games with the same price of anarchy.
This evidence provides another altruistic interpretation for
the cost function studied in this work.

Price of Anarchy

In this section, we characterize the efficiency of pure Nash
equilibria of #-altruistic affine congestion games with sig-
nalling, by deriving tight bounds on the price of anarchy as
a function of . In particular, we shall restrict our analysis to
the case in which a social optimum is signalled. We stress,
however, that all our bounds, degraded by a factor &, extend
directly to the case in which a &-approximation of the social
optimum is signalled.

To obtain the upper bounds, we resort to the primal-dual
method developed in (Bilo 2018; Bilo and Vinci 2023). Be-
fore presenting our main result, we need the following tech-
nical lemma. Recall that, for a pure Nash equilibrium o

and a signalled strategy profile &, we set k. = n,(o),
kr:=n.(6)and s, :=|{i e N:r € o; NG;}
Lemma 1 If ¢ is a social optimum, we have
> an(2k} = 2k, ky — ky — Ky + 25,)
reR
4)

+Zﬁr(%r - kr) S 0

reR

Theorem 1 The price of anarchy of 0-altruistic affine con-
gestion games when signalling a social optimum is at most

799 Sfor €0, l]

e 2

80—5+21/3(2—36) V3
® TBa6)1 for 0 € [5,757],
2
o =002 for g e [25503,2]
. 1_9f0r0 € [3, 1).!

"For @ = 1, we interpret the ratio % as unbounded.
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Proof: According to the primal-dual method, we need to
formulate, as a linear program on variables (.., 8;)rcr, the
problem of maximizing the utilitarian social cost of a pure
Nash equilibrium under the assumption that the utilitarian
social cost of a social optimum equals 1 and inequalities (2)
and (4) hold true. We, thus, have:

max Z (arkf + ﬁrkr)
reR
> an(1 = 0)k? — 0k
reER
+(1 —20) Z ar(sy — k. — l;TkT)
reR

=038 (ke k) <0

reR
> o2k} — 2k, ky — ky — Ky + 25,,)
rcR B
+ Z ﬁ'r‘(k'r - k’f) S 0
reR

> (aﬂ;f + ﬁrfcr) =1

reR
ar, Br >0 r e R.

The dual program, obtained associating variable  with
the first constraint, variable ¢ with the second constraint and
variable «y with the third one of the primal, is the following:

s.t.

min vy
st x((1 9)k2 — 9k2 (1 —20) (s, — k. — kyk )

+y(2k2 — 2k, K, — Ky — Ky + 25,)

k2 > k2 rcRR
z(1—0)(ky — k) + y(kr — k)
+~k. > k. re€R
z,y > 0.

To prove the claim it suffices to provide feasible dual solu-
tions with ~y equal to the desued upper bounds.

For 6 € [0, 3], setx = 25 7 >0,y =0,and y = 5=
By substltutmg these values in the second dual constraint,

we obtain the inequality (1 29) (k. +2k,) > 0, which holds

true as 6 € [0, 5] and both k and k, are non-negative in-
tegers. Substituting in the first constraint, we obtain the in-

equality 5229 (k2 — 3k, k, + 5k2 — 3k, + 3s,) > 0, which

can be easﬂy shown to hold true. In fact, as 6 € [0, 1] implies
% > 0, we only need to care of the validity of inequality

k2 —3k,k,.+5k%— 3k, +3s, > 0, which can be rewritten as
(ky — 2k,)? + LLk2 — 3k, + 3s, > 0. This inequality holds
true for any integer k. # 1. For the leftover case of k. = 1,
the inequality becomes (k, — 1)(k, — 2) + 3s, > 0, which
holds true as both k, and s, are non-negative integers.

—V3 2(+/3(20—1)+5-66)

13 —
For 0 € [3,°5%] set © = Z o > ¥ =
(20-1)(2v3(1—0)+1) _ 80—5+2V/3(2—30)
mor—maeri o and v = “Ea-oi Observe

that, 6 € [3, 3’2‘/3], implies > 0 and y > 0, as required.
By substituting these values in the second dual constraint,

£ (20-1) > 0 which holds true

we obtain the inequality a(1-0)-1
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asf €[4, 3’2‘/3] and k, is non-negative. Substituting in the
first constraint, we obtain the inequality —=20=1— (k2 —

i ’ 2\/3(1—9):1
(4 —2V3)k ky — kyp + (7T — 4V/3)k2 — (3 — 2V/3)k, + (4 —

2\/5)5,«) > 0, which can be shown to hold true. In fact, as

0 € [3, 3—2\/5] implies M??(?ﬁ > 0, we oany need to
care of the validity of inequality k2 —(4—2V3)k k. —k, +
(7 —4v3)k2 — (3 — 2v/3)k,. + (4 — 2¢/3)s, > 0. First, we

observe that we can get rid of the term (4 — 2v/3)s,., as it
is always non-negative. If we solve for &, the homogeneous
equality associated with the remaining part, we get that the
discriminant is negative for IET. > 2. Thus, it remains to show
that k2 — (4—2v/3)k, k. —ky+(T—4v/3) k2 — (3—2V/3)k, >
0 holds whenever k. € {0,1}. In one case, we get in-
equality k,.(k, — 1) > 0, in the other, we get inequality
k2 — (5 — 2v/3)k, + 4 — 2v/3 > 0 and both of them hold
true as k, is a non-negative integer.

For § € [3=3 2 —=

2 3 )
2 . . .
v = %. By substituting these values in the second

dual constraint, we obtain the inequality (26 — 1)2k, > 0,
which holds true as k, is non-negative. Substituting in the
first constraint, we obtain the inequality (1 — 0)%k2 — (1

0)((4 — 60)k, +1 — 0)k, + (2 — 30)%k2 — (1 — 0)(3 —
50)k, + 2(1 — 0)(2 — 36)s, > 0, which can be shown
to hold true. First, we observe that we can get rid of the
term 2(1 — 0)(2 — 30)s,, as it is always non-negative. If
we solve for k, the homogeneous equality associated with
the remaining part, we get that the discriminant is nega-

tive for k, > 4(é9_‘95) As, for § € [25/3, 2], we have
1_

505) = < 2, it remains to show that (1—60)%k2 —(1—6)((4—
60)k, + 1 — 0)k, + (2 —30)2k2 — (1—6)(3 —50)k, >0
holds whenever &, € {0,1}. For k, = 0, we get inequality
k-(k,. — 1) > 0, which holds true as k,. is a non-negative
integer. For k, = 1, we get inequality (1 — 6)2k2 — (1 —
0)(5 — 79)k, + (2t — 1) > 0. To show that this inequality
holds true, we proceed as follows. First, we analyse inequal-
ity (1—0)%k2—(1—0)(5—"70)k, > 0. This holds true when-
ever k, > 570 As, for § € [3/3, 2], we have 3=T¢ < 2,
it follows that ( — 02k — (1 —-6)(5—70)k, 2 0, which
implies (1 — 6)%k2 — (1 — 0)(5 — 70)k, + (2t — 1)2 > 0,
holds true when k,, > 2. Thus, we are left to show that
(1—0)2k2—(1—0)(5—760)k, +(2t—1)2 > 0 for k, € {0, 1}.
In one case, we get inequality (20 —1)2 > 0 which is always
true, in the other, we get inequality 2602 — 66 4+ 3 < 0 which
holds true as 0 € [3_2\/57 2.

For 8 € [%, 1), set x ﬁ > 0,y 0, and
v = % By substituting the proposed values in the sec-

ond dual constraint, we obtain the 1nequal1ty 20 1)k: >0,

2

], set x > 0,y = 1, and

which holds true as 6 € [%71) and k, is non-negative.
Substituting in the first constraint, we obtain the inequality

%(iﬂrk‘r +k, — sr) > 0, which holds true as 6 € [%, 1),

kr, lzzr and s, are non-negative, and, by definition, s, < l;:,«.
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Finally, as for § =
anarchy, this holds true trivially.

1 we claim an unbounded price of
O

The most important consequence of this result is that, for
6 = 1/2, social optimal performance can be achieved at
any equilibrium. Also, we have that the price of anarchy im-
proves whenever § < 5/7 (see Figure 1).

Corollary 1 When altruism is perfectly balanced and a so-
cial optimum is signalled, any pure Nash equilibrium for a
0-altruistic congestion game with signalling is socially opti-
mal.

Next result provides matching lower bounds for any value
of 6.

Theorem 2 All upper bounds given in Theorem I are tight.

Efficiency of Personalized Taxes

Another interesting way to interpret the #-cost function de-
fined in (1) is to look at its second term as a personalized tax
(i.e., player-dependent) applied to each selected resource.
Bilo and Vinci (2019) define statical optimal-dependent
taxes for affine congestion games as follows. In an affine
congestion game with statical optimal-dependent taxes,
given a social optimum o* and a real value 7 > 0,
the cost that player ¢ pays in a strategy profile o is
defined as ), ., (o, (nq(0) + 7mn.(0%)) + B;). The tax
> reo, @rTny (o) is called statical because is does not de-
pend on o and optimal-dependent because it depends on
o*. However, the tax does not depend on the player iden-
tity, meaning that, on each resource, all users are charged
the same tax. Now, for any 6 # 1, if we divide both terms of
the f-cost by 1 — 6, we get a new cost function, which we

call 5—cost function, defined as follows:

g—costi(a) = Z (ar (ne(a)) + Br)

rEo;

> ar(n(&) ~1,(5:)) -

rEo;

4 5)
19
As it can be appreciated, when the signalled strategy profile
o is a social optimum, player ¢’s personal cost in o, namely
cost; (o), is increased with a statical optimal-dependent tax,
in which 7 = 1%9, except for a possible discount equal to
%arﬂr (6;). Thus, as this last quantity depends also on the
identity of player ¢, we have that the f-cost function defined
in (5) models the application of statical optimal-dependent
personalized taxes.
It is important to observe that, if we derive the inequal-

ity > ,en (é—costi(a) < 0 and then

multiply both sides by 1 — 6, we reobtain inequality (2). By
exploiting the fact that, in presence of refundable taxes, the
social cost of both o and o* are expressed in the same way
in both f-altruistic affine congestion games with signalling
and affine congestion games with statical optimal-dependent
personalized taxes, we derive the same price of anarchy ob-
tained in the previous section. In particular, for § = 1/2,
we obtain that statical optimal-dependent personalized taxes

— g—costi(a,i, 51‘))
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are able to force players to decentralizedly implement a so-
cial optimum. This is in contrast with what happens for stat-
ical optimal-dependent taxes, for which the price of anarchy
is equal to 2 and no improvements are likely to be possible.
This huge difference is due to the personalization introduced
by our model.

One can argue that, if a tax function is either optimal- and
player-dependent, then it is trivial to force the players to play
according to a social optimum: simply charge players choos-
ing a resource not belonging to their socially optimal strat-
egy with an unbounded tax. This is clearly true, however,
we argue that this is not what happens with our tax function
for which, the difference in the amount of taxes charged to
any two players for using a resource r is equal to %a,..
Thus, whenever 6 is sufficiently smaller than 1, the extra
tax charged to players deviating from their socially optimal
strategy remains well bounded (for # = 1/2, for instance, it
is equal to ).

The most important consequence of our approach can be
appreciated when considering non-refundable taxes. For this
type of taxes, in fact, no improvements have been achieved
so far when using, even dynamic, non-personalized taxes. As
we shall show, the tax function defined in (5) is the first type
of non-refundable taxes able to yield improved performance
on the efficiency of pure Nash equilibria in affine congestion
games.

To derive a tight upper bound on the price of anarchy for
games with non-refundable taxes, we use the same approach
of the previous section. The main difference is given by the
social cost of a pure Nash equilibrium that now becomes

Y oreR (ar (k% + % (];rkr — sr>) + 57«/@«).

Theorem 3 For 6 = 1/2, the price of anarchy of affine con-
gestion games with the non-refundable taxes defined in (5)
is 2.

Proof: According to the primal-dual method, in order to
obtain an upper bound on the price of anarchy, we need to
formulate, as a linear program on variables (., 8;)rcr, the
problem of maximizing the utilitarian social cost of a pure
Nash equilibrium, including the paid taxes, under the as-
sumption that the utilitarian social cost of a social optimum
equals 1 and inequality (2) holds true. We, thus, have:

max Y (oz,n (kf + ok — 5,.) + ﬁ,.k,.)

reER
T;% (ar (k?" - kf) +BT (kr - kr)) S 0
Z (ar];z + 67‘1;7‘) =1

rcR
ap, Br >0 r € R.

The dual program, obtained associating variable z with
the first constraint and variable -y with the second constraint
of the primal, is the following:

s.t.

min 7y
st. (k% — l;f) + 'yl%f > k2 + kk.—s. reR
x(k,—fcr)—i—'yl;:TZkT reR

x> 0.
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To prove the claimed upper bound, it suffices to provide
feasible dual solutions with  equal to the desired upper
bounds. Set 2z = 3/2 and ¥ = 2. By substituting these values
in the second dual constraint, we obtain the inequality k, +
k, > 0, which holds true as both k,. and k,. are non-negative
integers. Substituting in the first constraint, we obtain the in-

- N2
equality k2 — 2k, k, + k2 + 25, (k - k:) 42, >0,
which holds true as s, is non-negative.

To show the lower bound, it suffices to consider a game
with n players and n identical resources ry,...,7,, each
with latency function ¢(z) = x. Each player ¢ can choose
between two strategies: the first strategy, corresponding to
{r;}, and the second strategy, corresponding to {r;i1},
where we set 41 := 1. The strategy profile * in which
all players select their first strategy is a social optimum. The
strategy profile o, in which all players select their second
strategy instead, which is also a social optimum, can be
shown to be a pure Nash equilibrium for the game with our
taxation mechanism based on the signalled social optimum
o*. In fact, for every player i, we have 0-cost;(o) = 2
and, by deviating to her first strategy, player ¢ pays a cost
of O-cost;(o_;,0F) = 2 0-cost;(o). By comparing
USC(o*) = n with USC(o) = 2n, the desired lower bound
follows. ]

Conclusions

We have reconsidered affine congestion games under the as-
sumption that, for every player, a most preferred strategy is
signalled. We have shown that, when each signalled strat-
egy comes from the social optimum, altruistic players per-
fectly balancing altruism and selfishness play optimally in
any pure Nash equilibrium. As a byproduct of our approach,
we were also able to design personalized taxation mecha-
nisms achieving optimal performance in the refundable case
and the first improved performance in the non-refundable
one. A natural question is whether signalling can be ex-
ploited to improve also the price of stability. With this re-
spect, it is worth observing that altruism without signalling
already exhibit good performance and, in the case of per-
fectly balanced altruism, the price of stability is 1, and so it
cannot be further improved.

Computing the social optimum in congestion games is
a well-known hard problem (Meyers and Schulz 2012;
Paccagnan and Gairing 2021) and, although our results ex-
tend to signalled strategies coming from an £-approximation
of the social optimum by losing the same approximation
guarantee, determining whether good performances can be
achieved even by signalling simply computable strategies, as
for instance the best free-flow strategy (Benita et al. 2020),
is an intriguing research direction.

Finally, generalizing the results to the more general set-
ting of congestion games with polynomial latency functions
is also of interest.
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