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Abstract

ML-based agents acting in open environments must form and
revise beliefs under pervasive perceptual and epistemic un-
certainty. Verifying such agents over time therefore requires
reasoning about how their uncertain beliefs evolve. However,
existing temporal verification and monitoring frameworks —
including probabilistic and multi-valued logics — typically
reason about Boolean or graded truth of propositions along
system runs, rather than about an agent’s internal belief state.
We propose Subjective LTL (SLTL), a temporal specification
language whose atomic propositions are Subjective Logic
opinions, i.e., tuples of belief, disbelief, and uncertainty about
predicates in an agent’s symbolic knowledge model. Under an
evidential semantics, temporal operators aggregate evidence
over time about persistent hypotheses, so SLTL formulas con-
strain how the agent’s belief state should evolve. This sup-
ports temporal verification and monitoring directly over the
dynamics of knowledge-grounded, uncertainty-aware agents,
and can equally be used to equip such agents with introspec-
tive monitors over their own evolving beliefs, which we illus-
trate on a simple example.

Introduction

Knowledge-grounded semantic agents such as robotic assis-
tants or autonomous vehicles operate in open, dynamic envi-
ronments and use ML-based functions (e.g., perception) that
provide noisy and partial information. At the same time, they
are often grounded in symbolic models such as ontologies
or knowledge graphs. Trustworthy behaviour in such hybrid
systems requires reasoning not only about what is true in the
environment, but about what the agent believes to be true,
and how these beliefs evolve over time under uncertainty.
Runtime verification and temporal monitoring based on
Linear Temporal Logic (LTL) provide a principled way to
specify and check system behaviour over execution traces.
However, temporal specifications are typically interpreted
over traces of propositions that are treated as Boolean (or
thresholded) facts at each time step. This is only partially
sufficient for agents whose world model is constructed from
uncertain perception: properties such as “whenever the agent
believes there is an obstacle, it eventually believes it is stop-
ping” are themselves about belief states, not crisp events.
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Classical LTL can only operate on ad hoc Boolean abstrac-
tions of these beliefs which ignores uncertainty.

This paper argues that temporal verification for
knowledge-grounded semantic agents should be car-
ried out directly over structured belief states, rather
than over Boolean abstractions. We propose Subjective
LTL (SLTL), a temporal specification language in which
atomic propositions are interpreted as binomial opinions
in Subjective logic (SL). These opinions encode belief,
disbelief, and uncertainty about binary predicates in the
agent’s symbolic model (e.g., pedestrian(x) or
obstacle-at (x,y)). SLTL thus specifies and monitors
properties over the evolution of the agent’s epistemic state,
instead of over raw observations or thresholded classifier
outputs. Beyond external verification, this also enables
agents to monitor and reflect on their own evolving belief
states, using SLTL properties as introspective specifications.

However, replacing Boolean propositions with SL opin-
ions has a significant impact on the semantics of the speci-
fication language. There are now a range of possible inter-
pretations, one of which — the evidential interpretation — we
focus on in this paper. Instead of treating each time-indexed
occurrence of a proposition as an independent uncertain
event, we view predicates as persistent hypotheses (e.g.,
“pedestrian detected”). Temporal operators are defined via
SL belief fusion and thus combine opinions from successive
observations about such hypotheses. In this view, an SLTL
formula constrains not just when a property should hold, but
how the agent’s confidence in it is allowed to evolve as new
evidence arrives. Interpreting temporal properties in this ev-
idential way enables temporal verification of belief trajec-
tories. A monitor evaluates SLTL formulas over traces of
evidence-producing states, each contributing new opinions
about predicates in the agent’s knowledge model. Resulting
temporal opinions can be turned into runtime verdicts via
tunable thresholds on belief, disbelief, or derived probabili-
ties, supporting explainable trade-offs between caution and
permissiveness in safety-critical settings. We make the fol-
lowing contributions:

* We introduce Subjective LTL (SLTL), a temporal specifi-
cation language whose atoms are binomial SL opinions
over predicates in an agent’s symbolic knowledge model,
enabling temporal reasoning over uncertain beliefs.

* We develop an evidential interpretation of SLTL, in



which temporal operators are defined in terms of evi-
dence fusion over time for persistent hypotheses. Tem-
poral evidence aggregation is parametric in the chosen
SL fusion operator, so the meaning of temporal operators
can be tailored to different monitoring objectives; we de-
liberately do not fix a single default.

* We outline a progression-based runtime monitoring algo-
rithm for SLTL that uses short-circuiting and threshold-
based decision rules over opinions to derive temporal ver-
dicts on evolving belief trajectories.

Background

This section briefly recalls Linear Temporal Logic (LTL)
and its finite-trace variant, which we use as the temporal
backbone of SLTL, and Subjective Logic (SL), which pro-
vides the underlying representation of uncertain beliefs.

LTL and Finite-Trace Semantics

Temporal logics for system specification are commonly di-
vided into branching-time logics (such as CTL, CTL*) and
linear-time logics such as LTL (Baier and Katoen 2008).
Branching-time logics model time as a tree of possible fu-
tures, whereas LTL views time as a single (typically infi-
nite) linear sequence of states. We consider here LTL(F,G),
a strictly less expressive subset of LTL which excludes the
until operator. We adopt this fragment because it is sufficient
for the safety and liveness patterns we target in this paper;
extending SLTL with an explicit until operator is left for fu-
ture work. The syntax of this fragment is:

¢:=T[p|-¢|¢0¢|Xo|[F¢|Go (1)

where [ € {A, V} and p ranges over a finite set of atomic
propositions, A, V, - are the Boolean connectives, X is the
next operator, F is the eventually operator, and G is the al-
ways operator.

LTL formulae are interpreted over infinite paths m =
S0S1S2 - .. of states. Intuitively, at state s;, X¢ holds if ¢
holds at s; 1, F¢ holds if ¢ holds at this or some future state
and G¢ holds if ¢ holds at this and all future states. The tem-
poral operators admit the well-known expansion laws shown
in Table 1, which decompose a formula into obligations on
the current and the next state.

Runtime verification and the finite-trace problem In
runtime verification (Leucker and Schallhart 2009), tempo-
ral properties are checked against concrete execution traces
produced by a running system or simulator. In contrast to
model checking, which explores all possible executions,
runtime verification focuses on the single observed run and
reports satisfaction or violation as soon as possible.

Xé=TAXe 2)
Fo=0¢VXF¢ 3)
G¢ = ¢ A XGo @)

Table 1: Expansion laws for LTL(F,G).

Due to this focus on individual traces, time is viewed as
a linear flow, and properties are typically written in LTL or
a close variant. Monitors often exploit the expansion laws
in Table 1 to operate in a forward-oriented manner: in each
step they identify an immediate obligation that must hold in
the current state and a future obligation that must hold in the
remainder of the trace. As soon as the immediate obligation
is satisfied and no future obligation is generated, the whole
formula is satisfied; similarly for refutation.

A practical complication arises because traces produced
by testing or simulation are typically finite, whereas classi-
cal LTL is defined over infinite paths. Under the standard se-
mantics of X, the formula X ¢ at the last state of a finite trace
is neither satisfied nor refuted, because there is no successor
state on which to evaluate ¢. This ambiguity propagates to F
and G and makes it impossible, e.g., to conclusively refute
a formula F'¢ or to conclusively satisfy G¢ on a finite trace.

Finite LTL (FLTL) FLTL (Manna and Pnueli 2012) ad-
dresses the complications of evaluating temporal operators
on finite traces by refining the X operator into a universal
and an existential variant. On non-final states of a trace, the
two coincide; at the final state, they differ:

e Xy¢ (universal next) is evaluated as vacuously true if
there is no successor state.

* X3¢ (existential next) is evaluated as false if there is no
successor state.

The syntax of FLTL(F,G) is:
pu=TIp|-¢|o0¢|Xvd|X39|Fop[Go (5)

where [J € {A, V}. The corresponding expansion laws are
shown in Table 2. We use this fragment as the temporal basis
for SLTL.

Subjective Logic
Subjective Logic (SL) (Jgsang 2016) is a framework for rea-
soning under uncertainty that combines ideas from prob-
ability theory and Dempster—Shafer evidence theory. Its
core data structures are subjective opinions representing an
agent’s belief, disbelief, and uncertainty about the truth of
a proposition. SL provides algebraic operators for combin-
ing and transforming opinions, which we use to lift temporal
operators to uncertain beliefs. In this paper, we restrict atten-
tion to binomial opinions over binary domains X = {z, Z}.
Definition 1 (Binomial opinion). Let X = {z,Z} be a bi-
nary domain. A binomial opinion about x is a tuple w, =
(be, dg, Uy, ay ) where:
* b, (belief) is the belief mass supporting x being true;
* d, (disbelief) is the belief mass supporting x being false;
* u, (uncertainty) is the remaining, uncommitted belief
mass and the complement of confidence (1 — u,);
* a, (base rate) is the a priori probability of x in the ab-
sence of committed belief.
where by, dy, Uy, az € [0,1] and by + dy + u, = 1%
' Although u,, is uniquely determined by b, and d,. via normal-

ization, we follow standard SL practice in treating (b, dz, us) as a
primitive triple, which makes uncertainty explicit in the semantics.



Xyp = T A Xy¢ in non-final states, else T 6)
X3¢ = T A X3¢ in non-final states, else L @)
Fop=¢VX3Fo ®
Go = N XyGo ©

Table 2: Expansion laws for FLTL(F,G).

We have that wt = (1,0,0,a) and w; = (0,1,0,a)
denote absolute opinions with full belief/disbelief, respec-
tively, and wy = (0,0, 1, a) denotes a vacuous opinion with
full uncertainty.

Constructing opinions from evidence SL provides a sim-
ple way to construct binomial opinions from counts of sup-
porting and contradicting evidence. Let r be the number of
positive observations supporting z, s the number of negative
observations supporting z, and W > 0 a non-informative
prior weight®. The resulting opinion w, = (by, dy, Uz, az)
is given by:

by =71/(r+s+ W), (10)
dy =s/(r+s+ W), (11)
ugy = W/(r+s+W). (12)

Thus, uncertainty w, shrinks as evidence accumulates, while
the ratio between b, and d, reflects the balance of positive
and negative observations.

Binomial opinions have a probabilistic interpretation in
terms of Beta distributions. Let p(x) denote the (unknown)
probability that = is true. Then w, corresponds to a Beta
density Beta(p(x); , 8) with parameters o« = r + aWW and
B = s+ (1 — a)W whose expectation is

@ r—+aW

E = =
2] a+8 r+s+W

Due to this link, SL opinions can be viewed as structured
summaries of the underlying evidential uncertainty.

=b, +a-u,.

Combining opinions SL defines a family of operators
for combining and transforming binomial opinions (Jgsang
2016). In this work we rely on:

e Complement —w,, which corresponds to negation of the
underlying proposition.

* Multiplication w, - w,, which represents the SL equiva-
lent of logical conjunction (AND) of opinions about dif-
ferent domains.

* Co-multiplication w, Ll w,, which represents the SL
equivalent of logical disjunction (OR) of opinions about
different domains.

* Belief fusion w? ® wP, which represents an aggregation
of opinions formed by evidence about the same domain

2W controls how quickly uncertainty decreases as evidence ac-
cumulates. For binary domains it is often set to W = 2, corre-
sponding to adding one virtual positive and one virtual negative
observation.
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collected by observers A and B. SL provides a range of
fusion operators, e.g. cumulative fusion (&), averaging
fusion (6), constraint fusion (®), or consensus & com-
promise fusion (€9).

In our approach, the complement, multiplication, and co-
multiplication operators play the role of Boolean —, A, and
V operators at the level of opinions; the fusion operators are
central to the evidential interpretation of SLTL, where tem-
poral operators like F and G will be treated as repeated fu-
sion of evidence over time about persistent hypotheses.

SLTL: Reasoning About Uncertain Beliefs

We now introduce Subjective LTL (SLTL), an extension of
FLTL in which atomic propositions range over binomial
opinions rather than Boolean truth values. SLTL provides
a temporal specification language for belief trajectories: it
constrains how an agent’s uncertain beliefs about symbolic
predicates may evolve along a finite trace.

Extending LTL with SL allows us to distinguish between
(1) uncertainty about the truth of events at a given time and
(i1) uncertainty arising from incomplete or unreliable ev-
idence accumulated over time. This leads to two seman-
tic readings. Under the logical interpretation, opinions are
treated as uncertain truth values of time-indexed events and
temporal operators are lifted truth-functionally, closely mir-
roring FLTL. In this paper, we focus on the evidential inter-
pretation, where repeated observations of the same formula
are treated as evidence for or against a persistent hypothe-
sis (such as “there is an obstacle”), and temporal operators
accumulate this evidence over time using SL fusion.

Syntax

Let AP be a finite set of atomic predicates over the agent’s
symbolic state. SLTL formulae are defined by?:

o u=Tlpl-wleO¢|Xvyp|X3p |[Fp|Ge (13)

where [0 € {A,V} and p € AP. The temporal operators Xy
and X3 are the weak and strong versions of X, and F and
G are treated as primitive.

Evidential Semantics

A finite trace 7 = (09,01, ...,0,) is an epistemic trajec-
tory, i.e. a sequence of epistemic states about the world.
Each state o; : AP — Op maps atomic predicates (denot-
ing facts about the world) to binomial opinions, i.e. o;(p) =
(bp, dp, up,a,) (denoting an agent’s belief about p). Intu-
itively, o;(p) is the agent’s opinion (e.g., based on percep-
tion) at time ¢ about whether p holds.

We write [¢]; € Op for the evidential valuation of ¢
at position ¢ of 7. This is interpreted as an opinion about
a persistent hypothesis H, (e.g. “p holds eventually/al-
ways”) given the evidence up to and beyond ¢. The se-
mantics uses SL complement —w for logical negation, SL
multiplication w; - wy for conjunction, SL co-multiplication
w1 Uwo for disjunction, and SL belief fusion wy ® wy where

3Similar to FLTL, we focus here on the (EG) fragment.



® € [®,8,0,¢0, -] is one of the SL belief fusion oper-
ators used to aggregate evidence over time. The flexibility
with respect to belief fusion is a deliberate design choice in
SLTL. It is treated as a semantic parameter that is chosen
by the user to reflect the intended monitoring objective and
evidential assumptions (e.g., whether observations are inde-
pendent, how quickly evidence should accumulate, how to
handle conflicts). Different instantiations of ® thus give rise
to different, but related, readings of the same temporal for-
mula: they change what question the formula asks about the
belief trajectory rather than merely how it is computed. We
deliberately do not prescribe a single default operator; the
choice of ® is part of the design of an SLTL specification.
The evidential valuation for the non-temporal and the ‘next’
operators are defined recursively as follows:

[Tl = wr (14)

[pli = oi(p) (15)

[-¢li = ~ [¢]i (16)

[1 A p2li = [on]i - [ 2] (17)

[1 Vv @2]i = [e1]i U [w2]s (18)
- Jlpliva ifi<n,

[Xwoli = {wv if 1 = n, (19)
el ifi<n,

[Xa¢]: = {wl if 1 = n, (20)

Negation, conjunction, and disjunction are interpreted as
truth-functional lifts of the corresponding Boolean operators
to opinions, using SL complement for —, multiplication for
A, and co-multiplication for V. The X operators follow the
FLTL semantics: at final position n, the expansions of X3
and Xy collapse to w, and wy, respectively. For X3, this
yields a violation of the property and matches the FLTL se-
mantics. For Xy, this produces a maximally uncertain ver-
dict that can be interpreted as “no further information is
available beyond the end of the trace”.

The remaining temporal operators (F and G), in contrast,
have an evidential reading: they are evaluated as opinions
about persistent hypotheses that the agent forms about the
world. Concretely, they can be understood as follows:

* F: does collected evidence about ¢ eventually support
the statement that ¢ holds (= existential reading)?

¢ Gp: does collected evidence about ¢ continuously sup-
port the statement that ¢ holds (= universal reading)?

To represent the collection of evidence, we first introduce an
accumulation function that uses belief fusion as follows.

e (e ifi =0,

Ai () = {Af_l(w) ® [p]; ifi>0, @b
ar o (Il ifi =0,

Ai(p) = {Af_l(@) olel: iti>o,

The temporal operators F and G can now be defined in
terms of the accumulation function as follows.
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(I if sat(A” (¢)),
“F“"“i‘{nwﬂi@uxmﬂi else @
el if ref(AF (),
[[G@Hi_{ﬂwﬂi@@[[xv&ﬂ]]i else @

Both F¢ and Gy are evaluated over the same epistemic
agent trajectory 7; what differs is the persistent hypothesis
(existential vs. universal) and possibly the fusion operator
used to aggregate the opinions from 7 into a temporal opin-
ion. This aggregation is controlled by the fusion operator ®
in Egs. (23) and (24). Different instantiations of ® corre-
spond to different evidential profiles of the temporal opera-
tors, i.e., to different questions about the belief trajectory:

* If ® is instantiated with a fusion operator that accumu-
lates independent pieces of evidence (e.g. cumulative fu-
sion), the resulting opinions characterise the agent’s abil-
ity to learn from repeated opportunities: can it eventually
gather enough evidence to support or refute “ happens
at least once” (for Fp) or “p keeps holding” (for G¢)?

 If ® is instantiated with a fusion operator that harmonises
or stabilises dependent evidence (e.g. averaging or con-
sensus & compromise fusion), the resulting opinions em-
phasise the stability of the belief trajectory: does the be-
lief about ¢ remain consistent over time, despite fluc-
tuations in local observations? For F¢, such a choice
answers questions like “does the agent maintain stable,
non-oscillating confidence that ¢ will eventually hold,
rather than exhibiting brief spikes of belief?”. For G,
it addresses whether “the agent’s belief that ¢ currently
holds stays consistently high over time, without frequent
drops that would indicate an unstable invariant”.

The evidential semantics of F and G is therefore parametric
in the choice of ® at specification time; this adds modelling
flexibility and allows SLTL specifications to be tuned to con-
crete monitoring objectives and domain assumptions.

The functions sat(-) and ref(-) referred to in Egs. (23)—
(24) implement the (F)LTL-style short-circuit behaviour: for
F, once sat([];) returns true at some ¢, we set [Fy]; =
[]; and stop fusing with future states, so later negative ev-
idence cannot dilute the fact that “eventually " has already
been satisfied; conversely, for G, once ref([¢];) returns
true, we set [Gy]; = [¢]: and stop fusing, so subsequent
positive evidence cannot revert a decisive violation of “al-
ways . This aligns the evidential semantics with the intu-
itive existential versus universal readings of F and G. Pos-
sible choices for sat(-) and ref(-) are discussed below.

Setting Satisfaction and Refutation Thresholds

In the presence of SL-based binomial opinions with explicit
belief, disbelief, and uncertainty masses, defining a criterion
for satisfaction or refutation is non-trivial and needs to be
decided based on the chosen application scenario. Functions
sat(-) and ref(-) act as decision rules that turn opinions into
short-circuit verdicts. They can be instantiated in different
ways, depending on the desired attitude to risk and uncer-
tainty (e.g., conservative vs. permissive). We sketch a few
typical but neither exhaustive nor normative patterns below.



Belief/disbelief thresholding. A simple choice is to trig-
ger satisfaction when belief is high and refutation when dis-
belief is high, optionally under a bound on residual uncer-
tainty:

Sat(ww) = (b;c >0y ANug < ou)

ref(wy) = (de > 04 AN uy < 0.)
for application-specific thresholds 6y,604,6,,0, € [0,1].
This matches the intuition that “eventually” succeeds once

there is sufficiently strong evidence for ¢, while “always”
fails once there is sufficiently strong evidence against .

Margin- and uncertainty-aware decisions. To avoid de-
cisive verdicts when belief and disbelief are similar, margins
can be defined as follows:

(bm —dy > At Nug < au)
(d;c — by > Apf ANy < 9;)

sat(wy)

ref (w,,)

with Agy, A > 0. High uncertainty u then blocks both
satisfaction and refutation and prevents premature short-
circuiting.

Expectation-based thresholds. Using the expectation
value of an opinion, one may instead define

(Efz] > 6,)
(Elz] < 6))

sat(wy)

ref (w;)

where E[z] = b, + a - u, is the expected probability of
predicate = being true. In practice, different temporal oper-
ators may use different decision rules or thresholds. In the
examples further below we instantiate sat(-) and ref(-) with
a simple belief/disbelief-threshold rule with fixed parame-
ters for illustration; designing richer, domain-specific deci-
sion rules is left to future work.

Runtime Monitoring

The evidential semantics defined in the previous section can
be operationalised in a progression-based fashion suitable
for runtime monitoring. Conceptually, the expansion laws
decompose each temporal obligation into (i) an immediate
obligation that is checked in the current state, and (ii) a
residual obligation that is passed to the next step. In non-
final states, this residual obligation propagates forward; at
the end of the trace, X5 and Xy inject the boundary opinions
w and wy, respectively, so that the final evidential verdicts
for Fp and Gy are well-defined on finite traces. For runtime
monitoring, we use a similar approach that, at each step,
computes (i) an opinion over the current prefix and (ii) a
residual temporal obligation to be checked on the remaining
suffix. Listings 1 and 2 sketch this progression-based moni-
tor in a schematic way, omitting data-structure details (e.g.,
how opinions for subformulae are stored across steps). They
illustrate the progression pattern (immediate vs. residual
obligations, boundary handling, and short-circuiting) rather
than a fully fleshed-out implementation.

For Xy and X3, the offline semantics in Egs. (19)—(20)
expresses that the opinion at position ¢ is whatever opinion
o will receive at position ¢ + 1. A strictly progression-based
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Listing 1: Function EVAL performing an evidential evalua-
tion of an SLTL formula at time ¢ = ¢
1 Input:

formula 1), epistemic state o;, flag final,

fused ’finally’ opinion accg, fused ’globally’
opinion accg

2 Output:

obligation 1’

Immediate verdict opinion w, residual

if ¢ is atomic p then w <« o;(p); ¥’ < T

else if ¢ is —p then w,?’ + —Evai(p);

else if
w1, ¥
wa, Py
w4 w1 rw2 // apply SL multiplication

10 P Py A

11 else if 1) is @1 V @2 then

Y is @1 A @2 then
< EvaLr(e1)
< EvaL(p2)

© ® 49 o U s W

12 w1, Y] < Evar(pr)

13 wa, Ph + EvaL(pz)

14 w4 wi Uws // apply SL co-multiplication
15 ) < ] Vo,

16 else if 7 is Xyy then

17 if final then w <+ wy; ¥’ < T

18 else w+ wy; P + ¢

19 else if 7 is X3¢ then

20 if final then w<wy; ¥ «+ T

21 else w+ wy; ¥ +— ¢

22 else if 7 is F¢ then

23 if sat(accr) then w <+ wt; ¥ + T
24 else w ¢+ wy; ¥ + X3Fp

25 else if 3¢ is Gy then

26 if ref(accg) then w <+ wy; Y « T
27 else w+ wy; ¥ +— XyGep

28 return (w,v’)

online monitor cannot know this at position ¢, so in non-final
states it (i) propagates  as a residual obligation and (ii) re-
turns a vacuous immediate opinion wy for the ‘next’ for-
mula (see Listing 1, lines 16-21). At the final state, bound-
ary opinions wy and w are injected.

In order to produce a verdict as soon as possible in a true
online fashion, the monitor shown in Listing 2 implements
the short-circuit behaviour encoded by sat(-) and ref(-). For
Fy, as soon as sat(-) holds on the accumulated opinion
accp at some position ¢, verdict w is returned and the moni-
tor stops fusing with later states. Dually, for G, once ref(-)
holds, verdict w; is returned and the monitor stops, since a
decisive violation of “always ¢’ has been observed. The re-
sulting opinion is then mapped to three-valued verdicts (sat-
isfied, refuted, inconclusive).

Note that the evaluation of SLTL formulas under the evi-
dential semantics on finite traces is decidable: for any finite
trace 7 and formula ¢, the temporal opinion [[¢]; is effec-
tively computable, because all SL operators are total func-
tions given by fixed arithmetic operations on finite opinion
tuples. Our progression-based runtime monitor runs in time
O(n - |¢|) and space O(|¢|) on a trace of length n and
a formula of size || (number of subformulas), assuming
constant-time SL operations.



Listing 2: A progression-based runtime monitor for SLTL

1 Input: property ¢, growing trace (og,o1,...)
2 Output:
v; € {"satisfied", "refuted", "inconclusive"}

after each o;: output opinion w; and verdict

3

4 1 < ¢; v+ "inconclusive";

5 accp < 0g; accg < 00;

6 for each new state o; do

7 final < ( o; 1s last state of trace )

8 (wi,¥) < Evar(y, o4, £inal, accr, acca)

9 accp < accrp ® w;

10 accg — accg ® w;

11 if w; 1is wT then v < "satisfied"; break
12 else if w; is w, then v < "refuted"; break
13 else v < "inconclusive"

14 return (w;,v)

Example Evaluation

In this section, we illustrate the behavior of SLTL and visu-
alize how different evidence fusion strategies influence the
satisfaction of the temporal properties Fp and Gp. To this
end, we construct representative discrete-time opinion traces
of length 7', where each time step corresponds to the arrival
of new evidence. The traces are designed to exhibit char-
acteristic patterns (e.g., stable confidence, sudden degrada-
tion, and recovery) to highlight the effect of temporal op-
erators and fusion dynamics. Temporal operators are evalu-
ated over finite traces using the bounded semantics described
above. Note that the scenarios are intentionally stylised and
designed to cover characteristic patterns of belief evolution
rather than to model a particular real-world system.

Scenario and Trace

For this example, we consider an agent that represents a de-
cision making component in a safety-critical system, e.g. an
autonomous vehicle. The agent’s opinions encode its subjec-
tive belief about environment- and safety-related predicates
and evolve over time as new evidence becomes available.
To investigate how temporal properties interact with qualita-
tively different opinion dynamics, we consider the evolution
of the agent’s opinions under two distinct input scenarios,
each with a different opinion trace behaviour.

Across both scenarios, opinion traces are initialized with
prior weight W = 2 and base rate ¢ = 0.5 with a finite
trace length of |7| = 80. We define satisfaction and refuta-
tion thresholds for the temporal operators Fy and Gy us-
ing belief-based thresholding, fixing the belief threshold to
0, = 0.8 and defining satisfaction and refutation as:

sat(wy) = (b > 0p),
ref(wy) = (by < Op).

For illustrative purposes, refutation is defined with re-
spect to the belief threshold rather than disbelief, allowing
clearer visualization of threshold crossings in the opinion
traces. We instantiate ® using three SL-based fusion strate-
gies: constraint fusion, modeling conservative evidence con-
junction; cumulative fusion, modeling evidence accumula-
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tion over time; and consensus & compromise fusion, balanc-
ing agreement and conflict. These strategies induce distinct
temporal dynamics in belief, disbelief, and uncertainty. To
ensure reproducibility, opinion traces are generated using
a fixed random seed. Experiments were run using Python
3.10.12 with NumPy 2.2.3.

Results

Scenario 1: Accumulating evidence for an eventual event
In Scenario 1, the agent holds an opinion about a predi-
cate obs: “there is an obstacle in front of the vehicle”. The
agent’s confidence in the presence of an obstacle gradually
increases as supporting evidence accumulates, before de-
creasing again as contradicting evidence becomes available.
This results in a fused opinion trajectory where, regardless
of the choice of fusion operator, the opinion temporarily ex-
ceeds a given threshold but does not remain consistently
above it. A visualization of this opinion trace can be seen
in Fig. 1a. The corresponding fused opinion trajectory for
Scenario 1 under cumulative fusion is shown in Fig. 1b. As
supporting evidence is incrementally aggregated over time,
the agent’s confidence in the predicate obs increases gradu-
ally, causing the belief to cross the specified threshold only
at a relatively later timestep, ¢ = 55. In contrast, Fig. 1c
shows the fused opinion trajectory obtained using consen-
sus & compromise fusion. By explicitly balancing agreement
and conflict between incoming evidence, this strategy ampli-
fies consistent support more quickly, resulting in an earlier
threshold crossing compared to cumulative fusion. Finally,
Fig. 1d depicts the opinion evolution under constraint fu-
sion. Constraint fusion rapidly concentrates belief when ev-
idence is mutually reinforcing, leading to the earliest thresh-
old crossing among the three strategies. These results high-
light how fusion strategy choice directly influences temporal
satisfaction of F.

Scenario 2: Accumulating evidence for persistent safety
In this scenario, the agent holds an opinion about the predi-
cate safe: “the current situation is safe”. As shown in Fig. 2a,
the opinion is initially confident and stable over an extended
period, reflecting consistent evidential support. This confi-
dence is then disrupted by a sudden drop caused, for exam-
ple, by a brief misclassification in a perception module, after
which the opinion gradually recovers as further supporting
evidence is accumulated. Figs 2b—2d show the correspond-
ing evolution of the fused belief for the temporal hypothe-
sis under three SL fusion operators: cumulative fusion, con-
straint fusion, and consensus & compromise fusion. In each
case, the solid blue curve depicts the fused belief over fu-
sion steps, and the dashed line marks the belief threshold
0, = 0.8 used by ref to short-circuit Gy. For cumulative
and constraint fusion, the fused belief trace remains above
the threshold at all steps, so the monitor never triggers ref (-)
and Gy is satisfied: occasional conflicting observations are
treated as admissible disturbances that are outweighed by
the strong overall evidence for safety. Under consensus &
compromise fusion, the same underlying conflict causes a
deeper transient drop in the fused belief, pushing it below
the threshold and thereby refuting Gp.
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Figure 1: Scenario 1: Opinion trace (a) and fused belief us-
ing different instantiations of fusion operators (b-d). Shaded
regions indicate values below the decision threshold. First
instance of threshold crossing labeled 3.

This illustrates that, even for the same opinion trace over
safe, different choices of fusion operator induce different
dynamics and verdicts for Ge. In practice, this allows the
global safety property to be tuned to different levels of crit-
icality: more tolerant operators (such as cumulative fusion)
model robustness to brief misclassifications, whereas more
conservative operators (such as consensus & compromise in
this setting) treat the same disturbance as a decisive coun-
terexample to persistent safety.

Geometric interpretation of temporal satisfaction across
scenarios To consolidate the scenario-specific results and
provide an intuitive geometric interpretation of temporal sat-
isfaction, we now visualise opinion traces directly in opinion
space. This perspective abstracts from individual time-series
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Figure 2: Scenario 2: Opinion trace (a) and fused belief us-
ing different instantiations of fusion operators (b-d). Shaded
regions indicate values below the decision threshold. First
instance of threshold crossing labeled :.

plots and highlights how different trace dynamics give rise
to satisfaction of eventuality and global properties. We thus
visualize the satisfaction of temporal operators over an opin-
ion simplex, i.e., the geometric space of admissible opin-
ion states (e.g., belief masses) whose components are non-
negative and sum to one. Each point on the simplex repre-
sents an opinion, and a trace induces a trajectory through
this space over time. In Fig. 3, the shaded region marks sim-
plex states that violate 0, (opinions below threshold), while
the unshaded region corresponds to states that satisfy 6;,.
The operator G requires that 8, holds at every time step
along the trajectory: the trace satisfies Gy iff the trajectory
never enters the shaded region of the opinion simplex. This
is illustrated in Fig. 3b, where the opinion remains above
the threshold throughout the entire trace. In contrast, F re-
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quires that ¢ holds at some time step: the trace satisfies Fg
iff the trajectory reaches the unshaded region at least once.
The right side of Fig. 3a shows this case: the trajectory ini-
tially lies in the shaded region but later crosses into the un-
shaded region, thereby meeting F¢ while failing G.

Related Work

Reasoning about agents and their beliefs has been a cen-
tral topic in Al and, in particular, in the multi-agent sys-
tems community for several decades (Fagin and Halpern
1987; Wooldridge 2003). Classical work often builds on
epistemic, doxastic, and BDI-style logics (Van Ditmarsch,
van Der Hoek, and Kooi 2008; van der Hoek and Wooldridge
2012), where beliefs and knowledge are modelled as modal
operators over Boolean propositions and verified via model
checking over Kripke-style structures (Wooldridge et al.
2002; Bordini et al. 2006; Lomuscio, Qu, and Raimondi
2017). These approaches motivate the explicit specification
of agent beliefs, but they are typically based on formal sys-
tem models and exhaustive verification over all possible ex-
ecutions, rather than representing belief as an explicitly un-
certain internal state and monitoring the runtime evolution
of such states along a single observed execution trace.

A second line of work handles uncertainty in tempo-
ral reasoning by enriching either the logic or the verifi-
cation process. Probabilistic temporal and epistemic logics
such as PCTL and PLTL (Konur 2010) treat probability as
part of the specification, with semantics over the distribu-
tion of all paths of an underlying probabilistic model. As
probabilistic extensions to multiagent doxastic logics, APT
logic (Shakarian et al. 2011) and its extension PDT logic
(Martiny and Moller 2016) represent beliefs as (possibly
interval-valued) probabilities over sets of possible tempo-
ral evolutions, assign temporal rules a frequency-based se-
mantics via frequency functions, and are primarily aimed at
design-time reasoning tasks. Related generalized annotated
and fuzzy temporal logics, as implemented in PyReason
(Aditya et al. 2023), support offline reasoning about fuzzy
or interval-valued truth of propositions in a single (possibly
graph-structured) model.

The area of runtime verification under uncertainty (Taleb,
Hallé, and Khoury 2023) considers incomplete, impre-
cise, or out-of-order traces, and abstraction-based, language-
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based, or statistical techniques are employed to compute
conservative, multi-valued, or probabilistic verdicts for
Boolean temporal properties. In runtime approaches, uncer-
tainty is attached to events, timestamps, or unobserved sys-
tem states and to the resulting verdicts over traces, rather
than to a structured, evolving internal belief state of an agent.

SLTL differs from these lines of work by considering SL
opinions as atomic propositions and giving temporal opera-
tors an evidential semantics. In contrast to model checking
of modal logics and to existing (probabilistic or quantitative)
runtime monitors, SLTL directly specifies and monitors con-
straints on the belief trajectory of a knowledge-grounded,
uncertainty-aware agent, rather than on Boolean abstrac-
tions of its perception or on external world states.

Discussion and Conclusion

In this paper, we have introduced Subjective LTL (SLTL), an
uncertainty-aware, temporal specification language whose
atomic propositions are SL opinions about predicates in an
agent’s symbolic knowledge model. With its evidential se-
mantics, SLTL aims to enable richer analyses of temporal
properties than standard Boolean LTL-based evaluation of
thresholded traces under a purely ‘logical’ interpretation.

Interpreting SLTL formulae as constraints on belief tra-
Jjectories makes the framework suitable for knowledge-
grounded semantic agents. In such agents, atomic predicates
refer to ground-truth concepts in the real world, while their
truth is inferred from potentially noisy perception outputs.
SLTL allows these beliefs to remain explicitly uncertain and
constrains their temporal evolution under evidential fusion.
This supports several agent-centric use cases:

* Runtime assurance: agent beliefs are monitored, an alert
is created when confidence in a safety-relevant invariant
drops, and appropriate mitigation actions are triggered.

* Introspective reasoning: agents use the monitor to
track evidence about their own modules (e.g. “sensor-
reliable”) and apply SLTL properties to ensure they do
not act on the basis of poorly supported beliefs.

* Explainability: SLTL monitoring exposes why a property
is (not) asserted, e.g., whether violation is due to strong
negative evidence or merely lack of positive evidence.

In this way, SLTL can serve as a hybrid (symbolic + eviden-
tial) building block in semantic agent architectures, comple-
menting both symbolic reasoning and ML-based perception.

This paper has focused on establishing the conceptual
framework and an illustrative example based on stylised syn-
thetic opinion traces. Future work may include systematic
comparisons of SL fusion operators with respect to moni-
toring sensitivity and robustness across application scenar-
ios, as well as the integration of SLTL monitors into con-
crete agent architectures (e.g., in combination with neu-
ral perception modules) for runtime assurance and human-
understandable explanations. Furthermore, applying SLTL
to real system outputs is an important next step for empir-
ical validation. Together, these directions aim to strengthen
the practical applicability of the proposed approach and to
support more transparent and reliable assurance of safety-
critical Al systems.
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