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Abstract

Parity reasoning is challenging for Conflict-Driven Clause
Learning (CDCL) SAT solvers. This has been observed even
for simple formulas encoding two contradictory parity con-
straints with different variable orders (Chew and Heule 2020).
We provide an analytical explanation for their hardness by
showing that they require exponential resolution refutations
with high probability when the variable order is chosen at
random. We obtain this result by proving that these formulas,
which are known to be Tseitin formulas, have Tseitin graphs
of linear treewidth with high probability. Since such Tseitin
formulas require exponential resolution proofs, our result fol-
lows. We generalize this argument to a new class of formu-
las that capture a basic form of parity reasoning involving a
sum of two random parity constraints with random orders.
Even when the variable order for the sum is chosen favor-
ably, these formulas remain hard for resolution. In contrast,
we prove that they have short DRAT refutations. We show
experimentally that the running time of CDCL SAT solvers
on both classes of formulas grows exponentially with their
treewidth.

Introduction

SAT solvers, including Conflict-Driven Clause-Learning
(CDCL) solvers, can solve practical problems with millions
of variables (Marques-Silva, Lynce, and Malik 2009; Fichte
et al. 2023), but on the other hand, can struggle with ba-
sic mathematical principles. The Handbook of Satisfiabil-
ity (Biere et al. 2021, Section 9.6.1) lists one such exam-
ple: the problem of XOR (exclusive-or) constraints, which
is equivalent to the parity problem of summation mod-
ulo 2. XOR-constraints serve practical purposes, particularly
around modern cryptographical and cryptonanalytical prob-
lems. Provably hard XOR problems are usually constructed
over complex structures such as expander graphs (Urquhart
1987; Ben-Sasson and Wigderson 2001), but much simpler
problems involving only two constraints were found experi-
mentally hard for CDCL (Chew and Heule 2020) and, up un-
til this paper, were not matched with a corresponding lower
bound in resolution.

Resolution is particularly important here because the rela-
tionship with CDCL solving is two-way; CDCL runs of un-
satisfiable instances can be output as resolution proofs, but
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also every resolution refutation can be followed completely
by a CDCL algorithm (with a few non-deterministic choices)
to return UNSAT (Pipatsrisawat and Darwiche 2011). Lower
bounds on the length of resolution proof of unsatisfiabil-
ity have been shown for pure XOR problems structured by
graphs and represented in CNF formulas called Tseitin for-
mulas (Tseitin 1983; Urquhart 1987). Finding a complete
characterization of hard Tseitin formulas for resolution is
still an open problem. However, exponential lower bounds
for resolution are known under the suitable condition: that
their underlying graphs have high linear treewidth (a graph
invariant that measures how close a graph is to being a tree).
The relationship between treewidth and proof length has
been extensively studied for Tseitin formulas already (Ben-
Sasson and Wigderson 2001; Galesi, Talebanfard, and Tordn
2020; Itsykson, Riazanov, and Smirnov 2022).

Here, we look at some XOR-constraint problems that are
strikingly simple to define and whose hardness for resolution
was observed empirically but yet to be understood theoret-
ically (Chew and Heule 2020). We prove that they are, in
fact, families of Tseitin formulas and that linear treewidth
emerges for almost all of them, thus showing asymptotic ex-
ponential lower bounds for resolution. Furthermore, our ex-
periments suggest that this is not just theoretical and asymp-
totic for proof systems; treewidth indeed correlates to the
solving time of CDCL solvers on these families. In the rest
of this section, we present the problems and our results.

Problem 1: Reordered Parity

The standard linear CNF encoding of an XOR-constraint
over n propositional variables splits the constraint into a
sequence of XORs of size 3 according to an ordering of
its variables (Biere et al. 2021, Section 2.2.5). The encod-
ing uses one auxiliary variable for every £k < n to store
the parity of the first k& variables. The simplest form of
the XOR-constraint problem starts with two opposite XOR-
constraints and their standard linear CNF encodings where
the n variables appear in a different order given by the per-
mutation o. The two CNF are saying the sum of the n vari-
ables is both odd and even, so their conjunction—denoted by
rPar(n, c)—is a contradiction a SAT solver should be able
to recognize.

Chew and Heule (2020) showed that these problems could
be proven false by O(n logn)-size DRAT proofs even with-
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out new variables (Buss and Thapen 2019). We show here
that resolution proofs on their own are often unable to handle
even these restricted examples. For some o, such as the iden-
tity mapping, resolution proofs are short; in fact, the identity
mapping gives the Dubois family in the SAT library. How-
ever, the easiness is not seen with other permutations. Chew
and Heule (2020) conducted experiments that showed that
CDCL solvers struggle and time-out around n = 50 for uni-
formly selected permutations, although a theoretical lower
bound was never proved. We show that as n increases, a
random permutation ¢ yields, with high probability, a for-
mula rPar(n, o) whose resolution proof requires exponen-
tially many clauses.

Theorem 1. There is a constant o > 0 such that, with prob-
ability tending to 1 as n increases, the length of a smallest
resolution refutation of the unsatisfiable formula rPar(n, o),
where o is chosen uniformly at random, is at least 2°™.

A key observation here is that the rPar formulas are
Tseitin formulas. The fact that the rPar formulas come from
standard CNF encodings of very simple XOR-constraints
problems makes them natural examples of Tseitin formulas
that are more likely to occur in practice than those that ap-
pear in proofs of hardness that are often constructed from ar-
bitrary expander graphs (Urquhart 1987). Theorem 1 proves
the context assumed by Chew and Heule (2020) that a pow-
erful proof system such as DRAT™ was necessary for the
short proofs of rPar, as we now have exponential resolution
lower bounds. Along with the evidence shown by our experi-
ments, we now conclude that high treewidth is the reason for
the hardness in the experiments of Chew and Heule (2020).
We can also take this as clarification that order matters in the
encoding of parity constraints in general.

Problem 2: Random Parity Addition

There are several effective strategies for dealing with XOR-
constraints in practice. One method that has succeeded is
to employ Gaussian elimination (Han and Jiang 2012; Soos
2012) techniques to simplify the problem. Two contradictory
parity constraints fall short of representing what happens in
an average step of Gaussian elimination. Instead, Gaussian
elimination involves many steps using the bitwise addition
of two XOR-constraints to produce a new constraint. In or-
der to study such a step as an instance for resolution, we
have to write it as a contradiction. So here we modify rPar
to use three XOR-constraints, with the third containing the
variables in the symmetric difference of the first two con-
straints and then flip some literals to create a contradiction.
The input XOR-constraints are encoded in CNF formulas a
and b using the standard linear encoding. We then define a
CNF encoding rAddPar(a, b) of the contradiction similar to
rPar(n, o), and we show their hardness for resolution.

Theorem 2. With high probability, for any two random par-
ity constraints over n variables encoded randomly and inde-
pendently in CNF formulas a and b using the standard linear
encoding, the length of the shortest resolution refutation of
rAddPar(a, b) is exponential in n, the length of a shortest
resolution refutation of rAddPar(a,b) is exponential in the
number of variables.
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The rAddPar formulas turn out to also be Tseitin formu-
las, so this again provides a new intuitive family that demon-
strates the hardness of Tseitin formulas—and yet again
shows that order matters when encoding parity constraints.

Adding Gaussian elimination to SAT-solving or prepro-
cessing presents several technical challenges. An exam-
ple is verification—unsatisfiable instances in CDCL SAT
solvers can be readily verified in resolution proofs and
thus verified in the more powerful checking format stan-
dard DRAT (Jarvisalo, Heule, and Biere 2012). It was there-
fore pertinent to show that Gaussian elimination techniques
could also be verified efficiently in DRAT (Philipp and
Rebola-Pardo 2016). For the specific family of rPar(n, o), it
was shown to have DRAT ™~ refutations in O(n log n) many
lines using a tool from Chew and Heule (2020). Recently,
a BDD-based SAT solver augmented with pseudo-Boolean
constraints (Bryant, Biere, and Heule 2022) was shown to
have improved the result experimentally. We can generalize
Chew and Heule’s upper-bound results to rAddPar(a, b).

Theorem 3. For any two random parity constraints over n
variables encoded randomly and independently in CNF for-
mulas a and b using the standard linear encoding, there are
DRAT~ refutations of rAddPar(a, b) with O(nlogn) many
lines.

O(nlogn) is already a good upper bound, and this can
potentially be used in verification. One of the advantages of
DRAT™ is that no extension variables are added.

Preliminaries

Boolean variables take value in {0,1}. A literal is either
a variable z or its negation z. Clauses are disjunctions of
literals and CNF formulas are conjunctions of clauses. The
negation of clause C' can be labelled C' and is a CNF of
clauses each containing one literal. The symbols V, A de-
note disjunction and conjunction and we use & for exclusive
disjunction, that is, z & y = x + y mod 2. The canonical
CNF representation of a parity constraint x1 & ---dxi =0
is the CNF formula xor(z1, . .., x)) composed of all 2¢~1
clauses of size k that contain an odd (resp. even) number
of positive literals when & is odd (resp. even). For instance
xor(p, q,r) == (PVGVT)A(PVaVTr)A(pVaVr)A(pVqVT).
The canonical representation of x1 @ --- @ xp = 1 is just
xor(x1,...,x) where we flip all literals for an arbitrary
variable, for instance xor(Z1, 2, . .., Tg)-

Proofs and Refutations

Resolution. Resolution is a refutational proof system that
works by adding clauses based on a single binary rule—the
resolution rule (Robinson 1963). The resolution rule’s new
clause is a logical implication. Adding it to the formula pre-
serves not only satisfiability but also the models. A resolu-
tion proof that derives the empty clause shows that the orig-
inal formula is unsatisfiable.

CiVax CyV—x

C1V Oy

Extended Resolution. Extended resolution adds an exten-
sion rule, it creates extension clauses that introduce a new

(Resolution)
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variable with clauses that force that new variables to fol-
low a definition. If we treat the extension variables as new,
the extension rule does not change the satisfying assign-
ments when considering only the original variables. There-
fore, when we reach the empty clause, we know that the
original formula must have been unsatisfiable.

Example 1. We can add the following extension clauses that
state that extension variable n is the exclusive or of x with y:
(ZVyvn),(xvVygVn),(xVyVn),(TVyVna).

DRAT. Unit propagation is an incomplete, model preserv-
ing, and polynomial-time process.

Definition 1. A unit clause is a clause of one literal. Unit
propagation takes any unit clause (a) and resolves it with
every clause which has an a in it (possibly creating another
unit clause). After all resolvents are found, the clause (a) is
removed, and we repeat the process for another unit clause
until no unit clauses remain. We also terminate if we reach
the empty clause, and we can write F -1 1 to denote that
unit propagation of F' reaches the empty clause.

While unit propagation itself is incomplete, it terminates
in polynomial time. It therefore is a convenient tool for
checking implication, we can use this in the concept of an
asymmetric tautology, which is a clause that must be true
assuming a CNF because its negation would cause a conflict
via unit propagation.

Definition 2 (Jarvisalo, Heule, and Biere 2012). Let F be a
CNF formula. A clause C' is an asymmetric tautology (AT)
wrt. Fif FACH L.

A clause being an asymmetric tautology in F'is a general-

ization of being a resolvent of some pair of clauses in F'. We
also want to be able to generalize the creation of extension
clauses. To do this, we first generalize extension clauses to
blocked clauses. Blocked clauses are clauses that have a lit-
eral that cannot be resolved without causing a tautology, and
so they are non-threatening to the satisfiability of the for-
mula. We generalize blocked clauses to RAT clauses, where
we widen the condition of tautology to asymmetric tautol-
ogy.
Definition 3 (Jarvisalo, Heule, and Biere 2012). Let F be a
CNF formula. A clause C'is a resolution asymmetry tautol-
ogy (RAT) w.rt. F if there exists a literal | € C such that for
every clause LNV D € F it holds that F AN D ANC =y L.

DRAT is a generalized and application friendly version
of extended resolution. Each rule modifies a formula
by either adding (removing) a clause while preserving
satisfiability (unsatisfiability), respectively. Unlike reso-
lution, clauses can be added (removed) with or without
preserving the exact set of satisfying models of a for-
mula. The first set of DRAT rules show us how we
can add or remove clauses while preserving models
by using asymmetric tautologies when C' is AT w.rt. F"

F FAC
FAC (ATA) i (ATE)
The second set of rules use resolution asymmetric tau-
tologies (C' is RAT w.r.t. ') and do not preserve models:
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F

FNC
FnC

(RATA) &

(RATE)

In all clause additions, we can add a new variable as long as
it works with the side conditions of the rules. However, an
excess of new variables can cause a proof checker to slow
down, so there is a version of DRAT that forbids new vari-
ables known as DRAT .

Tseitin Formulas

A Tseitin formula is a CNF formula that represents a system
of parity constraints where every variable appears in exactly
two constraints. Such a formula is determined by a graph G:
each edge e corresponds to a unique Boolean variable z.
and each vertex v defines a constraint P, () e = c(v),

where E(v) is the set of edges incident to v in G and ¢ :
V(G) — {0, 1} is the charge function. The Tseitin formula
T(G, c) is the conjunction of the xor representations for the
constraints for every v € V(G). We call G the Tseitin graph
of the formula. It is often assumed that the maximum degree
of all vertices in GG is bounded by a constant, so that the size
of T(G, ¢) is linear in |var(T (G, c))| = |E(G)|.

Example 2. Let G be the following graph with
V(G) ={1,2,3,4}. Let ¢ : V(G) — {0, 1} such that gray
vertices have charge O and white vertices have charge 1.

T12 @713 D w14 =0 9

3
T2 P oz =1 VY
16— 4

213 D xo3 Dwss =1
214 @34 =0
The Tseitin formula for this graph and this charge c is

T(G, C) = XOI’(JZlg, r13, 1‘14) N XOI’(flg, $23)
A xor(flg, Ta3, 1‘34) A\ XOI’(Z‘147 33‘34).

Tseitin formulas were introduced by Tseitin (1968, 1983)
in the 1960s as hard instances for proof systems, despite an
easy criterion to decide their satisfiability (Urquhart 1987,
Lemma 4.1). Urquhart (1987) later showed that when G
belongs to the family of bounded-degree expander graphs
(whose definition we omit), all resolution refutations of
T(G, ¢) require exponentially many clauses. This was gen-
eralized by Ben-Sasson and Widgerson who used their
width-length relations on refutation proofs to derive ex-
ponential lower bounds parameterized on the edge expan-
sion of G (Ben-Sasson and Wigderson 2001). Beyond ex-
pansion, the key parameter to characterize the hardness of
Tseitin formulas for resolution could be the treewidth of
the graph. Treewidth is a very well-known graph parame-
ter whose definition we omit (see (Bodlaender 1998)). In-
tuitively the treewidth of G, denoted by tw(G), is an in-
teger between 0 and |V(G)| that measures how close G
is to a tree (trees having treewidth 1). On the one hand, it
was shown (Alekhnovich and Razborov 2011) that unsatis-
fiable Tseitin formulas have resolution refutations of length
at most 20| B(G)|9(M), thus a logarithmic treewidth
guarantees short refutations. On the other hand, combining
the width-length relation with Corollaries 8 and 16 of Galesi
et al.’s (2020) yields the following:
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Theorem 4. Let G be an n-vertex graph whose maximum
degree is bounded by a constant, if tw(G) = Q(n), then the
length of a shortest resolution refutation of an unsatisfiable
Tseitin formula T(G, ¢) is at least 22,

Note that there is still a gray area for tw(G) less than lin-
ear, but more than logarithmic in n. Note also that Tseitin
formulas are easily refutable in proof systems different from
resolution, regardless of high treewidth (Itsykson et al. 2020;
Bonacina, Bonet, and Levy 2023).

Parity Problems

For a constraint x1 ® - -+ @ x,, = ¢, the number of clauses
in the canonical representation is exponential in n. We can
use the xor notation to build larger parity constraints if we
include auxiliary variables called Tseitin variables:

Definition 4. Let o be a permutation of n elements and
X ={z; | 1 < i < n} be an ordered set of liter-
als. We define Parity(X,T,0) = xor(z,(1), To(2),t1) A

—4
/\?:1 Xor(tjv Lo (542)5 tj+1) A Xor(tn73a LTo(n—1)s Lo(n) ),
where T = {t; | i <n — 3} are Tseitin variables.

Here Parity(X, T, o) is satisfiable if and only if the total
parity of X is 0. If we wanted a constraint which is satisfi-
able if and only if the parity was 1, again we simply flip a
literal. In our particular Tseitin encoding, we structure the &
linearly so that the formula for n = 5,0 = id looks like
((((x1 @ x2) @ x3) @ x4) ® x5). Here the formula depth is
linear, however the structure does not affect the satisfiability
as @ is associative. Furthermore the actual permutation o
does not affect the satisfiability because ¢ is commutative.

Problem 1: Reordered Parity

In our first problem we simply take two parity constraints
that are in contradiction. We simultaneously state that the
variables of X have 0 parity and 1 parity. This is obviously
a contradiction. However in order to make it difficult we use
two different permutations to obscure the conflict. We define

rPar(n, o) = Parity(X, S, id) A Parity(X',T, o)

where X = {z; | 1 <i<nh X' ={z;|1<i<
n} U {Z,}, o is a permutation of n elements, and id is
the identity map. S, T', and X are disjoint sets of variables.
Note that rPar(n, o) is a Tseitin formula where each xor con-
straint corresponds to a vertex of the underlying graph. This
is because every variable appears in exactly two xor con-
straints. For n fixed, its Tseitin graph depends only on o and
its vertices all have charge 0, except for the vertex corre-
sponding to xor(t, 3, To(n—1), o, )-

Fact 1. rPar(n, o) is an unsatisfiable Tseitin formula.

The version where the identity map is used for o is the
most natural, and is easy to solve. However the random ver-
sion can still appear from equivalences (which themselves
are xors) obfuscating the random parity. For example: A sys-
tem of equations containing x1 & x2 G 3 x4 = 0 and
x5 @ x6 @ v7 ® x5 = 1 and other binary clauses implying:
Ts5 <> x4 and xg <> x1 and x7 <> 2 and xg <> 3. A
standard CNF encoding using the natural variable ordering
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T < Ty < T3 < 14 < x5 < x5 < x7 < g (as done
in the Dubois benchmark family) yields a non-trivial ran-
dom parity problem after removing binary clauses, namely:
1 P xy ® x3 @ x4 = 0 encoded in CNF using the ordering
T < Xo < x3 < Ty,and x4 D 1 D 2 P x3 = 1 encoded
in CNF using the ordering x4 < 1 < 3 < 3.

Problem 2: Random Parity Addition

Problem 1 is a simple special case. In general, solvers and
preprocessors want to deal with XOR-constraints by Gaus-
sian elimination. In Gaussian elimination we use multiple
steps involving adding two parity constraints together to get
a third parity constraint. Since the parity constraints may
have a large number of input variables we would have to
use Tseitin variables, even in the third constraint. We model
the difficulty of an addition step by taking the three parity
constraints: the two summands and the negation of the sum,
in conjunction to get a contradiction.

Let a Parity(A, S,0,) and b Parity(B, T, o),
where A and B are subsets of X = {z; | 1 < i < n}
and S and T are disjoint sets of Tseitin variables. We define

rAddPar(a, b, o.) = Parity(A, S,0,)
A Parity(B, T, o) A Parity(C, U, o..)

where U is disjoint from S, 7" and X. Here C is the sym-
metric difference of A and B but with a literal flipped. In
a first scenario, the variable ordering o. for the sum con-
straint is independent of that used in a and b. This is mod-
eled fixing o, to be the identity id. For convenience we write
rAddPar(a, b) = rAddPar(a, b, id). A more clever approach
is to choose o, favorably for o, and ;. We will precise what
we mean by “choosing o, favorably” later in the paper.
Again rAddPar(a, b, 0.) is a Tseitin formula since every
variable appears in two xor constraints. Every variable ap-
pearing in A and B does not appear in the third constraint,
and every variable in the symmetric difference of A and B
appears a second time the third constraint. The Tseitin vari-
ables are disjoint so they also appear in exactly two xor.

Fact 2. rAddPar(a,b,o.) is an unsatisfiable Tseitin for-
mula.

The Graph Model and Lower Bounds

In this section we present our lower bounds on the length
of resolution refutations for rPar and rAddPar when they
are constructed in a random fashion. The complete proofs
of some results are deferred to the full version of the paper.
The current paper should contain enough proof sketches and
intuition for the reader to navigate through our results.

Lower Bounds for Reordered Parity

In the following, we denote the set {1,...,n} by [n] and
we call G,, the set of permutations of [n]. Consider 2n ver-
tices labeled 1,...,n,1’,...,n/, a permutation 0 € &,
and let G, be the graph over these vertices whose edge set is
{Gyi+1) i < 0 bU{ (o), o (i+1)') | i < n }U (i, 7) |
i < n}.Let GX be the multigraph obtained by contracting
the edges (i,4') for all ¢ € [n]. That is, V(G%) = [n] and,
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for every edge (4,7), (i',7), (i,7) or (¢,5) in E(G), we
add an edge (4, 7) to E(G%).

Example 3. Letrn =5ando(1) =3,0(2) =1, 0(3) =5,
o(4) =4, 0(5) = 2. The graph G, and G% are:

1 3 11— 1 1
2 1 2 2! 2
Go= 3 5 = 34 3 Go=3
4 4 4 4 4
5 ‘ ‘ 2/ 5 e—— 5/ 5

The maximum degree of a vertex of G, (resp. G) is 3
(resp. 4). Since G7 is a minor of G, after merging of the
parallel edges, we have that tw(G?%) < tw(G,). We also
have a bound in the other direction which may be useful
when tw (G, ) is harder to compute than tw(G ) in practice.

Lemma 1. We have that 1tw(G,) < tw(G%) < tw(Gy).

The Tseitin graph of rPar(n, o) is not exactly G,. The
two graphs would be the same if we were to slightly
modify the first and last constraints of Parity(X, S, id)
and Parity(X',T,0) by replacing xor(z1,x2,51) by
XOI’(l‘l, 50) A XOF(So, o, 81) etc.

Lemma 2. The Tseitin graph of rPar(n, o) is obtained by
contracting four edges of G.

Proof sketch. Contract the edges (1,2), (n — 1,n),
(c(1),0(2)") and (o(n — 1)',0(n)’) of G,. O

Since an edge contraction can only decrease the treewidth
by one, it follows that the treewidth of the Tseitin graph of
rPar(n, o) is at least tw(G,) — 4. But then we show that
when o is sampled uniformly at random from &,,, with high
probability (i.e., with probability tending to 1 as n increases)
both G, and rPar(n, o) have linear treewidth.

Lemma 3. There is a constant o« > 0 such that
Pr(tw(G,) < an) vanishes to 0 as n increases when o is
chosen uniformly at random in S,,.

Proof. Kim and Wormald (2001) have studied the graph dis-
tribution H,, & H,, where each graph over n vertices is the
superposition of two independent hamiltonian cycles over
these vertices (merging parallel edges). They call G, ,, the
uniform distribution over all 4-regular graphs over n ver-
tices. They show that any sequence of events is true asymp-
totically almost surely (a.a.s.) in H,, ® H,, if and only if it is
true a.a.s. in G4 ,, (Kim and Wormald 2001, Theorem 2).
The treewidth of a random 4-regular graph from G, ,, is
linear in n with high probability (Chandran and Subrama-
nian 2003). On the one hand, Chandran and Subramanian
(2003) have shown that the treewidth of a d-regular graph G
is at least | 32 éj:g%j — 1 where Ay (G) is the second
largest eigenvalue of the adjacency matrix of G. On the other
hand, Friedman has shown that, for any fixed € > 0 and any
d > 2,|A2(G)| < 2v/d — 1 + € holds with high probability
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when G € G4, (Friedman 2003, Corollary 1.4)!. The com-
bination of the two results yields that, with high probability
when G € Gy, tw(G) > Q(n).

Thus, with high probability, a random graph G € H,, &
‘H,, has linear treewidth. Now G is not the superposition
of two independent hamiltonian cycles but the superposition
of two independent paths. But if we close both paths before
superposition, then we obtain a graph in H,, & H,, whose
treewidth is at least tw(G}) — 2. So with high probability
tw(Gy) > tw(G%) > Q(n) holds. O

rPar(n,o)’s graph has degree at most 4 and linear
treewidth with high probability so, by Theorem 4 we im-
mediately have that the formula is hard for resolution.

Theorem 1. There is a constant o« > 0 such that, with prob-
ability tending to 1 as n increases, the length of a shortest
resolution refutation of rPar(n, o) where o is chosen uni-
formly at random in S,,, is least 2°™.

Lower Bounds for Random Parity Addition

The symmetric difference of two subsets A and B of X =
{z1,...,2,}is denoted by AAB := (AUB)\ (ANDB).Re-
call that for a = Parity(A, S, 0,) and b = Parity(B, T, 03),
the formula rAddPar(a,b) = a A b A Parity(C,U,id) is a
Tseitin formula (where UNS = UNT = SNT = 0
and C is AAB with one literal flipped). Let us describe
rAddPar(a, b)’s Tseitin graph. We call H the graph whose
vertices are split into three sets V. = {i | =, € A},
Vi={i |z, e Bfand V" = {i" | z; € AAB}. The
edge set of H contains (7,4') for all z; € AN B, and (,4")
forallz; € AN(AAB), and (i/,4") forallz; € BN(AAB).
The vertices in V' (resp. V'’ and V") are also connected in a
path following the order o, (resp. o and id). H is not ex-
actly the Tseitin graph of rAddPar, but is close enough and
easier to analyze.

Lemma 4. For a = Parity(A, S,0,) and b = Parity(B, T,
oy) the Tseitin graph of rAddPar(a, b) is obtained by con-
tracting six edges of the graph H.

At this point it is worth giving an example of such a graph H.

Example 4. Letn =6, A = {z1,29,24,25,26} and B =

{21, 22,235,225} So AAB = {x3, 24,16} The constraints

encoded in CNF with Parity are x1 ®xo @ x4 B x5 BDxg = 0,

21 DT ®r3Prs = 0and x3DxyPxg = 1. Let 0,(1) =4,

0a(2) =5, 0,(4) =1, 04(5) =6, 0,(6) = 2 and 0,(1) =
1, 0b(2) =5, 0u(3) = 2, 04(5) = 3. Then the graph H is:

4

3//

‘ ‘ 4//

6//

t

L

[ e

The Tseitin graph of rAddPar(a,b) is the graph H above
after contraction of the edges (4,5), (6,2), (1',5"), (2/,3),
(3",4") and (4”,6").

"Note that our Ga,n is Friedman’s KCq, p,



The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

When the constraints a and b are constructed in a random
fashion, the hardness of rAddPar(a,b) for resolution stems
from the hardness of rPar. One proves this by showing that,
when the parameters of a and b are sampled uniformly at
random, f{ is a random graph that, w.h.p., admits a graph
G, as aminor, for o a permutation over {2(n) elements of X
When this minor exists (which is almost always the case), it
also follows a uniform distribution, and thus its treewidth is
in (n) by Lemma 3. This then shows that tw(H) = Q(n)
holds w.h.p., and the lower bounds for resolution follows.

Theorem 2. There is a constant o > 0 such that, with prob-
ability tending to 1 as n increases, when A, B, o, and oy, are
chosen independently and uniformly at random, the length of
a shortest resolution refutation of rAddPar(a, b) is least 2*™.

Notice here that o,, 0, and id are relative to each other
shuffled randomly. This is the most chaotic scenario which
is likely to contribute to its difficulty. Let us instead briefly
discuss an example that favors shorter proofs. We are given a
and b in their random orders but, in an addition step, we may
be the ones creating the encoding for the sum constraint and
so we can choose the permutation o, favorably by ensuring
that 0. (i) < o.(j) if and only if either:

ez, € A\Bandz; € B\ A

o z;,x; € A\ Band 0,(7) < 04(5)

e z;,x; € B\ Aand 0,(7) < 0p(j)
Even in this case, the encoding rAddPar(a,b,0.) = a A b A
Parity(C, U, o) will be hard w.h.p. when |A N B| = Q(n)
since then we can find the minor GG, evoked above by only
looking in H[V U V']. The condition |[A N B| = Q(n) is
fulfilled almost surely when A and B are chosen uniformly.

Sorting and Upper Bounds

Philipp and Rebola-Pardo (2016) showed that XOR-
reasoning such as in Gaussian elimination can have short
proofs; a BDD approach can find polynomial-size extended
resolution proofs (Sinz and Biere 2006). For these particular
formulas we can do even better, reducing the complexity and
the number of extra variables needed.

Lemma 5 (Chew and Heule 2020). Suppose we have a CNF
F and two sets of XOR clauses xor(x,y, p) and xor(p, z, q),
where variable p appears nowhere in F'. We can infer:

F N\ xor(z,y,p) Axor(p,z,q)

F Axor(y, z,p) Axor(p,z,q)
in 32 of DRAT steps without adding new variables.
This provides the building blocks for the short proofs.

Lemma 6 (Chew and Heule 2020). Given two permuta-
tions o1 and oo, X, S and T are disjoint sets of vari-
ables where both S variables and T variables do not ap-
pear in CNF F, F A Parity(X, S,01) can be transformed
into F' A Parity(X, T, 02) in O(nlogn) many DRAT steps
where | X| = n.

Sketch Proof. 1. In O(nlogn) applications of Lemma 5 we
can take the linear structure of the Tseitin variables and
reorganize it into a balanced binary tree, using a divide-
and-conquer approach.
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2. In O(nlogn) applications of Lemma 5 we can make any
permutation of the leaf edges. By first swapping any two
leaves takes O(logn) applications of Lemma 5 and then
n—1 swaps are required (in the worst case) and sufficient
to place every variable in place.

. In O(nlogn) applications of Lemma 5 we can take our
balanced binary tree and return it to a linear structure.

O

Theorem 3. For any parity constraints a,b over n input
variables X, there are DRAT™ refutations of rAddPar(a, b)
that have O(nlogn) many lines.

Sketch Proof. Using Lemma 6 we can rearrange the the ran-
dom orderings to an easy case where all variables appear
in order in O(nlogn)-step. The remaining refutation is a
linear-sized resolution refutation. O

Experiments

We ran experiments to confirm that the reordered parity and
random parity addition formulas are hard to refute for CDCL
solvers, and that their hardness is largely explained by the
treewidth of their Tseitin graphs. This is expected given the
lower bounds of Theorems 1 and 2, but these results are
asymptotic and probabilistic, and it is not certain that they
apply to relatively small formulas encountered in practice.
The experiments described here were performed on a
cluster with Intel Xeon E5649 processors at 2.53 GHz run-
ning 64-bit Linux. An 8§ GB memory limit and varying time
limits were enforced with RUNSOLVER (Roussel 2011). The
benchmarks are available here: (Chew et al. 2023). 2

Problem 1: Reordered Parity

We generated a benchmark set of rPar(n, o) for n = 50.
Experiments for increasing values of n were done by Chew
and Heule (2020). To get formulas of varying treewidth, the
permutations o were constructed in several ways:

(a) 5 permutations were drawn from a uniform distribution.

(b) 30 permutations were obtained from a stochastic pro-
cess following a Mallows distribution whose parameter
controls the likelihood of inversions (Mallows 1957).

(c) 30 permutations come from a sequence of random ad-
jacent swaps, with a varying number of swaps.

(d) 15 permutations were constructed by a sequence of ran-
dom adjacent swaps until an element is a set distance
away from its original position in the original order.

An ideal construction would have allowed us to uniformly
sample graphs G, for a fixed n, with treewidth lying in a
fixed range. But we know of no such construction that is also
efficient. Hence the three last constructions listed above, that
have parameters that intuitively give us some control on the
treewidth. The drawback is that the graphs are not sampled
uniformly at random, as in the theoretical results.

The resulting Tseitin graphs have 100 vertices each, so
determining their treewidth is challenging. We obtained up-
per and lower bounds using tools by Tamaki (2022).> Within

Zhttps://doi.org/10.5281/zenodo.10391790
*https://github.com/twalgor/tw
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Figure 1: Treewidth (x-axis) vs. solving time (y-axis) for reordered parity (left) and random parity addition (right).

a time limit of 3600 seconds, the treewidth of only 30
graphs could be computed exactly. For another 30 graphs, no
non-trivial lower bound was returned. To get lower bounds
for such graphs G,, we determined the treewidth of the
graph G* obtained by contracting the edges (i, 0 (¢)) fori €
[n]. Lemma 1 shows that tw(G%) < tw(G,) < 2tw(G%),
and since the graphs G only contain half as many vertices,
matching upper and lower bounds could be computed for all
except two instances (curiously, these were graphs for which
the treewidths of the original graphs could be determined).

We ran the CDCL solver CaDiCaL (Biere et al. 2020)
on each reordered parity formula with default settings and
a timeout of 3600 seconds. CaDiCal. generates Reverse
Unit Propagation (RUP) proofs (Gelder 2008; Heule, Jr., and
Wetzler 2013), which can be converted to resolution proofs
with a quadratic overhead (Goldberg and Novikov 2003).
Figure 1 (left) plots the solver’s running time against the best
upper bounds on the treewidth for each instance. The regres-
sion line clearly shows that the running time grows exponen-
tially with the treewidth. By contrast, CryptoMiniSat (Soos,
Nohl, and Castelluccia 2009), a solver that is capable of rea-
soning with XORs using Gaussian elimination, was able to
solve all instances within a few seconds.

Problem 2: Random Parity Additions

We generated a benchmark set consisting of 95 reordered
parity formulas rAddPar(a, b, o..). To get formulas of vary-
ing treewidth, we altered the value p, which dictates the
probability of each input variable being selected to be in-
cluding in a, and the same probability also for b. We chose p
in increments of 0.05 from 0.05 up to 0.95. We scaled the
number of variables we drew from based on p to keep the
expectation of the number of clauses the same, in our sample
the number of clauses ended up being between 360 and 536.
o. was chosen to be favorable to solving. Figure 1 plots the
solver’s running time against the best upper bounds on the
treewidth for each instance. Once again we see running time
grows exponentially with the treewidth.
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Conclusion

We present both theoretical and experimental evidence that
treewidth explains the hardness of reordered parity, and ran-
dom parity additions for CDCL/resolution.

Chew and Heule (2020) have left the DRAT™ upper
bound for rPar without a proof lower bound for resolution.
We have now provided that. In particular, noticing that the
instances were Tseitin formulas, we were driven to study
the treewidth of their underlying graphs and we have shown
that it is, with high probability, linear in the number of
variables. And although the relationship between resolution
refutations of Tseitin formulas and the graph’s treewidth is
not fully understood yet, results do exist for linear treewidth
that are enough for us to prove exponential lower bounds
on the length of the resolution proofs. Previous experiments
showed the exponential increase in CaDiCaL proof size as
the number of variables increases (Chew and Heule 2020),
in this paper we show that same exponential increase (but in
solving time), but with the number of variables and clauses
controlled and now the treewidth being varied.

We generalize this further to rAddPar which draws its mo-
tivation from Gaussian elimination. rAddPar provides yet
another example of a hard Tseitin formula, and its hardness
is confirmed both theoretically and experimentally. Again,
treewidth is the important factor in determining its hardness.
In both the rPar and rAddPar case we can draw the conclu-
sion that the variable order matters. Just as in rPar, we can
show that we have short DRAT ™ proofs for rAddPar. This
will be useful for verification, with a hope that it may be
generalized to Gaussian elimination.

In future work, it would be interesting to explore the
BDD-techniques for dealing with XOR-constraints, in a
similar manner to our exploration on CDCL here. On re-
ordered parity EBDDRES (Sinz and Biere 2006) can per-
form even more poorly than CaDiCal, but recent work
(Bryant, Biere, and Heule 2022) show BDD-solvers can per-
form even better than Chew and Heule’s sorting tool, so the
overall picture may be more complicated.
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