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Abstract

Recent advances in large-scale pre-training such as GPT-3
allow seemingly high quality text to be generated from a
given prompt. However, such generation systems often suffer
from problems of hallucinated facts, and are not inherently
designed to incorporate useful external information. Grounded
generation models appear to offer remedies, but their train-
ing typically relies on rarely-available parallel data where
information-relevant documents are provided for context. We
propose a framework that alleviates this data constraint by
jointly training a grounded generator and document retriever
on the language model signal. The model learns to reward re-
trieval of the documents with the highest utility in generation,
and attentively combines them using a Mixture-of-Experts
(MoE) ensemble to generate follow-on text. We demonstrate
that both generator and retriever can take advantage of this
joint training and work synergistically to produce more infor-
mative and relevant text in both prose and dialogue generation.

Introduction
Recent large-scale pre-trained language models (LMs) such
as BERT (Devlin et al. 2019), GPT-2 (Radford et al. 2019),
GPT-3 (Brown et al. 2020), and T5 (Raffel et al. 2019) have
brought numerous breakthroughs in natural language gener-
ation (NLG) across a variety of tasks. These models, how-
ever, are not designed to leverage external information to
enhance or to verify the predicted text. Gao et al. (2020),
for example, demonstrate that they fail to reliably gener-
ate responses grounded in real-world knowledge, and may
fall short when generating goal-directed responses that are
optimized for information-seeking task completion. These
models pose several challenges in information-demanding
scenarios: First, they are usually trained offline, rendering
the model agnostic to the latest information (e.g., asking a
chat-bot trained from 2011-2018 about COVID-19). Second,
they are mostly trained on public data, rendering them less
suitable in scenarios where customized or personalized infor-
mation must be processed (e.g., writing suggestions based
on private user-data). Third, even in scenarios that call only
for public information, generation from these LMs may be
unfaithful to the facts (e.g., hallucinations about birth dates),
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especially when the people or entities are less well known
and the scenario demands a high degree of fidelity. As a prac-
tical matter, moreover, there remains a fundamental capacity
issue in that large LMs cannot effectively represent all the
information about every person or entity in the world.

A solution that would at first glance seem obvious is
to ground the language model in real-world knowledge,
which can be present in either structured data (e.g., a
knowledge-graph) or unstructured data (e.g., documents such
as Wikipedia, user documents or background stories) (Wu
et al. 2021; Ghazvininejad et al. 2018; Dinan et al. 2019; Qin
et al. 2019). The advantage of using unstructured grounding
data over structured data is that the former provides richer
information and it is typically more flexible when it comes
to maintaining and updating the information base. However,
training a grounded text generation model that takes addi-
tional unstructured documents as input typically demands
that the training data contains pairs of context and corre-
sponding oracle documents. These pairs are seldom avail-
able. Recent work, such as REALM (Guu et al. 2020) and
RAG (Lewis et al. 2020b), attempts to leverage information
retrieval machinery in real time to mitigate this data paucity
in open-domain question answering systems. The approach
taken in this paper is in similar vein, but is not confined
to the specialized case of question answering, and seeks to
present a mechanism to that addresses the broader problem
of informational accuracy in text generation.

In this paper, we investigate the task of generating text by
potentially taking advantage from massive reference docu-
ments. We called this task as Information-aware Text Gen-
eration (ITG). Note that ITG is related but different from
open-domain Question Answering (ODQA). In ODQA, the
input is typically an information query/question, and the gen-
eration is expected to be the answer for that query. In ITG,
the input is usually not an information query/question. The
task is to potentially leverage any possible external refer-
ence documents to predict the next utterance or sentence.
Unlike the ODQA, ITG might not always directly seek an
answer from retrieved documents, instead it usually requires
the retrieved information to be digested as context to subtly
influence the generation. Therefore, ITG can be applied to
scenarios like dialogue generation and text auto-completion
which generalize the open-domain QA scenario.

Below, we present a large-scale general purpose pre-
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training framework that jointly trains a document retriever
and a multi-document grounded generator in end-to-end fash-
ion and allows these to synergistically cooperate to optimize
grounded text generation. Our method first selects and scores
a collection of documents that are most helpful to generation
according to the language model signal. The multi-document
generator then digests these documents and combines their
information according to document-specific attention weights
to generate a single prediction in a Mixture-of-Experts (MoE)
manner. The main contributions are as follows:
• We provide a joint training framework for grounded gen-
eration and document retrieval with a language model sig-
nal. Our method alleviates the need for oracle parallel data
(prose-document pairs) with which to train a grounded model,
enabling the use of massive non-parallel corpora.
• From the retriever’s perspective, our approach uses the
language model signal to optimize the retriever, so that the
documents with highest utility in generation are returned.
• From the generator’s perspective, our approach learns to at-
tend to and combine multiple retrieved documents to achieve
a mixture-of-expert-based generation. We apply mutual infor-
mation maximization (MMI) to further enhance the model.

Related Work
Retrieval-Augmented Language Modeling A series of
previous work explores a retrieve-then-edit paradigm for
text generation (Peng et al. 2019; Li et al. 2018; Cai et al.
2019b; Hashimoto et al. 2018; Yang et al. 2019; Song et al.
2018; Cai et al. 2019a; Wu et al. 2019). This line of work
either directly edits the retrieved text, or feeds the retrieved
text to a fixed generator. REALM (Guu et al. 2020) has
proposed a Retrieval-augmented encoder to extract salient
text span for open-domain QA. The knowledge retriever is
pre-trained by leveraging the masked language model sig-
nal. RAG (Lewis et al. 2020b) fine-tunes models that can
leverage the Wikipedia documents to facilitate knowledge-
intensive NLP tasks, and achieves strong performance on
open-domain QA. Our approach differs in that: 1) we update
the document encoder during training, whereas the docu-
ment encoder in RAG is fixed. The optimizable document
encoder enables us to investigate whether language model
signals can be leveraged to improve the document represen-
tation learning. Regularly indexing millions of documents
is also technically challenging. 2) we incorporate MMI and
retriever correction to further improve the performance. 3)
we focus on an information-aware text generation (ITG) task,
which is related but different from open-domain QA. Lewis
et al. (2020a) proposed a pre-training objective to recon-
struct the original document from retrieved evidence docu-
ments, and employ the resulting model to improve translation
and summarization results. The bulk of recent work has at-
tempted to perform retrieval-augmented generation to either
task-oriented (Thulke et al. 2021) or open-domain (Shuster
et al. 2021) response generation. However, their retrievers
are not optimized during the training, an thus may be unable
to learn from the rich language model signals.

Dense Retrieval Models Unlike standard information re-
trieval techniques such as BM25, Dense Retrieval (DR) mod-

els map documents and queries into an embedding space
and match them according to semantic similarity. Repre-
sentative works include (Lee, Chang, and Toutanova 2019;
Karpukhin et al. 2020; Luan et al. 2021; Xiong et al. 2020),
which achieve the state-of-the-art performance in tasks like
open-domain QA and relevance ranking. Such dense retrieval
models can be fine-tuned to accommodate customized needs,
and have become a core component in many natural language
systems (Khandelwal et al. 2019; Guu et al. 2020).

Grounded Generation Grounded generation based on ex-
ternal knowledge has been extensively studied. Some previ-
ous work leverages structured external sources like relational
knowledge bases (Zhu et al. 2017; Liu et al. 2018) or knowl-
edge graphs (Young et al. 2018) for conversation generation.
More recently, Liu et al. (2019) have developed a hybrid
graph-path-based method on knowledge graphs augmented
with unstructured grounding information. Our work focuses
on unstructured (raw text) grounding information and thus
avoids the need of pre-constructed knowledge graphs. Peng
et al. (2020) grounds the task-oriented response generation
on the retrieved database states.

Another line of research exclusively uses the unstructured
grounding. Ghazvininejad et al. (2018) developed a mem-
ory network based model to leverage grounding information
from Foursquare. Dinan et al. (2019) crowd-sourced conver-
sations where each utterance is grounded in no more than a
single sentence. Zhou, Prabhumoye, and Black (2018) col-
lected a dataset for grounded conversation generation. Qin
et al. (2019) employed a machine reading comprehension
(MRC) model to extract salient grounding information to
facilitate generation. Wu et al. (2021) used a controllable gen-
eration framework to generate dialogue responses by apply-
ing extracted lexical constraints. Zhao et al. (2020) equipped
response generation with knowledge selection module. An-
notated grounding in these works is often ad-hoc and not
necessarily optimal for the task. Our work differs from these
in that we jointly train a retriever and generator to optimize
grounded text generation performance, and our proposed
model does not rely on annotated text-reference parallel data,
with the result that it can be trained on any target dataset
without additional annotation.

Method
Method Overview

We begin by formally defining our Information-aware Text
Generation (ITG) task and laying out necessary notation. ITG
aims to predict the upcoming text y that directly follows the
existing source prompt x (x, y are from a corpus D), while a
document reference set Z is accessible. In ITG, D and Z are
non-parallel to each other. In other words, each x is paired
with a y. However, the association between a document z in
Z and the tuple (x, y) is not necessarily known.

We propose a framework called RetGen to solve the ITG
task. RetGen has two components: i) a dense document re-
triever and ii) a knowledge-grounded text generator. The
objective of the ITG is to train a model to maximize the
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<latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ZEpnowZ8amKDNbZ155/VPgr2x2Q=">AAAB4HicbZDNSgMxFIXv1L9aq45u3QSL4KrMuNGl4MZlBfsD7VAy6Z02NMkMSUaoQ1/BjQtFfCp3vo2ZtgttPRD4OCch9544E9zYIPj2KlvbO7t71f3aQf3w6Ng/qXdMmmuGbZaKVPdialBwhW3LrcBeppHKWGA3nt6VefcJteGperSzDCNJx4onnFFbWs/DkAz9RtAMFiKbEK6gASu1hv7XYJSyXKKyTFBj+mGQ2aig2nImcF4b5AYzyqZ0jH2Hiko0UbGYdU4unDMiSardUZYs3N8vCiqNmcnY3ZTUTsx6Vpr/Zf3cJjdRwVWWW1Rs+VGSC2JTUi5ORlwjs2LmgDLN3ayETaimzLp6aq6EcH3lTehcNcOgGT4EUIUzOIdLCOEabuEeWtAGBhN4gTd496T36n0s66p4q95O4Y+8zx9IIox2</latexit><latexit sha1_base64="NnnwYKf3F+Xdp2zI09SGUPP/FLQ=">AAAB4HicdZDNSgMxFIXv1L9aq1a3boJFcDVMRKjdCW5cVrCt0A4lk2ba0CQzJBmhDn0FNy4U8anc+TZmphVU9EDg45yE3HuiVHBjg+DDq6ytb2xuVbdrO/Xdvf3GQb1nkkxT1qWJSPRdRAwTXLGu5Vawu1QzIiPB+tHsqsj790wbnqhbO09ZKMlE8ZhTYgvrYYTRqNEM/HYptITW+QraGGE/KNWElTqjxvtwnNBMMmWpIMYMcJDaMCfacirYojbMDEsJnZEJGzhURDIT5uWsC3TinDGKE+2Osqh0v7/IiTRmLiN3UxI7Nb+zwvwrG2Q2vghzrtLMMkWXH8WZQDZBxeJozDWjVswdEKq5mxXRKdGEWldPzZXwtSn6H3pnPg58fBNAFY7gGE4BQwsu4Ro60AUKU3iEZ3jxpPfkvS7rqnir3g7hh7y3TxcLjQk=</latexit><latexit sha1_base64="pxWeoakb8SGlQdwK/WQLLPFcbS0=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0ikUHsrePFYwX5AG8pmu2mX7m7C7kaopX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmhQln2njeh1NaW9/Y3CpvV3Z29/YPqodHXR2nitAOiXms+iHWlDNJO4YZTvuJoliEnPbC2VXm9+6o0iyWt2ae0EDgiWQRI9hk0v3IR6NqzXObOdCKNOoFafrId70cNSjQHlXfh+OYpIJKQzjWeuB7iQkWWBlGOF1WhqmmCSYzPKEDSyUWVAeL/NYlOrPKGEWxsiUNytXvEwsstJ6L0HYKbKb6t5eJf3mD1ESXwYLJJDVUktWiKOXIxCh7HI2ZosTwuSWYKGZvRWSKFSbGxlOxIXx9iv4n3QvX91z/xqu16kUcZTiBUzgHHxrQgmtoQwcITOEBnuDZEc6j8+K8rlpLTjFzDD/gvH0CNPKOTQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit><latexit sha1_base64="IouL1ffyMKGk2qAqja85a+s682o=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0mkUHsrePFYwX5AG8pmu2mX7m7C7kaooX/BiwdFvPqHvPlv3KQRVPTBwOO9GWbmBTFn2rjuh1NaW9/Y3CpvV3Z29/YPqodHPR0litAuiXikBgHWlDNJu4YZTgexolgEnPaD+VXm9++o0iySt2YRU1/gqWQhI9hk0v3YQ+Nqza23cqAVaTYK0vKQV3dz1KBAZ1x9H00ikggqDeFY66HnxsZPsTKMcLqsjBJNY0zmeEqHlkosqPbT/NYlOrPKBIWRsiUNytXvEykWWi9EYDsFNjP928vEv7xhYsJLP2UyTgyVZLUoTDgyEcoeRxOmKDF8YQkmitlbEZlhhYmx8VRsCF+fov9J76LuuXXvplFrN4o4ynACp3AOHjShDdfQgS4QmMEDPMGzI5xH58V5XbWWnGLmGH7AefsENjKOUQ==</latexit>

z2
<latexit sha1_base64="ZxC8/AWqbjhHToNLRSihMoEhMcw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFtKJvtpF26uwm7G6GG/gUvHhTx6h/y5r8xaXPQ1gcDj/dmmJkXxIIb67rfzsbm1vbObmmvvH9weHRcOTntmCjRDNssEpHuBdSg4ArblluBvVgjlYHAbjC9zf3uI2rDI/VgZzH6ko4VDzmjNpeehvXysFJ1a+4CZJ14BalCgdaw8jUYRSyRqCwT1Ji+58bWT6m2nAmclweJwZiyKR1jP6OKSjR+urh1Ti4zZUTCSGelLFmovydSKo2ZySDrlNROzKqXi/95/cSGN37KVZxYVGy5KEwEsRHJHycjrpFZMcsIZZpntxI2oZoym8WTh+CtvrxOOvWa59a8+0a12SjiKME5XMAVeHANTbiDFrSBwQSe4RXeHOm8OO/Ox7J1wylmzuAPnM8fQSWNqQ==</latexit><latexit sha1_base64="ZxC8/AWqbjhHToNLRSihMoEhMcw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFtKJvtpF26uwm7G6GG/gUvHhTx6h/y5r8xaXPQ1gcDj/dmmJkXxIIb67rfzsbm1vbObmmvvH9weHRcOTntmCjRDNssEpHuBdSg4ArblluBvVgjlYHAbjC9zf3uI2rDI/VgZzH6ko4VDzmjNpeehvXysFJ1a+4CZJ14BalCgdaw8jUYRSyRqCwT1Ji+58bWT6m2nAmclweJwZiyKR1jP6OKSjR+urh1Ti4zZUTCSGelLFmovydSKo2ZySDrlNROzKqXi/95/cSGN37KVZxYVGy5KEwEsRHJHycjrpFZMcsIZZpntxI2oZoym8WTh+CtvrxOOvWa59a8+0a12SjiKME5XMAVeHANTbiDFrSBwQSe4RXeHOm8OO/Ox7J1wylmzuAPnM8fQSWNqQ==</latexit><latexit sha1_base64="ZxC8/AWqbjhHToNLRSihMoEhMcw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFtKJvtpF26uwm7G6GG/gUvHhTx6h/y5r8xaXPQ1gcDj/dmmJkXxIIb67rfzsbm1vbObmmvvH9weHRcOTntmCjRDNssEpHuBdSg4ArblluBvVgjlYHAbjC9zf3uI2rDI/VgZzH6ko4VDzmjNpeehvXysFJ1a+4CZJ14BalCgdaw8jUYRSyRqCwT1Ji+58bWT6m2nAmclweJwZiyKR1jP6OKSjR+urh1Ti4zZUTCSGelLFmovydSKo2ZySDrlNROzKqXi/95/cSGN37KVZxYVGy5KEwEsRHJHycjrpFZMcsIZZpntxI2oZoym8WTh+CtvrxOOvWa59a8+0a12SjiKME5XMAVeHANTbiDFrSBwQSe4RXeHOm8OO/Ox7J1wylmzuAPnM8fQSWNqQ==</latexit><latexit sha1_base64="ZxC8/AWqbjhHToNLRSihMoEhMcw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6LHgxWMF+wFtKJvtpF26uwm7G6GG/gUvHhTx6h/y5r8xaXPQ1gcDj/dmmJkXxIIb67rfzsbm1vbObmmvvH9weHRcOTntmCjRDNssEpHuBdSg4ArblluBvVgjlYHAbjC9zf3uI2rDI/VgZzH6ko4VDzmjNpeehvXysFJ1a+4CZJ14BalCgdaw8jUYRSyRqCwT1Ji+58bWT6m2nAmclweJwZiyKR1jP6OKSjR+urh1Ti4zZUTCSGelLFmovydSKo2ZySDrlNROzKqXi/95/cSGN37KVZxYVGy5KEwEsRHJHycjrpFZMcsIZZpntxI2oZoym8WTh+CtvrxOOvWa59a8+0a12SjiKME5XMAVeHANTbiDFrSBwQSe4RXeHOm8OO/Ox7J1wylmzuAPnM8fQSWNqQ==</latexit>

z3
<latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="5RFsJbvamJS6W+h5cjCD+EyNUGI=">AAAB4HicbZDNTgIxFIXv4B8iKrp100hMXJEZXejSxI1LTARMYEI65Q40tJ1Je8cECa/gxoXG+FTufBtngIWCJ2ny5Zw2vfdEqZKOfP/bK21sbm3vlHcre9X9g8PaUbXtkswKbIlEJfYx4g6VNNgiSQofU4tcRwo70fi2yDtPaJ1MzANNUgw1HxoZS8GpsJ77l5V+re43/LnYOgRLqMNSzX7tqzdIRKbRkFDcuW7gpxROuSUpFM4qvcxhysWYD7Gbo+EaXTidzzpjZ7kzYHFi82OIzd3fL6ZcOzfRUX5Tcxq51aww/8u6GcXX4VSaNCM0YvFRnClGCSsWZwNpUZCa5MCFlfmsTIy45YLyeooSgtWV16F90Qj8RnDvQxlO4BTOIYAruIE7aEILBIzgBd7g3dPeq/exqKvkLXs7hj/yPn8AKrCMYg==</latexit><latexit sha1_base64="5RFsJbvamJS6W+h5cjCD+EyNUGI=">AAAB4HicbZDNTgIxFIXv4B8iKrp100hMXJEZXejSxI1LTARMYEI65Q40tJ1Je8cECa/gxoXG+FTufBtngIWCJ2ny5Zw2vfdEqZKOfP/bK21sbm3vlHcre9X9g8PaUbXtkswKbIlEJfYx4g6VNNgiSQofU4tcRwo70fi2yDtPaJ1MzANNUgw1HxoZS8GpsJ77l5V+re43/LnYOgRLqMNSzX7tqzdIRKbRkFDcuW7gpxROuSUpFM4qvcxhysWYD7Gbo+EaXTidzzpjZ7kzYHFi82OIzd3fL6ZcOzfRUX5Tcxq51aww/8u6GcXX4VSaNCM0YvFRnClGCSsWZwNpUZCa5MCFlfmsTIy45YLyeooSgtWV16F90Qj8RnDvQxlO4BTOIYAruIE7aEILBIzgBd7g3dPeq/exqKvkLXs7hj/yPn8AKrCMYg==</latexit><latexit sha1_base64="kLhB1pxj2kBo9KWGL9V6Ze+qkV4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cK9gPaUDbbTbt0dxN2J0IN/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJbe53HrmxItIPOI25r+hIi1Awirn0NLisDKo1t+7OQVaJV5AaFGgOql/9YcQSxTUySa3teW6MfkoNCib5rNJPLI8pm9AR72VUU8Wtn85vnZGzTBmSMDJZaSRz9fdESpW1UxVknYri2C57ufif10swvPFToeMEuWaLRWEiCUYkf5wMheEM5TQjlBmR3UrYmBrKMIsnD8FbfnmVtC/qnlv37t1a46qIowwncArn4ME1NOAOmtACBmN4hld4c5Tz4rw7H4vWklPMHMMfOJ8/QWqNpg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit><latexit sha1_base64="6yvhEKyJR6LoCeP5tbWS47513DA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW9Fjw4rGC/YA2lM120y7d3YTdiVBD/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GlyVB5WqW3PnIKvEK0gVCjQHla/+MGKJ4hqZpNb2PDdGP6UGBZN8Vu4nlseUTeiI9zKqqeLWT+e3zsh5pgxJGJmsNJK5+nsipcraqQqyTkVxbJe9XPzP6yUY3vip0HGCXLPFojCRBCOSP06GwnCGcpoRyozIbiVsTA1lmMWTh+Atv7xK2pc1z6159/Vqo17EUYJTOIML8OAaGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/QqqNqg==</latexit>

z4
<latexit sha1_base64="38ds1CFxd0uzh9IKfH/9H5anOuU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae0oWy2k3bp7ibsboQa+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6m/vdR9SGR+rBzmL0JR0rHnJGbS49DRuVYbXm1t0FyDrxClKDAq1h9WswilgiUVkmqDF9z42tn1JtORM4rwwSgzFlUzrGfkYVlWj8dHHrnFxkyoiEkc5KWbJQf0+kVBozk0HWKamdmFUvF//z+okNb/yUqzixqNhyUZgIYiOSP05GXCOzYpYRyjTPbiVsQjVlNosnD8FbfXmddK7qnlv37hu1ZqOIowxncA6X4ME1NOEOWtAGBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/RC+Nqw==</latexit><latexit sha1_base64="38ds1CFxd0uzh9IKfH/9H5anOuU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae0oWy2k3bp7ibsboQa+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6m/vdR9SGR+rBzmL0JR0rHnJGbS49DRuVYbXm1t0FyDrxClKDAq1h9WswilgiUVkmqDF9z42tn1JtORM4rwwSgzFlUzrGfkYVlWj8dHHrnFxkyoiEkc5KWbJQf0+kVBozk0HWKamdmFUvF//z+okNb/yUqzixqNhyUZgIYiOSP05GXCOzYpYRyjTPbiVsQjVlNosnD8FbfXmddK7qnlv37hu1ZqOIowxncA6X4ME1NOEOWtAGBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/RC+Nqw==</latexit><latexit sha1_base64="38ds1CFxd0uzh9IKfH/9H5anOuU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae0oWy2k3bp7ibsboQa+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6m/vdR9SGR+rBzmL0JR0rHnJGbS49DRuVYbXm1t0FyDrxClKDAq1h9WswilgiUVkmqDF9z42tn1JtORM4rwwSgzFlUzrGfkYVlWj8dHHrnFxkyoiEkc5KWbJQf0+kVBozk0HWKamdmFUvF//z+okNb/yUqzixqNhyUZgIYiOSP05GXCOzYpYRyjTPbiVsQjVlNosnD8FbfXmddK7qnlv37hu1ZqOIowxncA6X4ME1NOEOWtAGBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/RC+Nqw==</latexit><latexit sha1_base64="38ds1CFxd0uzh9IKfH/9H5anOuU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Ae0oWy2k3bp7ibsboQa+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O6WNza3tnfJuZW//4PCoenzSMVGiGbZZJCLdC6hBwRW2LbcCe7FGKgOB3WB6m/vdR9SGR+rBzmL0JR0rHnJGbS49DRuVYbXm1t0FyDrxClKDAq1h9WswilgiUVkmqDF9z42tn1JtORM4rwwSgzFlUzrGfkYVlWj8dHHrnFxkyoiEkc5KWbJQf0+kVBozk0HWKamdmFUvF//z+okNb/yUqzixqNhyUZgIYiOSP05GXCOzYpYRyjTPbiVsQjVlNosnD8FbfXmddK7qnlv37hu1ZqOIowxncA6X4ME1NOEOWtAGBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/RC+Nqw==</latexit>

x
<latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit>

x
<latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit>

x
<latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit>

x
<latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit>

y
<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

y
<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

y
<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

y
<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

p�(zk|x)
<latexit sha1_base64="7VgjdIrPH8ovuKq8+zXHnYeY32w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gjWGz3bRLN5uwu1Fr7P/w4kERr/4Xb/4bN20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88WXmd+6oVCwSN3oSUzfEQ8ECRrA20m3s9ZsjVn30xk8PpyWvXLFr9gxomTg5qUCOplf+6g8ikoRUaMKxUj3HjrWbYqkZ4XRa6ieKxpiM8ZD2DBU4pMpNZ1dP0YlRBiiIpCmh0Uz9PZHiUKlJ6JvOEOuRWvQy8T+vl+jgwk2ZiBNNBZkvChKOdISyCNCASUo0nxiCiWTmVkRGWGKiTVBZCM7iy8ukfVZz7JpzXa806nkcRTiCY6iCA+fQgCtoQgsISHiGV3iz7q0X6936mLcWrHzmEP7A+vwBkQaR1w==</latexit><latexit sha1_base64="7VgjdIrPH8ovuKq8+zXHnYeY32w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gjWGz3bRLN5uwu1Fr7P/w4kERr/4Xb/4bN20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88WXmd+6oVCwSN3oSUzfEQ8ECRrA20m3s9ZsjVn30xk8PpyWvXLFr9gxomTg5qUCOplf+6g8ikoRUaMKxUj3HjrWbYqkZ4XRa6ieKxpiM8ZD2DBU4pMpNZ1dP0YlRBiiIpCmh0Uz9PZHiUKlJ6JvOEOuRWvQy8T+vl+jgwk2ZiBNNBZkvChKOdISyCNCASUo0nxiCiWTmVkRGWGKiTVBZCM7iy8ukfVZz7JpzXa806nkcRTiCY6iCA+fQgCtoQgsISHiGV3iz7q0X6936mLcWrHzmEP7A+vwBkQaR1w==</latexit><latexit sha1_base64="7VgjdIrPH8ovuKq8+zXHnYeY32w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gjWGz3bRLN5uwu1Fr7P/w4kERr/4Xb/4bN20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88WXmd+6oVCwSN3oSUzfEQ8ECRrA20m3s9ZsjVn30xk8PpyWvXLFr9gxomTg5qUCOplf+6g8ikoRUaMKxUj3HjrWbYqkZ4XRa6ieKxpiM8ZD2DBU4pMpNZ1dP0YlRBiiIpCmh0Uz9PZHiUKlJ6JvOEOuRWvQy8T+vl+jgwk2ZiBNNBZkvChKOdISyCNCASUo0nxiCiWTmVkRGWGKiTVBZCM7iy8ukfVZz7JpzXa806nkcRTiCY6iCA+fQgCtoQgsISHiGV3iz7q0X6936mLcWrHzmEP7A+vwBkQaR1w==</latexit><latexit sha1_base64="7VgjdIrPH8ovuKq8+zXHnYeY32w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisYD+gjWGz3bRLN5uwu1Fr7P/w4kERr/4Xb/4bN20O2vpg4PHeDDPz/JgzpW372yqsrK6tbxQ3S1vbO7t75f2DtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88WXmd+6oVCwSN3oSUzfEQ8ECRrA20m3s9ZsjVn30xk8PpyWvXLFr9gxomTg5qUCOplf+6g8ikoRUaMKxUj3HjrWbYqkZ4XRa6ieKxpiM8ZD2DBU4pMpNZ1dP0YlRBiiIpCmh0Uz9PZHiUKlJ6JvOEOuRWvQy8T+vl+jgwk2ZiBNNBZkvChKOdISyCNCASUo0nxiCiWTmVkRGWGKiTVBZCM7iy8ukfVZz7JpzXa806nkcRTiCY6iCA+fQgCtoQgsISHiGV3iz7q0X6936mLcWrHzmEP7A+vwBkQaR1w==</latexit>

p⇥(y|zk, x)
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Figure 1: An overview of the RetGen framework. A source context query x and documents from a reference database Z are
first mapped to a joint embedding space via different encoders. A Maximum Inner Product Search is performed to retrieve
top-K relevant documents (K = 4 in this figure) with their probability score p(zk|x). The retrieved documents are separately
concatenated with query x and target upcoming text y and passed through a grounded text generator, to compute the document-
dependent likelihood p(y|zk, x). The final objective p(y|x) given by (2) is optimized to update the retriever parameters Φ and
generator parameters Θ.

likelihood of y given x and Z. Formally, it optimizes

p(y|x;Z) =
∑
z∈Z

p(y|x, z)p(z|x), (1)

In practice, Z often contains millions of documents, render-
ing enumeration over z impossible. Instead, we leverage a
dense document retriever rΦ(·) to dramatically narrow down
the search to a handful relevant documents, where Φ denotes
the retriever parameters. rΦ takes Z and x as input and yields
relevance scores {s1, · · · , sK} of the top-K (K is a hyper-
parameter) documents Z̃ = {z(1), · · · , z(K)}.

We further denote the knowledge-grounded text generator
as gΘ(·), where Θ denotes the generator parameters. This
generator module uses x and a single document z as input to
produce a probability score for a given reference target y, i.e.,
gΘ(y|x, z) = p(y|x, z). The loss can be approximated as:

L(Θ,Φ) = − log

K∑
k=1

pΘ(y|x, z(k))pΦ(z(k)|x), (2)

where p(z(k)|x) = exp(sk)/
∑K

i=1 exp(si) is the normal-
ized probability (with relevance scores s as logits), and
Z̃ = {z(1), · · · , z(K)} are retrieved from rΦ(Z, x). An
overview of the model is presented in Figure 1.

Document Retriever
For the dense document retriever corresponding to pΦ(·) in
(2), we leverage a model similar to that of (Karpukhin et al.
2020; Xiong et al. 2020) to achieve efficient document re-
trieval with sub-linear time. The documents Z and context
queries x are mapped into the same dense embedding space.
The relevance score s(x, z) is computed as the vector inner
product between document embedding hz = fz(z) and query
embedding hx = fx(x), i.e., s(x, z) = hT

x hz , where fz(·)
and fx(·) represent learnable encoding networks for docu-
ment and query respectively. p(z(k)|x) in (2) is finally given
by softmax(k)(s(x, Z̃)).

To achieve sub-linear searching time, Maximum Inner
Product Search (MIPS) (Shrivastava and Li 2014) is em-
ployed. The document embedding vectors are pre-computed

and indexed using Locality Sensitivity Hashing (LSH) (Datar
et al. 2004), so that the query vector can be hashed to a clus-
ter of relatively relevant documents. This search strategy is
approximate. However it yields good empirical search results
when the document set is large. In practice, we use ANCE
(Xiong et al. 2020) to initialize the retriever.

Knowledge-Grounded Text Generator
For the knowledge-grounded text generator (GTG) corre-
sponding to pΘ(·) in (2), we employ a transformer-based
architecture akin to GPT-2 (Radford et al. 2019). The GTG
takes one document z and one context query x as the input,
and the following text y as the target reference. Specifically,
the z and x are first concatenated by a special separator
token. The training objective follows a standard language
model (LM) loss (Radford et al. 2019; Zhang et al. 2020):
pΘ(y|x, z) =

∏|y|
t=0 p(yt|x, z, y0:t−1), where yt is the t-th

token in y. yi:j denotes {yi, · · · , yj} and | · | denotes the
cardinality. As opposed to GPT-2, we assign different token
type embeddings to the tokens in z and x to help the model
identify document and context.

We also employ a distinctive design for the position em-
bedding. The document position id starts with M (M = 400
in our experiment 1) while the context position id starts with
0. The intent is to maximally separate z and x, thus reducing
the chance that the model will be exposed to hints that z is
part of the preceding context.2 We found this facilitates the
model in differentiating the document and the context, and in
applying different strategies specific to each.

Joint Training
During the training time, Θ can be directly optimized from
(2). We optimize the objective in (2) with respect to Φ by an

1we only select instances with context/response tokens ≤
256/128. Thus the maximum number of tokens is around 400.

2GTGs are initialized from GPT-2/DialoGPT, which were
trained to recognize tokens with continuous position id as coherent
text.
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estimation resembles the Actor-Critic (AC),

∇Φp(y|x) =
∑
z

[p(y|z, x)− C]p(z|x)∇Φ log p(z|x) (3)

where the C is a constant baseline. The last step is be-
cause

∑
z ∇Φp(z|x) log p(z|x) = ∇Φ

∑
z p(z|x) = 0. C is

commonly referred as a “control variate” (Williams 1992;
Nelson 1990) and used to reduce the variance in Monte
Carlo estimation as in (3). The p(y|z, x) can be viewed
as the “return” in the Actor-Critic algorithm. Document z
will receive a positive update if it yields p(y|z, x) larger
than to the average performance of the retrieved documents.
In our experiment, we set C as the expected reward, i.e.,
C =

∑
z∈Z̃ p(y|z, x)p(z|x). Finetuning the retriever model

based on (3) needs good initializations from pretrained mod-
els to avoid cold-starting.

Another practical challenge is that all the document em-
bedding vectors need to be refreshed once the retriever is
updated, which is expensive when the number of documents
is large. Instead of encoding all the documents each time
the Φ is updated to retrieve the top-K document set Z̃, we
asynchronously update the retrieved document for every M
steps (M = 200 in our experiments). However, note that
even if the Z̃ is fixed for each K steps, the rΦ and scores
{s1, · · · , sK} are still updated at every step.

Multi-document Decoding
Mixture-of-Expert (MoE) Decoder During the inference
time, the retriever first obtains the top-K documents as Z̃, and
their corresponding probabilities p(z|x). The generator lever-
ages all document in Z̃ to generator a consensus prediction
ŷ. One naive approach is to concatenate multiple documents
into a “joint” document as the input for the generator. The
problems for such an approach are that 1) the “joint” doc-
ument may be too long to be efficiently processed; 2) the
order of the documents has impact on the generation; 3) the
relevance information p(z|x) will be ignored.

We therefore took a Mixture-of-Expert (MoE) approach
following Cho et al. (2020) to decode the model in a
document-specific fashion, and ensemble the output distribu-
tions at each time step. Specifically, we leverage K copies of
the ground text generator gΘ(·) trained from (2). At time step
t , we feed each copy of the generator with separate document
z, the same context x, and the same current consensus genera-
tion ŷ0:t−1. We then harvest the individual output distribution
from all generator copies, as {p(ŷ(1)t ), · · · , p(ŷ(K)

t )}. The as-
sembled output distribution at step t is finally given by

p(ŷt|x, ŷ0:t−1) =
K∑

k=1

p(ŷ
(k)
t |z(k), x, ŷ0:t−1)p(z

(k)|x). (4)

Unlike recent FiD work (Izacard and Grave 2020), which
“fuses” the encoded representations from different documents,
our “fusion” of information from different document occurs
at output token distribution level. FiD requires training a
grounded generation model by taking a fixed number of doc-
uments as input. However, our MoE approach can directly

leverage a grounded generation model trained on single docu-
ment as input, without additional training or fine-tuning. This
yields convenience and flexibility in the number of documents
K to leverage for inference. A novel retriever correction is
employed on the decoder to accommodate the fact that the
model is trained to autoregressively generate y, which im-
plies that the retriever score needs to be updated along the
generation. Details are provided in Appendix.

MMI We further implement a Maximum Mutual Informa-
tion (MMI) scoring function (Li et al. 2016; Zhang et al.
2018) to enhance the “groundness” of the generation. MMI
employs a pre-trained backward grounded text generation
model to predict x and z from given prediction y, i.e.,
p(x, z|y).3 We first generate a set of hypotheses using top-
K sampling. Then we use the probability of p(x, z|y). For
multiple z we use the mean of these probabilities to rerank
all hypotheses. Intuitively, maximizing backward model like-
lihood penalizes the bland hypotheses (Zhang et al. 2020)
and encourages the generation y to tie better to the input
document z and context x.

Experimental Setups
Datasets We use two datasets D, Reddit and arXiv, which
cover two information-demanding scenarios (response gener-
ation and prose generation) , to evaluate our methods.

The Reddit dataset contains 2.56M/2K/2K training/valida-
tion/test conversation instances. The training set is created
using the extraction pipeline from the DSTC-7 grounded
response generation challenge (Galley et al. 2019), which
extracts the Reddit threads with time span 2011-2017. It
contains threads of discussions like a tree, where a reply is
a child node to the previous message. Any path along the
tree introduces a dialogue session. Although our approach
does not require parallel oracle document, we only select
instances that oracle document 4 can be found. the reasons
are two-fold: 1) we hope to be able to build strong baselines
grounded on oracle dataset, which characterize the upper
bound performance of a grounded generation model; 2) the
oracle documents enable separately evaluating the retriever
performance using IR metrics (Recall@K). We further select
test examples from Reddit with time span 2018-2019 by re-
quiring the context to have at least 6 different responses. This
yields a 5-reference test set with 2,000 samples. For each
instance, one of the 6 human responses is set aside to assess
human performance. The average length of the context and
response is 44.32 and 14.86 words, respectively.

The arXiv dataset is based on Clement et al. (2019) , which
collects a corpus of arXiv articles from 1991 to 2019. We
construct the context and target pairs using the abstracts. The
final resulting train/validation/test contains 9.6M/57K/2K
instances from 1.67M unique abstracts. No parallel oracle
document is available for this dataset.

For the reference dataset Z, we extract about 5.7 million
documents from Wikipedia dump of December 2018. For

3This objective is designed to encourage y to incorporate infor-
mation from both x and z.

4containing URLs linking to Wikipedia domain, see Appendix

11742



each entry, we only extract the first two paragraphs as these
are typically most relevant and summarize the entire doc-
ument. In addition, we truncate overlong sentences to 100
words, and remove the entry if it contains only one sentence.

Evaluation Metrics We performed automatic evaluation
using standard machine translation metrics, including BLEU
(Papineni et al. 2002), METEOR (Lavie and Agarwal 2007),
and NIST (Doddington 2002). NIST is a variant of BLEU that
weights n-gram matches by their information gain, i.e., it in-
directly penalizes uninformative n-grams. Following Zhang
et al. (2020), we also use Entropy (Zhang et al. 2018) and
Dist-n (Li et al. 2016) to evaluate lexical diversity. For the
Reddit dataset, where 5 references are available for each in-
stance, we compute all relevance metrics and aggregate all
of them using max-pooling.

To evaluate how well the predicted text ŷ reflects the ex-
ternal information, we propose an evaluation score which we
call a Keyword Matching Ratio (KMR). KMR is defined as

K-w = set(z) \ set(x),KMR = |set(ŷ) ∩ K-words|/|K-w|,
where ∩, \, | · | denotes the set intersection, difference and
cardinality, respectively. For each bag-of-word sets (i.e.,
set(ŷ), set(z), set(x)), stop words based on the python NLTK
module and frequency in the corpus are removed. Intuitively,
K-words reflect important information (a set of keywords)
in the reference documents z but not covered by context x.
KMR calculates the percentage of these keywords covered
by the predicted text y. Such a metric assesses the utiliza-
tion of external information but not the relevance. If a model
generates reasonable follow-up text, but fails to incorporate
important external information in z, KMR will still be low.

Baselines & Model setups We compared RetGen with
several baselines in both datasets. The DialoGPT(345M)
(Zhang et al. 2020) and GPT-2(345M) baselines are obtained
by finetuning the original pre-trained models on the target
training dataset to alleviate the dataset-shifting bias. For the
Reddit dataset, since we have the oracle document for each
conversation, it is possible to train a ground generation model
by directly grounding on the oracle documents. This model
is denoted as gDPT (grounded DialoGPT). gDPT (w/ oracle
doc) and gDPT (w/ random doc) denote the generation from
gDPT model using oracle and random document, respectively.
These two models set up the upper and lower bounds of the
performance of the grounded generator gΘ.

For each dataset, we evaluate 4 variants of RetGen: i) Ret-
Gen (K=1) uses only top-1 retrieved document to generate
text; ii) RetGen (K=4) uses all top-4 retrieved documents
for generation; iii) Fixed Φ is an ablation of RetGen (K=4)
where the retriever parameters Φ are frozen during the train-
ing; iv) +MMI is a variant of RetGen (K=4) using MMI, (Li
et al. 2016; Zhang et al. 2018). We first generate 16 hypothe-
ses using top-10 sampling, then select the top hypothesis
using reverse model probability of p(z, x|y). The reverse
model is also a 345M model fine-tuned from DialoGPT/GPT-
2 using the same dataset.

Note that we only perform fine-tuning on existing pre-
trained LMs and dense retrievers. All the grounded genera-
tors use the same transformer architectures and are initialized

with DialoGPT/GPT-2 (345M) weights. The dense retriev-
ers are initialized from ANCE (Xiong et al. 2020). For the
retriever training, we index the documents for each 200 it-
erations. Models are trained on workstations with 8 Nvidia
V100 GPUs. During training, we use K = 4 for RetGen.

Results
Generation Evaluation The automatic evaluation results
are summarized in Table 1 (the standard deviation of the re-
sults are provided in the Appendix). We observe that freezing
the retriever to pretrained ANCE yield suboptimal evaluation
metrics by comparing Fixed Φ and RetGen (K=4). This im-
plies that retriever fine-tuning is crucial to adapt the retriever
to the generation task. Consistent with the observations in
Zhang et al. (2020), the MMI re-ranking procedure produces
more diverse text and achieves higher NIST and METEOR
scores, albeit with a slight drop in BLEU. We presume the
inconsistency is because NIST generally rewards more for
informative and low-frequency n-grams. Incorporating ad-
ditional information from retrieved documents presumably
makes the generation to be more informative diverse. On the
Reddit dataset, RetGen (K=4) achieves comparable perfor-
mance to RetGen (w/ oracle doc), indicating the retrieved
documents are of high quality.

We also compute KMR, which evaluates the utility of the
external document z for generating text y. For the Reddit
dataset, the KMR for gDPT and the human oracle5 is calcu-
lated against oracle document. Otherwise, KMR is calculated
against the retrieved documents by performing a max-pooling
over document-specific KMR. As expected, RetGen with
MMI generally achieves the highest KMR, as it explicitly
maximizes the mutual information between the documents
and the output. For both datasets, RetGen with more docu-
ments and with trainable retriever achieves a higher KMR.
Note that KMR may not necessarily be associated with gen-
eration quality. However, except for MMI, a higher KMR
indicates the model is more effective in leveraging the exter-
nal document to optimize the LM objectives.

Note that for some metrics the systems achieve higher
score than human oracle. As discussed in Zhang et al. (2020),
this observation does not imply that the machine generation
achieves human parity, but is presumably an artifact of the
randomness of human responses in the data.

Generated examples We provide generated examples for
both datasets in Table 2. The RetGen examples are from our
best system. In general, RetGen demonstrates ability to inte-
grate information from difference sources including context
and multiple references, and sometimes generate text that
reflects multi-hop cross-reference among all the sources. We
empirically observe that the retrieved documents are usually
relevant and may cover orthogonal aspects of the topics in
the context. We also visualize how the document attention
weights p(z|x, y0:t−1) change during the generation process
in Appendix. We observed that the attention distribution over
documents generally becomes more peaked over steps of

5The human oracle only provides a reference baseline and may
not be comparable with the compared systems.
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NIST BLEU MET- Entropy Dist Avg. Len. KMR
Method N-2 N-4 B-2 B-4 EOR E-4 D-1 D-2

Reddit dataset

DialoGPT 1.59 1.60 12.41% 2.34% 7.23% 8.34 13.2% 32.8% 12.0 -
gDPT (w/ oracle doc) 2.37 2.39 12.58% 2.57% 7.41% 9.04 13.0% 33.2% 15.1 4.8%

gDPT (w/ random doc) 2.03 2.05 10.14% 1.91% 7.12% 9.03 9.9% 27.2% 18.0 2.8%

RetGen (K = 1) 2.39 2.41 12.29% 2.32% 7.43% 9.33 14.1% 37.6% 15.6 4.9%
RetGen (K = 4) 2.40 2.42 12.53% 2.52% 7.47% 9.36 14.5% 38.7% 15.3 5.2%

RetGen (K = 4, Fixed Φ) 2.37 2.39 11.72% 2.31% 7.63% 9.21 12.9% 34.6% 16.9 4.3%
RetGen (K = 4, +MMI) 2.44 2.46 10.98% 1.70% 8.04% 10.30 18.6% 60.0% 18.5 6.3%

Human oracle 2.13 2.15 13.39% 4.25% 7.34% 9.89 28.2% 77.1% 12.9 5.9%

arXiv dataset

GPT-2 1.04 1.07 9.85% 3.81% 8.59% 9.34 20.7% 51.3% 18.6 -

RetGen (K = 1) 1.81 1.84 11.75% 4.19% 9.04% 9.58 17.5% 46.1% 23.6 3.7%
RetGen (K = 4) 1.82 1.86 11.85% 4.35% 9.04% 9.57 17.5% 46.0% 23.7 3.8%

RetGen (K = 4, Fixed Φ) 1.78 1.81 11.79% 4.32% 9.01% 9.56 17.6% 46.4% 23.4 3.7%
RetGen (K = 4, +MMI) 1.81 1.84 10.84% 3.32% 8.73% 10.06 19.2% 59.0% 28.2 4.0%

Human oracle - - - - - 9.95 24.7% 71.7% 24.4 -

Table 1: Automatic evaluation results on the Reddit (upper) and arXiv (lower) datasets. gDPT w/ oracle(random) doc denotes a
grounded generation model directly using oracle(random) document. Fixed Φ denotes only fine-tuning generator parameters Θ
while freezing the initial retriever parameters Φ in ANCE. +MMI represents post-ranking with MMI.

Reddit dataset ArXiv dataset

Context TIL: All arcade games imported into North America
from 1989 to 2000 had the following FBI slogan
included into their attract mode: Winners Don’t
Use Drugs.

(Title: It from Knot) Knot physics is the theory of the universe that
not only unified all the fundamental interactions but also explores the
underlying physics of quantum mechanics.

(X)PT I’m pretty sure that’s the slogan of the game in ques-
tion.

The theory of the knot is a new approach to quantum mechanics.

RetGen I have a feeling a major part of the reason was Nixon
was in charge during that period of history.

A knot is a finite sequence of discrete quantum states that represent
the gravitational field in a quantum theory.

Retrieved
docu-
ment(s)

Winners Don’t Use Drugs is an anti-drug slogan
that was included in arcade games ... The slogan
was part of a long-term effort by the United States
in its war on drugs started by President Richard
Nixon in 1971 (Winners Don’t Use Drugs)

In loop quantum gravity, ... , s-knots represent the quantum states of
the gravitational field (S-knot)
Knots have been used for ... Modern physics demonstrates that the
discrete wavelengths depend on quantum energy levels. ... the Jones
polynomial and its generalizations, called the finite type invariants...
(History of knot theory)

Table 2: Generated examples for Reddit (left) and arXiv (right). (X)PT denotes DialoGPT/GPT. The relevant parts are bold.

generation, indicating the model become more certain as
generation proceeds.

Nevertheless, we observe several failure modes in our ex-
periments with RetGen: i) the retrieved passage may not
always be relevant and correct. We find that the RetGen can
learn to be inclined to avoid using irrelevant documents, but
we still see cases where poorly retrieved documents result
in incorporation of hallucinations or irrelevant information
in final generation; ii) the retrieved passage is relevant, but
the grounded generation model may miss correct information
and incorporate similar but incorrect/irrelevant information
in the generated text (e.g., when asked about who Barack
Obama’s grandfather was, the system offers his father’s name
which is also in the retrieved document). These issues do not
dominate in our experiments, but resolving them is important

and warrants further investigation.

Impact of number of documents K From Table 1 , Ret-
Gen with K = 4 consistently obtains higher NIST, BLEU
and METEOR scores compared with K = 1, indicating
that incorporating multiple retrieved documents may provide
better coverage of the references. We also evaluate RetGen
with K ranging from 1 to 4, demonstrating monotonic im-
provement when K increases. We observe no significant
improvement with K > 4.

Retrieval Evaluation From Table 1, it can be seen that op-
timizing retriever leads to better automatic metrics compared
with generator-only training, indicating that the retriever can
benefit from language model signal. However, evaluating
the retriever improvement using generation metrics as in Ta-
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Reddit arXiv

System A Neutral System B System A Neutral System B

Coherence: A and B, which is more relevant to, and coherent with the context?

RetGen 43.7% 28.3% 28.0% DialoGPT * RetGen 32.1% 41.7% 26.3% GPT-2
RetGen 33.3% 28.6% 38.1% MMI RetGen 29.9% 38.7% 31.5% MMI

RetGen 40.9% 22.9% 36.3% Human * RetGen 34.9% 35.2% 29.9% Human *
MMI 45.9% 23.1% 31.0% Human * MMI 34.9% 35.8% 29.3% Human

Informativeness: A and B, which is more informative (usually more specific content)?

RetGen 44.5% 27.8% 27.7% DialoGPT RetGen 36.3% 37.2% 26.5% GPT-2
RetGen 32.7% 28.3% 39.0% MMI RetGen 28.9% 37.9% 33.2% MMI

RetGen 41.1% 21.5% 37.5% Human RetGen 33.2% 32.4% 34.4% Human
MMI 47.5% 21.1% 31.4% Human * MMI 34.2% 34.7% 31.1% Human

Human-likeness: A and B, which is more likely to be generated by human rather than a machine?

RetGen 36.4% 34.0% 29.6% DialoGPT RetGen 29.7% 43.6% 26.7% GPT-2
RetGen 31.3% 33.9% 34.9% MMI RetGen 28.6% 42.9% 28.5% MMI

RetGen 40.1% 28.5% 31.4% Human * RetGen 33.7% 38.9% 27.5% Human *
MMI 40.5% 28.3% 31.1% Human * MMI 33.1% 38.3% 28.7% Human

Table 3: Results of Human Evaluation for coherence, informativeness and human-text possibility, showing preferences (%) for
our model (RetGen) vis-a-vis baselines and real human responses. RetGen denotes RetGen with K = 4, and MMI represents
RetGen with MMI. Numbers in bold indicate the preferred systems. Statistically significant results are indicated by *.

ble 1 is implicit, as the retriever evaluation and generation
evaluation are coupled together. To explicitly assess how the
retriever can benefit from joint training, we freeze the gener-
ator parameters Θ and only finetune the retriever parameters
Φ, and monitor the training process of retriever using either
ranking metrics or expected reward in (3).

For the Reddit dataset, since oracle documents are avail-
able, we monitor the progress of recall@10 during this
retriever-only training. The recall value is computed by aver-
aging over 2,000 validation examples. The total number of
passage candidates is 10k, including 2k oracle documents for
each instance, and 8k hard-negative documents that are close
to these 2k oracle documents according to BM25. The results
are provided in Appendix. With fluctuation, the recall gener-
ally improves as training progresses. Increasing the number
of documents K from 4 to 8 brought only marginal gain in
recall. However, increasing the number of examples in each
batch led to more significant improvement of the recall.

For the arXiv dataset, since recall cannot be com-
puted, we instead monitor the expected reward/return (r =∑

z p(y|z, x)p(z|x)) over 2,000 validation examples. Our
reasoning here is that with fixed Θ, if the reward can be im-
proved (i.e., the target y is more likely given the current z),
the only possible explanation is that the retrieved documents
are more relevant and helpful in predicting the oracle tar-
get. We observed that this reward metric can to some extent
improve as training progresses.

Human Evaluation Overall judge preferences in each of
the 3 categories are shown in Table 3, where the 5-point scale
has been collapsed to a 3-point preference for clarity. A mod-
erate preference can be observed for the variant of RetGen
with MMI over vanilla RetGen. Table 3 suggests that the Ret-

Gen may begin to approximate human quality. As has been
observed elsewhere, e.g., Zhang et al. (2020), we found that
judges often prefer model generation over human responses.
In the case of the Reddit dataset, we speculate that the origi-
nal human responses may be more erratic and idiosyncratic
than system outputs. Human evaluation of the arXiv dataset,
meanwhile, is intrinsically difficult as responses typically
involve domain knowledge: human judges may prefer sys-
tem generated text that is potentially easier to understand.6
How to evaluate generated text as systems improve remains a
challenge, but further exploration of these issues falls beyond
the scope of this work. Further details, including the human
evaluation template used, are provided in the Appendix.

Conclusion

We present a joint training framework to simultaneously op-
timize a dense passage retriever and a knowledge-grounded
text generator in an end-to-end fashion. This approach en-
ables leveraging the LM signal to optimize the information
retrieval sub-component and thus permits the generation
pipeline to output more informative text. The resulting al-
gorithm leverages multiple retrieved documents during de-
coding time and generates text by selectively summarizing
and combining information collected from all the references.
We have demonstrated the effectiveness of this algorithm via
crowd-sourced human evaluation and automatic evaluation.

6This is consistent with the findings in Freitag et al. (2021) for
MT to the effect that crowd-sourced human evaluation is error-prone
and may not be as accurate as some automatic metrics.
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Karpukhin, V.; Oğuz, B.; Min, S.; Wu, L.; Edunov, S.;
Chen, D.; and Yih, W.-t. 2020. Dense Passage Retrieval
for Open-Domain Question Answering. arXiv preprint
arXiv:2004.04906.
Khandelwal, U.; Levy, O.; Jurafsky, D.; Zettlemoyer, L.;
and Lewis, M. 2019. Generalization through Memorization:
Nearest Neighbor Language Models. In ICLR.
Lavie, A.; and Agarwal, A. 2007. METEOR: An automatic
metric for MT evaluation with high levels of correlation with
human judgments. In Proceedings of the Second Workshop
on Statistical Machine Translation, 228–231. Association for
Computational Linguistics.
Lee, K.; Chang, M.-W.; and Toutanova, K. 2019. Latent
Retrieval for Weakly Supervised Open Domain Question
Answering. In ACL.
Lewis, M.; Ghazvininejad, M.; Ghosh, G.; Aghajanyan, A.;
Wang, S.; and Zettlemoyer, L. 2020a. Pre-training via para-
phrasing. NeurIPS.
Lewis, P.; Perez, E.; Piktus, A.; Petroni, F.; Karpukhin, V.;
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